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Abstract

This graduation note is essentially devoted to the study of 2D Fourier transform

and its generalization. In fact, it is a natural generalization of the idea of Fourier

transform. This idea makes the 2D Fourier transform very natural in the study.

In the �rst part, we de�ned the 2D Fourier transform and we established some

properties of this transform. Moreover, some examples and applications across various

�elds are illustrated . Then, we gave de�nitions, properties and some applications

for 2D windowed Fourier transform. Finally, the de�nition of 2D fractional Fourier

transform with some applications are presented.

Keywords:

- 2D Fourier transform

- 2D windowed Fourier transform

- 2D fractional Fourier
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Résumé

Ce mémoire est consacré essentiellement à l�étude de la transformée de Fourier de

deux dimension et à sa généralisation. En fait, il s�agit d�une généralisation naturelle

de l�idée de transformée de Fourier. Cette idée rend la transformée de Fourier 2D très

naturelle dans l�étude.

Dans la première partie, nous avons dé�ni la transformée de Fourier de deux dimen-

sion et nous avons établi quelques propriétés de cette transformée. De plus, quelques

exemples et applications dans divers domaines sont illustrés. Ensuite, nous avons

donné des dé�nitions, des propriétés et quelques applications pour la transformée de

Fourier fenêtrée de deux dimension. En�n, la dé�nition de la transformée de Fourier

fractionnaire de deux dimension avec quelques applications est présentée.

Mots clés:

- Transformée de Fourier de deux dimension

- Transformée de Fourier fenêtrée de deux dimension

- Transformée de Fourier fractionnaire de deux dimension
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General Introduction

The Fourier transform (FT) is a mathematical technique used in signal processing

and many areas of scienti�c study, starting from solving linear di¤erential equation to

developing computer models to data processing and analysis, image processing, noise

removal, as well as medical �elds and many other �elds. The primary objective of

the Fourier transform is to convert a signal, such as a sound or light wave, from its

original representation in the time or spatial domain into a di¤erent representation in

the frequency domain and vice versa.

The Fourier transform was named in honor of the French Mathematician Jean-

Baptiste Fourier,since he used it in (1768-1830) in a manuscript submitted to the Insti-

tute of France in 1807, in which he said that the Fourier transform is a mathematical

procedure that converts a function from the time domain to the frequency domain.

The idea of extending the (FT) to 2DFT is motivated by several factors, each

highlighting its signi�cance in various �elds of study and practical applications. Indeed,

there has been some compelling reasons to introduce the 2D Fourier transform, we

mention:

- Analysis of Spatially Varying Phenomena: Many natural phenomena and signals,

such as images, wavefronts, and spatially varying �elds, exhibit complex varia-

tions in two dimensions. The 2D Fourier transform provides a systematic way

to analyze and understand these variations by decomposing them into their fre-

quency components.

- Extension of 1D Fourier Transform: Just as the 1D Fourier transform is indispens-

able for analyzing one-dimensional signals, the 2D Fourier transform extends

this capability to two-dimensional signals. It allows for a deeper understanding

of spatially distributed phenomena and enables the application of Fourier analysis

techniques to a broader range of problems.

- Image Processing and Computer Vision: In image processing and computer vision,

the 2D Fourier transform is a fundamental tool for tasks such as image enhance-

ment, �ltering, compression, and feature extraction. Introducing the 2D Fourier

transform equips students and practitioners with the necessary tools to analyze

and manipulate images e¤ectively.
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General Introduction

- Optics and Wave Phenomena: In optics and wave physics, understanding the behav-

ior of light and wave phenomena in two dimensions is crucial. The 2D Fourier

transform plays a central role in optics for analyzing optical systems, di¤rac-

tion patterns, holography, and image formation. Introducing the 2D Fourier

transform lays the foundation for understanding advanced optical concepts and

applications.

- Mathematical Foundations: From a mathematical perspective, the 2D Fourier trans-

form provides a powerful framework for solving partial di¤erential equations,

studying boundary value problems, and analyzing functions de�ned over two-

dimensional domains. Introducing the 2D Fourier transform enhances students�

mathematical understanding and problem-solving skills.

- Interdisciplinary Applications: The 2D Fourier transform �nds applications across a

wide range of disciplines, including physics, engineering, biology, medical imaging,

geophysics, and more. By introducing the 2D Fourier transform, educators enable

students to apply their knowledge and skills to diverse real-world problems and

interdisciplinary research areas.

- Technological Advancements: With the increasing use of digital imaging systems,

multimedia technologies, and complex data analysis techniques, the demand for

expertise in 2D signal processing and analysis is growing. Introducing the 2D

Fourier transform prepares students for careers in �elds where these skills are

essential for innovation and technological advancement.

Overall, introducing the 2D Fourier transform provides a powerful mathematical

toolset for understanding and analyzing two-dimensional signals and phenomena.

In this work, we will give a study of 2D Fourier transform and its generalization.

So, we give de�nitions of 2D Fourier transform and we establish some properties of this

transform. Some examples are illustrated. Also, we give de�nitions and properties for

some generalization of 2D Fourier transform as: 2D windowed Fourier transform, 2D

fractional Fourier transform. In fact, it is a natural generalization of the idea of Fourier

2



General Introduction

transform. This idea makes the 2D Fourier transform very natural in the study, for

more see Bahat (2023).

The work is organized as. In Chapter 1, we introduced the de�nition of the 2D

Fourier transform and we give some examples and basic properties from a mathematical

point of view, in addition we give some application of 2DFT in many �elds. Chapter

2, studied the 2D windowed Fourier transform (STFT), and its properties with some

applications. Finally, we introduced the notion of 2D fractional Fourier transform and

its applications.
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CHAPTER 1

2D Fourier transform

Contents

1.1 De�nition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

The Fourier transform is considered of the most valuable integral transforms be-

cause of its ubiquitous applications in applied mathematics, physics, and engi-

neering.

Recall that the Fourier transform, denoted by bf or F of a function f , is de�ned as

F [f(x)](�) = bf (�) = 1p
2�

Z
R
e�i�xf(x)dx

and

F�1(F [f(x)](�))(x) = 1p
2�

Z
R
ei�xF [f(x)](�)dx:

If f(x1; x2) is a function of two variables then the two-dimensional Fourier transform

is simply obtained by repeating the one dimensional Fourier transform in both dimen-

sions. The two-dimensional Fourier transform (2D Fourier transform) is a fundamental
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Chapter 1. 2D Fourier transform

tool in signal processing, image processing, and various other �elds of science and

engineering. It extends the concept of the one-dimensional Fourier transform to two-

dimensional signals or functions.

1.1 De�nition

De�nition 1.1 The Fourier transform for any function f(x1; x2) 2 L2(R2) is de�ned

as

F [f(x1; x2)](�1; �2) = bf (�1; �2) = 1

(
p
2�)2

Z
R2
e�i(�1x1+�2x2)f(x1; x2)dx1dx2 (1.1)

where

- F [f(x1; x2)](�1; �2) or bf (�1; �2) is the transformed function in frequency domain,
- f(x1; x2) is the original function in spatial domain,

- �1 and �2 are the frequency variables, representing spatial frequencies in the x1- and

x2-directions, respectively,

- i is the imaginary unit,

- The integral is taken over all real values of x1 and x2;

and corresponding inversion formula is given by

F�1(F [f(x1; x2)](�1; �2))(x1; x2) =
1

(
p
2�)2

Z
R2
ei(�1x1+�2x2)F [f(x1; x2)](�1; �2)dx1dx2:

(1.2)

It is perfectly possible to apply the transform to one dimension leaving the other one

untouched and this is often useful for data that is a function of one spatial dimension

and time. For example, you might be interesting in seeing how the frequency of a time

series varied with spatial position.
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Chapter 1. 2D Fourier transform

1.2 Examples

Example 1.1 Consider a function rect(x1; x2) =

8<: 1 if jx1j � 0:5 and jx2j � 0:5

0 otherwise:

Then the 2D-Fourier transform of rect(x1; x2) is obtained as

F [rect(x1; x2)](�1; �2) =
1

2�

Z
R2
rect(x1; x2)e

�i(�1x+�2y)dx1dx2

=
1

2�

Z 0:5

�0:5

Z 0:5

�0:5
e�i(�1x1+�2x2)dx1dx2

=
1

2�

Z 0:5

�0:5
e�i�1x1dx1

Z 0:5

�0:5
e�i�2x2dx2

=
1

2�

�
e�i�1x1

�i�1

�0:5
�0:5

�
e�i�2x2

�i�2

�0:5
�0:5

= [sin c(�1) sin c(�2)]

where sin c(x) = sin(�x)
�x

is the sinus cardinal function.

Remark 1.1 Note that the rect(x1; x2) is separable (i.e. rect(x1; x2) = rect(x1)rect (x2)),

the resulting 2D Fourier transform is the product of the corresponding 1D Fourier

transform.

Figure (1.1): Fourier transform for rect

function
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Chapter 1. 2D Fourier transform

The function rect(x1)rect(x2) is shown on the left. Its transform is the function

sin c(�1) sin c(�2) shown on the right. (Ignore the units in the axes, they are the units

of the discrete FT used to make the �gure.)

Example 1.2 Two-dimensional Fourier transform of some functions are given in the

following table

f (x1; x2) F [f (x1; x2)] (�1; �2)

rect (x1; x2)
sin(��1)
��1

sin(��2)
��2

crect (ax1; bx2) c
ab
sin c

�
�1
a

�
j1 sin c

�
�2
b

�
exp

n
�x21+x

2
2

2

o
2� exp

�
�2�2

�
�21 + �

2
2

�	
exp

n
�2�

p
x21 + x

2
2

o
1
2�2

1

(1+�21+�22)
3=2

cos (� (x21 + x
2
2)) sin

�
�
�
�21 + �

2
2

��
exp fi� (x21 + x22)g i exp

�
�i�

�
�21 + �

2
2

�	
� (x1; x2) 1

1.3 Properties

The properties of the 2-D Fourier transform are analogous to the one-dimensional

transform. Indeed

Theorem 1.1 (Linearity) Let f(x1; x2) and g(x1; x2)in L2(R2); then

F [Af(x1; x2)+Bg(x1; x2)](�1; �2) = AF [f(x1; x2)](�1; �2)+BF [g(x1; x2)](�1; �2): (1.3)

7



Chapter 1. 2D Fourier transform

Proof. Let S(x1; x2) = Af(x1; x2) +Bg(x1; x2); then

F [S(x1; x2)](�1; �2) =
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)S(x1; x2)dx1dx2

=
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)(Af(x1; x2) +Bg(x1; x2))dx1dx2

=
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)Af(x1; x2)dx1dx2

+
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)Bg(x1; x2)dx1dx2

= A

"
1�p
2�
�2 e�i(�1x1+�2x2)f(x1; x2)dx1dx2

#

+B

"
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)g(x1; x2))dx1dx2

#
= AF [f(x1; x2)](�1; �2) +BF [g(x1; x2)](�1; �2):

This completes the proof.

Theorem 1.2 (Translation ) The 2D Fourier transform of any function f(x1�k1; x2�

k2) is given by

F [f(x1 � k1; x2 � k2)](�1; �2) = e�i(�1k1+�2k2)F [f(x1; x2)](�1; �2): (1.4)

Proof. From de�nition (1:1), we have

F [f(x1 � k1; x2 � k2)(�1; �2)

=
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(x1 � k1; x2 � k2)dx1dx2

=
1�p
2�
�2 �Z 1

�1

Z 1

�1
e�i[�1(u1+k1)+�2(u2+k2)]f(u1; u2)du1du2

�
;

where u1 = x1 � k1; u2 = x2 � k2:

=
1�p
2�
�2 �Z 1

�1

Z 1

�1
e�i(�1u1+�2u2)e�i(�1k1+�2k2)f(u1; u2)du1du2

�
=

1�p
2�
�2 e�i(�1k1+�2k2)�Z 1

�1

Z 1

�1
e�i(�1u+�2v)f(u1; u2)du1du2

�
= e�i(�1k1+�2k2)F [f(x1; x2)](�1; �2):

This completes the proof.
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Chapter 1. 2D Fourier transform

Theorem 1.3 (Modulation) The 2D Fourier transform of any function

e�i(�
0
1x1+�

0
2x2)f(x1; x2) is given by

F [e�i(�01x1+�02x2)f(x1; x2)](�1; �2) = F [f(x1; x2)](�1 � �01; �2 � �02): (1.5)

Proof. From de�nition (1:1), we have

F [e�i(�01x1+�02x2)f(x1; x2)](�1; �2)

=
1�p
2�
�2 Z 1

�1

Z 1

�1
e�i(�1x1+�2x2)e�i(�

0
1x1+�

0
2x2)f(x1; x2)dx1dx2

=
1�p
2�
�2 Z 1

�1

Z 1

�1
e�i[(�1��

0
1)x1+(�2��02)x2]f(x1; x2)dx1dx2

= F [f(x1; x2)](�1 � �01; �2 � �02):

This completes the proof.

Theorem 1.4 (Orthogonality relation ) The 2D Fourier transform of the functions

f(x1; x2) and g(u1; u2) in L
2(R2) satis�es the following orthogonality relation

hF [f(x1; x2)];F [g(u1; u2]i = hf(x1; x2); g(u1; u2)i: (1.6)

Proof. We have

hF [f(x1; x2)];F [g(u1; u2]i =
Z
R2
F [f(x1; x2)](�1; �2)F [g(u1; u2)](�1; �2)d�1d�2

and where

F [g(u1; u2)](�1; �2) =
 

1�p
2�
�2 Z

R2
e�i(�1u1+�2u2)g(u1; u2)du1du2

!

9



Chapter 1. 2D Fourier transform

we get

hF [f(x1; x2)];F [g(u1; u2]i =

Z
R2

 
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(x1; x2)dx1dx2

!

�
 

1�p
2�
�2 Z

R2
ei(�1u1+�2u2)g(u1; u2)du1du2

!
d�1d�2

=

Z
R2

Z
R2
f(x1; x2)g(u1; u2)

�
�

1

(2�)2

Z
R2
ei(�1(u1�x1)+�2(u2�x2))d�1d�2

�
dx1dx2du1du2

=

Z
R2

Z
R2
f(x1; x2)g(u1; u2)�(u1 � x1; u2 � x2)dx1dx2du1du2

=

Z
R2

Z
R2
f(x; y)g(u1; u2)dx1dx2

= hf(x1; x2); g(u1; u2)i:

This completes the proof.

Remark 1.2 If we take f(x1; x2) = g(u1; u2), the orthogonality relation yields Plancherels

theorem for the Fourier transforms that states the energy of a signal in the time domain,

is the same as the energy in the frequency domain given as

kF [f(x1; x2)]k = kf(x1; x2)k :

Next, we show that the inverse Fourier operator is the adjoint of the Fourier operator.

Theorem 1.5 Let f(x1; x2) and g(x1; x2) in L2 (R2) ; then

hF [f(x1; x2)](�1; �2); g(�1; �2)i = hf(x1; x2);F�1[g](x1; x2)i: (1.7)

Proof. We have

hF [f(x1; x2)](�1; �2); g(�1; �2)i =
Z
R2
F [f(x1; x2)] (�1; �2)g(�1; �2)d�1d�2

and where

F [f(x1; x2)] (�1; �2) =
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(x1; x2)dx1dx2

10



Chapter 1. 2D Fourier transform

we get

hF [f(x1; x2)](�1; �2); g(�1; �2)i

=

Z
R2
f(x1; x2)

 
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)g(�1; �2)d�1d�2

!
dx1dx2

=

Z
R2
f(x1; x2)

 
1�p
2�
�2 Z

R2
ei(�1x1+�2x2)g(�1; �2)d�1d�2

!
dx1dx2

=

Z
R2
f(x1; x2)F�1[g]dx1dx2

= hf(x1; x2);F�1[g](x1; x2)i:

This completes the proof.

Theorem 1.6 (Convolution) Let f(x1; x2) and g(x1; x2) in L2 (R2) ; then

F [(f � g)](�1; �2) =
�p
2�
�2
F [f(x1; x2)](�1; �2)F [g(x1; x2)](�1; �2); (1.8)

where f � g denotes the convolution of the function f(x1; x2) and g(x1; x2) and is given

by

(f � g)(x1; x2) =
Z
R2
f(x1; x2)g(u1 � x1; u2 � x2)dx1dx2;

11



Chapter 1. 2D Fourier transform

Proof. By applying de�nition of Fourier transform to the convolution of the functions

f(x; y) and g(x; y), we obtain

F [(f � g)](�1; �2) =
1�p
2�
�2 Z

R2
(f � g)(u1; u2)e�i(�1x1+�2x2)dx1dx2

=
1�p
2�
�2 Z

R2

�Z
R2
f(u1; u2)g(x1 � u1; x2 � u2)du1du2

�
�e�i(�1x1+�2x2)dx1dx2

=
1�p
2�
�2 Z

R2

Z
R2
f(u1; u2)g(w1; w2)

�e�i(�1(w1+u1)+�2(w2+u2)dw1dw2du1du2

=
1�p
2�
�2 Z

R2

Z
R2
f(u1; u2)e

�i(�1u1+�2u2)

�g(w1; w2)e�i(�1w1+�2w2)dw1dw2du1du2

=
�p
2�
�2( 1�p

2�
�2 Z

R2
f(u1; u2)e

�i(�1u1+�2u2)du1du2

)

�
(

1�p
2�
�2 Z

R2
g(w1; w2)e

�(�1w1+�2w2)dw1dw2

)

=
�p
2�
�2
F [f(u1; u2)](�1; �2)F [g(w1; w2)](�1; �2):

This completes the proof.

Theorem 1.7 (Multiplication) Let f(x1; x2) and g(x1; x2) in L2(R2); then

F [f(x1; x2)g(x1; x2)](�1; �2) =
1�p
2�
�2F [f(x1; x2)](�1; �2) � F [g(x1; x2)](�1; �2): (1.9)

12



Chapter 1. 2D Fourier transform

Proof. Let S(x1; x2) = f(x1; x2)g(x1; x2); then

F [f(x1; x2)g(x1; x2)](�1; �2) =
1�p
2�
�2 Z

R2
f(x1; x2)g(x1; x2)e

�i(�1x1+�2x2)dx1dx2;

=
1�p
2�
�2 Z

R2

 
1p
(2�)

2

Z
R2
bf(�1; �2)ei(�1x1+�2x2)d�1d�2

!
�g(x1; x2)e�i(�1x1+�2x2)dx1dx2

=
1�p
2�
�2 Z

R2
bf(�1; �2)

 
1�p
2�
�2

�
Z
R2
g(x1; x2)e

�i[(�1��1)x1+(�2��2)x2])dx1dx2

�
d�1d�2

=
1�p
2�
�2 Z

R2
bf(�1; �2)bg(�1 � �1; �2 � �2)d�1d�2

=
1�p
2�
�2F [f(x1; x2)](�1; �2) � F [g(x1; x2)](�1; �2):

This completes the proof.

Theorem 1.8 (Linear transformation of the domain R2) Let f(x) 2 L2 (R2) ; then we

have

F [f(Ax)](�) = 1

jdet(A)jF [f(x)](A
�T�); (1.10)

where A is a nonsingular 2 � 2 matrix de�ned as A =

24 a11 a12

a21 a22

35 ; A�Tdenotes
(A�T )�1 = (A�1)T ; x = (x1; x2) and � = (�1; �2):

Proof. If we denote g(x) = f(Ax); then

F [g(x)](�) = 1p
(2�)

2

Z
R2
e�i�:xf(Ax)dx

with the change of variables s = Ax; the Jacobian is @(s)
@(x)

= det(A); and using

standard techniques for change of variables in an integral, we obtain where s = (s1; s2)

F [g(x)](�) =
1

jdet(A)j
p
(2�)

2

Z
R2
e�i�:(A

�1s)f(s)ds

=
1

jdet(A)j
p
(2�)

2

Z
R2
e�i:(A

�1�):sf(s)ds

=
1

jdet(A)jF [f(x)](A
�T�);

where we use the identity a:(Cb) = (CTa):b or equivalently aT :Cb = (CTa)T b:

13



Chapter 1. 2D Fourier transform

Theorem 1.9 (Di¤erentiation) Let f(x1; x2) 2 L2(R2); then

F [rxf(x1; x2)] (�1; �2) = i (�1; �2)F [f(x1; x2)](�1; �2): (1.11)

Proof. We de�ne the gradient vector G(x1; x2) = rxf(x1; x2) =
h
@f
@x1
; @f
@x2

iT
; taking

the derivative of synthesis equation for f to get the synthesis equation for

F [rxf(x1; x2)] (�1; �2) =
1�p
2�
�2 Z

R2
rxf(x1; x2)e

�i(�1x1+�2x2)dx1dx2

=
1�p
2�
�2 Z

R2

�
@f

@x
;
@f

@y

�
e�i(�1x1+�2x2)dx1dx2

g1(x1; x2) =
@f

@x1
(x1; x2) =

1�p
2�
�2 Z

R2
bf(x1; x2)i�1ei(�1x1+�2x2)d�1d�2

g2(x1; x2) =
@f

@x2
(x1; x2) =

1�p
2�
�2 Z

R2
bf(x1; x2)i�2ei(�1x1+�2x2)d�1d�2

thus

F [g1(x1; x2)](�1; �2) = i�1F [f(x1; x2)](�1; �2)

F [g2(x1; x2)](�1; �2) = i�2F [f(x1; x2)](�1; �2)

and in matrix form

F [G(x1; x2)](�1; �2) = i(�1; �2)F [f(x1; x2)](�1; �2):

This completes the proof.

Theorem 1.10 (Di¤erentiation in frequency) Let f(x1; x2) 2 L2(R2), then

F [(x1; x2) f(x1; x2)] (�1; �2) = ir�F [f(x1; x2)](�1; �2): (1.12)
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Proof. Let G(x1; x2) = (x1; x2) f(x1; x2); taking the derivative of analysis equation for

f with respect to (�1; �2)

@F [f(x1; x2)]
@x1

(�1; �2) =
1�p
2�
�2 Z

R2
f(�1x1 + �2x2)(�ix)e�i(�1x1+�2x2)dx1dx2

= �i 1�p
2�
�2 Z

R2
g1(x1; x2)e

�i(�1x1+�2x2)dx1dx2

= �iF [g1(x1; x2)](�1; �2):
@F [f(x1; x2)]

@x2
(�1; �2) =

1�p
2�
�2 Z

R2
f(�1x1 + �2x2)(�iy)e�i(�1x1+�2x2)dx1dx2

= �i 1�p
2�
�2 Z

R2
g2(x1; x2)e

�i(�1x1+�2x2)dx1dx2

= �iF [g2(x1; x2)](�1; �2):

Thus

F [G(x1; x2)](�1; �2) = ir�F [f(x1; x2)](�1; �2):

This completes the proof.

Theorem 1.11 (Complex conjugation) Let f(x1; x2) 2 L2(R2), then

F
h
f(x1; x2)

i
(�1; �2) = F [f(x1; x2)] (��1;��2): (1.13)

Proof. Let g(x1; x2) = f(x1; x2), then where:

F
h
f(x1; x2)

i
(�1; �2) =

1�p
2�
�2 Z

R2
f(x1; x2)e

�i(�1x1+�2x1)dx1dx2;

=
1�p
2�
�2 Z

R2
f(x1; x2)ei(�1x1+�2x2)dx1dx2;

=
1�p
2�
�2 Z

R2
f(x1; x2)ei(�1x1+�2x2)dx1dx2;

= F [f(x1; x2)] (��1;��2):

This completes the proof.

Theorem 1.12 (Duality) Let f(x1; x2) 2 L2(R2); then

bf(x1; x2) = f(��1;��2): (1.14)

15
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Proof. Let g(x1; x2) = bf(x1; x2), then
F [g((x1; x2))] (�1; �2) =

1�p
2�
�2 Z

R2
g(x1; x2)e

�i(�1x1+�2x2)dx1dx2;

=
1�p
2�
�2 Z

R2
bf(x1; x2)e�i(�1x1+�2x2)dx1dx2;

=
1�p
2�
�2 Z

R2
bf(x1; x2)ei[(��1)x1+(��2)x2]dx1dx2;

= f(��1;��2):

This completes the proof.

Theorem 1.13 (Separability) Let f1(x1); : : : ; fn(xn) 2 L2(R2); then

F [f1(x1) : : : fn(xn)](�1; : : : ; �n) = F [f1(x1)](�1) : : :F [fn(xn)](�n) (1.15)

where x = (x1; x2) ;and � = (�1; �2):

Proof. This follow from the separability of the complex exponentials

F [f1(x1) : : : fn(xn)](�1; : : : ; �n)

=
1�p
2�
� Z

R
: : :

1�p
2�
� Z

R
f1(x1):::fn(x2)e

�i(�1x1+�2x2+:::�nxn)dx1:::dxn

=

 
1�p
2�
� Z

R
f1(x1)e

�i�1t1dx1

!
: : :

 
1�p
2�
� Z

R
fn(xn)e

�i�ntndxn

!
= F [f1(x1)](�1) : : :F [fn(xn)](�n):

This completes the proof.

Theorem 1.14 (Parseval relation ) Let f(x1; x2) and g(x1; x2) in L2(R2), thenZ
R2
f(x1; x2)g(x1; x2)dx1dx2 =

Z
R2
(F [f(x1; x2)](�1; �2))

�
F [g(x1; x2)](�1; �2)

�
d�1d�2:

(1.16)

Proof. Let h(x1; x2) = g(x1; x2) and S(x1; x2) = f(x1; x2)h(x1; x2); then

F [S(x1; x2)] (�1; �2) =

Z
R2
(F [f(x1; x2)](�1; �2))(F [h(x1; x2)](�1 � �1; �2 � �2)d�1d�2

=

Z
R2
(F [f(x1; x2)](�1; �2))

�
F [g(x1; x2)](�1 � �1; �2 � �2)

�
d�1d�2
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Evaluating at (�1; �2) = (0; 0) ;

F [S(x1; x2)] (0; 0) =

Z
R2
f(x1; x2)g(x1; x2)dx1dx2

=

Z
R2
(F [f(x1; x2)] (�1; �2))

�
F [g(x1; x2)] (�1; �2)

�
d�1; �2:

If f(x1; x2) = g(x1; x2);we obtain
R
R2 jf(x1; x2)j

2 dx1dx2 =
R
R2 jF [f(x1; x2)](�1; �2)j

2 :

This completes the proof.

1.4 Applications

The 2D Fourier Transform (2D FT) is a powerful mathematical tool used to analyze

two-dimensional signals in the frequency domain. Here are some applications of the

2D Fourier transform:

1. Image Processing:

- Image Filtering: The 2D FT is used for spatial frequency analysis in images,

enabling techniques such as low-pass, high-pass, and band-pass �ltering for

tasks such as image enhancement, noise reduction, and feature extraction.

- Image Reconstruction: In computed tomography (CT) and magnetic resonance

imaging (MRI), the 2D FT is utilized for image reconstruction from projec-

tion data acquired in the frequency domain, providing detailed anatomical

information.

- Image Registration: The 2D FT aids in image registration by analyzing fre-

quency content in images to align them spatially, facilitating applications

such as medical image fusion and remote sensing.

2. Optics and Photonics:

- Fourier Optics: In optical systems, the 2D FT helps in the design and analysis of

optical components such as lenses, mirrors, and di¤raction gratings, allowing

for precise control of light propagation, beam shaping, and imaging.
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- Holography: The 2D FT plays a crucial role in holography, where it is used to

encode and decode holographic information, enabling applications such as

3D imaging, holographic data storage, and optical security.

3. Signal Processing:

- Radar Signal Processing: In radar systems, the 2D FT is applied to analyze

radar signals in the range-Doppler domain, facilitating target detection, lo-

calization, and tracking in applications such as air tra¢ c control and weather

monitoring.

- Sonar Signal Processing: Similar to radar, the 2D FT aids in analyzing sonar

signals to detect underwater objects, map seabed features, and study oceano-

graphic phenomena in marine environments.

4. Geophysics and Remote Sensing:

- Seismic Data Analysis: The 2D FT assists in analyzing seismic data to image

subsurface structures, locate hydrocarbon reservoirs, and assess earthquake

hazards in geophysical exploration and earthquake engineering.

- Remote Sensing: In remote sensing applications, the 2D FT is used to an-

alyze satellite images and aerial photographs for land cover classi�cation,

environmental monitoring, and natural resource management.

5. Biomedical Imaging:

- Electroencephalography (EEG) Analysis: The 2D FT helps in analyzing EEG

signals to study brain activity, identify neural oscillations, and diagnose

neurological disorders such as epilepsy and sleep disorders.

- Functional MRI (fMRI): In functional MRI studies, the 2D FT is used to

analyze temporal �uctuations in blood oxygenation level-dependent (BOLD)

signals, revealing brain activation patterns associated with cognitive tasks

and neurological conditions.
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Chapter 1. 2D Fourier transform

These applications demonstrate the wide-ranging utility of the 2D Fourier transform

across various �elds, enabling the analysis and manipulation of two-dimensional signals

in the frequency domain for diverse applications in science, engineering, and technology.

(see Dubois (2019), Healy, Kutay, Ozaktas and Sheridan(2016))
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2D Windowed Fourier transform (STFT)
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The Fourier transform provides a signal representation in terms of global, periodic

functions. To allow for localized descriptions, one needs to focus Fourier analysis

only in a portion of the signal. This can be accomplished using a window function,

which retains only a piece of the signal under analysis, and that can then be successively

shifted to other locations, to cover all the time domain of interest. This approach is

known as the windowed Fourier transform (WFT) or short time Fourier transform,

and was proposed by Gabor, who adopted a Gaussian function for this purpose (hence

the name also used for the implementation of WFT, known as the Gabor transform),

given its optimal properties in terms of the localization obtained both in the time and

frequency domains. in this chapter, we introduce the 2D windowed Fourier transform,

also known as the short-time Fourier transform (STFT), which is a technique used in

signal processing to analyze non-stationary signals, where the frequency content of the
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signal changes over time.

2.1 De�nition

De�nition 2.1 Let 	 be a given 2D window function in L2 (R2) ; then the 2D window

Fourier transform (2DWFT) of any function f(x1; x2) 2 L2 (R2) is de�ned and denoted

as

V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) =
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(x1; x2)(2.1)

�	(x1 � b1; x2 � b2)dx1dx2; b1; b2; �1; �2 2 R:

where

- f(x1; x2) is the original signal in the time domain, which is a function of the contin-

uous variables x1 and x2:

- 	(x1 � b1; x2 � b2) is a window function, which is typically a short-duration function

that is used to window the signal in both time dimensions. The window function

is usually chosen to control the time-frequency resolution trade-o¤.

Further, the WFT (2:1) can be rewritten as

V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) = F
h
f(x1; x2)	 (x1 � b1; x2 � b2)

i
: (2.2)

Applying inverse FT (1:2), (2:2) yields

f(x1; x2)	 (x1 � b1; x2 � b2) (2.3)

= F�1 [V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))]

=
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) d�1d�2

Multiplying (2:3) both sides by 	(x1 � b1; x2 � b2) and then integrating with respect

to db1db2, we get

f(x1; x2) k	k2 =
1�p
2�
�2 Z

R2

Z
R2
e�i(�1x1+�2x2)V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))

�	(x1 � b1; x2 � b2) d�1d�2db1db2:
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Equivalently, we have

f(x1; x2) =
1�p

2�
�2 k	k2

Z
R2

Z
R2
e�i(�1x1+�2x2)V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))(2.4)

�	(x1 � b1; x2 � b2) d�1d�2db1db2:

equation (2:4) gives the inversion formula corresponding to 2DWFT (2:1).

Remark 2.1 The 2DWFT or STFT essentially applies the Fourier transform to small,

overlapping windows of the signal, allowing for analysis of the signal�s frequency content

at di¤erent points in time. By varying the window function and the amount of overlap

between adjacent windows, you can control the time and frequency resolution of the

STFT.

2.2 Properties

The two dimensional windowed Fourier transform is a power tool used in signal process-

ing for analyzing non-stationary signals. It extends the concept of the windowed Fourier

transform to two dimensions, allowing for time-frenquency analysis of 2D signals, such

as images. In this section we give some properties of the 2D windowed Fourier trans-

form along with their proofs.

Theorem 2.1 (Linearity) For any two functions f(x1; x2) and g(x1; x2) in L2 (R2) ;

we have following

V	 [Af(x1; x2) +Bg(x1; x2)] ((b1; b2) ; (�1; �2)) (2.5)

= AV	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) +BV	 [g(x1; x2)] ((b1; b2) ; (�1; �2)) :
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Proof. we have from de�nition (2:1)

V	 [Af(x1; x2) +Bg(x1; x2)] ((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2) [Af(x1; x2) +Bg(x1; x2)]�	(x1 � b1; x2 � b2)dx1dx2

= A
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(x1; x2)�	(x1 � b1; x2 � b2)dx1dx2

+B
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)g(x1; x2)�	(x1 � b1; x2 � b2)dx1dx2

= AV	 [f(x1; x2)] ((b1; b2) ; (�1; �2))

+BV	 [g(x1; x2)] ((b1; b2) ; (�1; �2)) :

This completes the proof.

Theorem 2.2 (Translation) For any two functions f(x1; x2) and g(x1; x2) in L2 (R2) ;

we have following

V	 [f(x1 � k1; x2 � k2)] ((b1; b2) ; (�1; �2)) = ei(�1k1+�2k2)V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) :

(2.6)

Proof. we have from de�nition (2:1)

V	 [f(x1 � k1; x2 � k2)] ((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z

R2
e�i[�1(x1�k1)+�2(x2�k2)]f(x1 � k1; x2 � k2)

�	((x1 � k1)� b1; (x2 � k2)� b2)dx1dx2

=
1�p
2�
�2 Z

R2
ei(�1k1+�2k2)e�i(�1x1+�2x2)f(u1; u2)

�	(u1 � b1; u2 � b2)du1du2;

where u1 = x1 � k1; u2 = x2 � k2

= ei(�1k1+�2k2)
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(u1; u2)

�	(u1 � b1; u2 � b2)du1du2

= ei(�1k1+�2k2)V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) :

This completes proof.
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Remark 2.2 The time shifting property of the 2D windowed Fourier transform states

that shifting the input signal in the time domain results in a corresponding shift in the

WFT coe¢ cients.

Proof.

Remark 2.3 Mathematically, if we have a signal f(x1; x2) and we shift it by �k1

units in the time domain, the resulting 2D-WFT V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) will

be shifted by �k1 units in the time axis. Indeed

V	 [f(x1 � k1; x2)] ((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z

R2
e�i[�1x1+�2x2]f(x1 � k1; x2)

�	((x1 � k1)� b1; x2 � b2)dx1dx2

=
1�p
2�
�2 Z

R2
ei(�1k1)e�i(�1u1+�2x2)f(u1; x2)

�	(u1 � b1; x2 � b2)du1dx2;

where u1 = x1 � k1;

= ei(�1k1)
1�p
2�
�2 Z

R2
e�i(�1u1+�2x2)f(u1; x2)

�	(u1 � b1; x2 � b2)du1dx2

= ei(�1k1)V	 [f(u1; x2)] ((b1; b2) ; (�1; �2)) :

Hence, the shift in the time domain results in a corresponding shift in the time axis of

the 2D windowed Fourier transform coe¢ cients.

Theorem 2.3 (Modulation) The 2D Fourier transform of any function

e�i(�
0
1x1+�

0
2x2)f(x1; x2) is given by

V	[e�i(�
0
1x1+�

0
2x2)f(x1; x2)]((b1; b2) ; (�1; �2)) = V	[f(x1; x2)]((b1; b2) ; (�1 � �01; �2 � �02)):

(2.7)
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Proof. From de�nition (2:1), we have

V	[e�i(�
0
1x1+�

0
2x2)f(x1; x2)]((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z 1

�1

Z 1

�1
e�i(�1x1+�2x2)e�i(�

0
1x1+�

0
2x2)

�f(x1; x2)	 (x1 � b1; x2 � b2)dx1dx2;

=
1�p
2�
�2 Z 1

�1

Z 1

�1
e�i[(�1��

0
1)x1+(�2��02)x2]

�f(x1; x2)	 (x1 � b1; x2 � b2)dx1dx2;

= V	[f(x1; x2)]((b1; b2) ; (�1 � �01; �2 � �02)):

This completes the proof.

Theorem 2.4 (Orthogonality) The 2D windowed Fourier transform of the functions

f(x1; x2) and g(u1; u2) in L
2(R2) satis�es the following orthogonality relation

hV	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) ;V	 [g(x1; x2)] ((b1; b2) ; (�1; �2))i (2.8)

= k	k2 hf(x1; x2); g(x1; x2)i :

Proof. By de�nition (2:1), we have

hV	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) ;V	 [g(x1; x2)] ((b1; b2) ; (�1; �2))i

=

Z
R2

Z
R2
V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))

� V	 [g(x1; x2)] ((b1; b2) ; (�1; �2))d�1d�2db1db2

=

Z
R2

Z
R2
V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))

�
 

1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)g(x1; x2)	 (x1 � b1; x2 � b2)dx1dx2

!
d�1d�2db1db2

=

Z
R2

Z
R2

 
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)V	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) d�1d�2

!
g(x1; x2)	 (x1 � b1; x2 � b2) dx1dx2db1db2:

By virtue of Equation (2:3), we have

hV	 [f(x1; x2)] ((b1; b2) ; (�1; �2)) ;V	 [g(x1; x2)] ((b1; b2) ; (�1; �2))i

=

Z
R2

Z
R2
f(x1; x2)	 (x1 � b1; x2 � b2)	 (x1 � b1; x2 � b2) g(x1; x2)dt1dt2db1db2
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therefore Fubini�s theorem allows us to interchange the order of integration. We con-

tinue as follows:

=

Z
R2
f(x1; x2)g(x1; x2)dt1dt2

Z
Rn
	(x1 � b1; x2 � b2)	 (x1 � b1; x2 � b2) db1db2

= k	k2 hf(x1; x2); g(x1; x2)i :

This completes the proof.

Theorem 2.5 Let f(x1; x2) and g(x1; x2) in L2 (R2) ; then

hV	[f(x1; x2)]((b1; b2) ; (�1; �2)); g(�1; �2)i = hf(x1; x2);V	[g](x1; x2)i: (2.9)

Proof. We have

hV	[f(x1; x2)]((b1; b2) ; (�1; �2)); g(�1; �2)i =
Z
R2
V	 [f(x1; x2)] (�1; �2)g(�1; �2)d�1d�2

and where

V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)f(x1; x2)	 (x1 � b1; x2 � b2)dx1dx2

we get

hV	[f(x1; x2)]((b1; b2) ; (�1; �2)); g(�1; �2)i

=

Z
R2
f(x1; x2)	 (x1 � b1; x2 � b2)

 
1�p
2�
�2 Z

R2
e�i(�1x1+�2x2)g(�1; �2)d�1d�2

!
dx1dx2

=

Z
R2
f(x1; x)

 
1�p
2�
�2 Z

R2
ei(�1x1+�2x2)g(�1; �2)	 (x1 � b1; x2 � b2) d�1d�2

!
dx1dx2

=

Z
R2
f(x1; x2)V	[g]dx1dx2

= hf(x1; x2);V	[g](x1; x2)i:

This completes the proof.

Theorem 2.6 (Convolution) Let f(x1; x2) and g(x1; x2) in L2 (R2) ; then

V	[(f � g)]((b1; b2) ; (�1; �2)) (2.10)

=
�p
2�
�2
V	[f(x1; x2)]((b1; b2) ; (�1; �2))V	[g(x1; x2)]((b1; b2) ; (�1; �2));
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where f � g denotes the convolution of the function f(x1; x2) and g(x1; x2) and is given

by

(f � g)(x1; x2) =
Z
R2
f(x1; x2)g(u1 � x1; u2 � x2)dx1dx2:

Proof. By applying de�nition of Fourier transform to the convolution of the functions

f(x; y) and g(x; y), we obtain

V	[(f � g)]((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z

R2
(f � g)(u1; u2)e�i(�1x1+�2x2)	(x1 � b1; x2 � b2)dx1dx2

=
1�p
2�
�2 Z

R2

�Z
R2
f(u1; u2)g(x1 � u1; x2 � u2)du1du2

�
�e�i(�1x1+�2x2)	(x1 � b1; x2 � b2)dx1dx2

=
1�p
2�
�2 Z

R2

Z
R2
f(u1; u2)g(w1; w2)

�e�i(�1(w1+u1)+�2(w2+u2)	((w1 + u1)� b1; (w2 + u2)� b2)

dw1dw2du1du2

=
1�p
2�
�2 Z

R2

Z
R2
f(u1; u2)e

�i(�1u1+�2u2)	(u1 � b1; u2 � b2)

�g(w1; w2)e�i(�1w1+�2w2)	(w1 � b1; w2 � b2)dw1dw2du1du2

=
�p
2�
�2 1�p

2�
�2 Z

R2
f(u1; u2)e

�i(�1u1+�2u2)	(u1 � b1; u2 � b2)du1du2

� 1�p
2�
�2 Z

R2
g(w1; w2)e

�(�1w1+�2w2)	(w1 � b1; w2 � b2)dw1dw2

=
�p
2�
�2
V	[f(u1; u2)](�1; �2)V	[g(w1; w2)](�1; �2):

This completes the proof.

Theorem 2.7 (Multiplication) Let f(x1; x2) and g(x1; x2) in L2(R2); then

V	[f(x1; x2)g(x1; x2)]((b1; b2) ; (�1; �2)) (2.11)

=
1�p
2�
�2V	[f(x1; x2)]((b1; b2) ; (�1; �2)) � V	[g(x1; x2)]((b1; b2) ; (�1; �2)):
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Proof. Let S(x1; x2) = f(x1; x2)g(x1; x2); then

V	[f(x1; x2)g(x1; x2)]((b1; b2) ; (�1; �2))

=
1�p
2�
�2 Z

R2
f(x1; x2)g(x1; x2)e

�i(�1x1+�2x2) �	(x1 � b1; x2 � b2)dx1dx2;

=
1�p
2�
�2 Z

R2

 
1�p

2�
�2 k	k2

Z
R2

Z
R2
e�i(�1x1+�2x2)V	 [f(x1; x2)]

�	(x1 � b1; x2 � b2) dx1dx2)

�g(x1; x2)e�i(�1x1+�2x2)	(x1 � b1; x2 � b2)dx1dx2;

=
1�p

2�
�2 k	k2

Z
R2
V	 [f(x1; x2)] ((b1; b2) ; (�1; �2))�	(x1 � b1; x2 � b2) dx1dx2

�
 

1�p
2�
�2 Z

R2
g(x1; x2)e

�i[(�1��1)x1+(�2��2)x2]) �	(x1 � b1; x2 � b2)dx1dx2

!
d�1d�2

=
1�p

2�
�2 k	kV	[f(x1; x2)](�1; �2) � V	[g(x1; x2)](�1; �2):

This completes the proof.

Theorem 2.8 (Complex conjugation) Let f(x1; x2) 2 L2(R2), then

V	
h
f((x1; x2))

i
((b1; b2); (�1; �2)) = V	 [f(x1; x2)] (b1; b2) ; (��1;��2)): (2.12)

Proof. Let g(x1; x2) = f(x1; x2), then

V	
h
f(x1; x2)

i
((b1; b2); (�1; �2))

=
1�p
2�
�2 Z

R2
f(x1; x2)e

�i(�1x1+�2x1)	(x1 � b1; x2 � b2)dx1dx2;

=
1�p
2�
�2 Z

R2
f(x1; x2)ei(�1x1+�2x2)	(x1 � b1; x2 � b2)dx1dx2;

=
1�p
2�
�2 Z

R2
f(x1; x2)ei(�1x1+�2x2)	(x1 � b1; x2 � b2) dx1dx2;

= V	 [f(x1; x2)] (b1; b2) ; (��1;��2)):

This completes the proof.

Theorem 2.9 (Duality) Let f(x1; x2) 2 L2(R2); then

V	[V	[f(x1; x2)]] ((b1; b2); (�1; �2)) = f((�b1;�b2)(��1;��2)): (2.13)
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Proof. Let g(x1; x2) = V	[f(x1; x2)], then

V	 [g(x1; x2)] ((b1; b2); (�1; �2))

=
1�p
2�
�2 Z

R2
g(x1; x2)e

�i(�1x1+�2x2)	(x1 � b1; x2 � b2)dx1dx2;

=
1�p
2�
�2 Z

R2
V	[f (x1; x2)]e�i(�1x1+�2x2)	(x1 � b1; x2 � b2)dx1dx2;

=
1�p
2�
�2 Z

R2
V	[f(x1; x2)]ei[(��1)x1+(��2)x2]	(x1 + b1; x2 + b2) dx1dx2;

= f((�b1;�b2)(��1;��2)):

This completes the proof.

Theorem 2.10 (Parseval relation) Let f(x1; x2) and g(x1; x2) in L2 (R2) ; thenZ
R2
f(x1; x2)g(x1; x2)dx1dx2 (2.14)

=

Z
R2
V	 [f(x1; x2)] ((b1; b2); (�1; �2))

�
V	 [g(x1; x2)] ((b1; b2); (�1; �2))

�
d�1d�2:

Proof. Let r(x1; x2) = g(x1; x2) and s(x1; x2) = f(x1; x2)r(x1; x2); then

=

Z
R2

"
1�p
2�
�2 Z

R2
f(x1; x2)e

�i(�1x1+�2x1)	(x1 � b1; x2 � b2)dx1dx2

#

�
"

1�p
2�
�2 Z

R2
g(x1; x2)e

�i(�1x1+�2x1)	(x1 � b1; x2 � b2)dx1dx2

#
d�1d�2

=

Z
R2
f(x1; x2)g(x1; x2)

�
	(x1 � b1; x2 � b2)

�2
dx1dx2

�
"

1�p
2�
�2 Z

R2
e�i(�1x1+�2x1)

#"
1�p
2�
�2 Z

R2
e�i(�1x1+�2x1)

#
d�1d�2

=

Z
R2
f(x1; x2)g(x1; x2)dx1dx2:

This completes the proof.

2.3 Applications

The 2D continuous Short-Time Fourier Transform (2D continuous STFT) extends the

concept of the continuous STFT to two-dimensional signals, enabling analysis of time-

varying frequency content in images or other two-dimensional data. Here are some

applications of the 2D continuous STFT:
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1. Image Processing:

- Texture Analysis: By applying the 2D continuous STFT to images, texture

features can be extracted, aiding in tasks such as texture classi�cation, seg-

mentation, and synthesis.

- Edge Detection: Analysis of frequency content in di¤erent image regions using

the 2D continuous STFT can help in detecting edges and boundaries in

images.

- Image Compression: The 2D continuous STFT can be utilized in image com-

pression algorithms for e¢ cient representation of image features in the fre-

quency domain.

2. Remote Sensing:

- Satellite Image Analysis: The 2D continuous STFT can be applied to ana-

lyze satellite images for various purposes including land cover classi�cation,

environmental monitoring, and disaster management.

- Agricultural Monitoring: Monitoring crop health and vegetation dynamics

through the analysis of multispectral satellite imagery using the 2D con-

tinuous STFT can aid in precision agriculture practices.

3. Biomedical Imaging:

- MRI Analysis: In magnetic resonance imaging (MRI), the 2D continuous STFT

can be used for analyzing time-varying frequency characteristics of tissue

signals, providing insights into tissue properties and abnormalities.

- Ultrasound Imaging: Analysis of ultrasound images using the 2D continuous

STFT can assist in the detection and characterization of tissue structures

and pathologies.

4. Sonar and Radar Imaging:
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- Underwater Sonar Imaging: The 2D continuous STFT can aid in analyzing

sonar data for underwater imaging applications such as underwater naviga-

tion, object detection, and marine exploration.

- Radar Imaging: In radar applications, the 2D continuous STFT can be em-

ployed for analyzing radar signals to detect and track moving targets, and

for forming high-resolution radar images.

5. Material Characterization:

- Material Inspection: Analysis of material properties using techniques such as

terahertz imaging and microwave imaging with the 2D continuous STFT

can assist in non-destructive testing and material inspection in industries

such as manufacturing and aerospace.

6. Environmental Monitoring:

- Seismic Analysis: In seismology, the 2D continuous STFT can be used for

analyzing seismic data to study earthquakes, monitor subsurface structures,

and detect underground resources.

- Oceanography: Analyzing oceanographic data with the 2D continuous STFT

can provide insights into ocean currents, wave patterns, and marine life

distribution.

These applications highlight the versatility of the 2D continuous STFT in various

�elds (see Bahri and Ashino (2011), Bahat and Dar (2023), Mawardi, Hitzer, Ashino

and Vaillancourt (2010)), where it enables the analysis of time-varying frequency con-

tent in two-dimensional signals for a wide range of purposes, from image processing to

environmental monitoring and beyond.
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The Fourier transform has been used for more than a century in a wide range of

applications However,more recently it was shown that the Fourier transform is

inadequate for describing some physical applications or dealing with their underlying

mathematical problems. As a result some o¤-shoots of the Fourier transform,such as the

windowed Fourier transform,the wavelet transform and the fractional Fourier transform

(FrFT) introduced to address the shortcoming of the Fourier transform. The (FrFT),

which is a generalization of the Fourier transform,has gained considerable attention in

the last 20 years or so because of its important applications in signal analysis, obtics

and signal recovery and also because of its ability to treat some mathematical problems

that could not otherwise be handled by the standard Fourier transform.

In this chapter, we introduce the 2D fractional Fourier transform as a generalization

of the classical 2D Fourier transform. The fractional Fourier transform was introduced

32



Chapter 3. 2D fractional Fourier transform

by Namias (1980) and a rigorous mathematical framework of the properties of fractional

Fourier transform the Schwartz space of rapidly decreasing functions was given by

McBride and Kerr (1987). Let us de�ne 2D fractional Fourier transform.

3.1 De�nition

De�nition 3.1 Let f(x1; x2) be a signal in L2 (R2) :The 2D fractional Fourier trans-

form with order � = (�1; �2) 2 (��; �)2on L1 (R2) of f(x1; x2) is de�ned by

F� [f(x1; x2)] (�1; �2) =
Z
R2
K� ((x1; x2) ; (�1; �2)) f(x1; x2)dx1dx2; (3.1)

where K� ((x1; x2) ; (�1; �2)) =
2Y
i=1

K�i (xi;� i) and K�i (xi;� i) the kernel of the FrFT

and is given by

K�i (xi;� i) =

8>>><>>>:
c(�i)p
2�
eifa(�i)[x2i+�2i�2b(�i)xi�i]g for �i 6= k�;

� (xi�� i) for �i = 2k�;

� (xi+� i) for �i = (2k � 1)�; k 2 Z

where a (�i) = cot�i=2; b (�i) = sec�i; c (�i) =
p
1� i cot�i; and the corresponding

inversion formula is also a 2DFrFT is given by

f(x1; x2) = F�� fF� [f(x1; x2)] (�1; �2)g (x1; x2) (3.2)

=

Z
R2
F� [f(x1; x2)] (�1; �2)K�� ((x1; x2) ; (�1; �2)) d�1d�2

It is easy to see that, when �i = 0; �=2,� and and 3�=2 for i = 1; 2, the 2DFrFT is

reduced to the identity operation, the 2DFT, time-reverse operation, and the 2DIFT,

respectively.

For each � 2 Rn f0g ; we de�ne

e�;� (x1; x2) = e
i�
P2
i=1 a(�i)x

2
i ;8 (x1; x2) 2 R2:

It is easy to observe that e�;�� (x1; x2) = e��;� (x1; x2) and the 2D fractional Fourier

transform of f(x1; x2) (3:1) can be rewritten as

F� [f(x1; x2)] (�) = c (�) e�;1 (�1; �2)F (e�;1 (x1; x2)) (�1 csc�1; �2 csc�2) ; (3.3)
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where c (�) = c (�1) c (�2) and F (e�;1x) is the Fourier transform of e�;1x: Using this

notation, we can rewrite

K� ((x1; x2) ; (�1; �2)) =
c (�)�p
2�
�2 e�;1 (x1; x2) e�;1 (�1; �2) e�iP2

i=1 xi�i csc�i :

From (3:3), it is clear that F� [f(x1; x2)] (�1; �2) 2 C0 (R2) for all f(x1; x2) 2 L2 (R2) :

Next, we highlight some properties of 2DFrFT.

3.2 Properties

Theorem 3.1 (Linearity) Let f(x1; x2); g(x1; x2) in L2(R2) and (k1; k2) ; (�1; �2) 2 R2:

F�[(�f(x1; x2) + �g(x1; x2))] (�1; �2) = �F�[f(x1; x2)] (�1; �2) + �F�[g(x1; x2)] (�1; �2)

(3.4)

Proof. We have form de�nition (3:1)

F�[(�f(x1; x2) + �g(x1; x2))] (�1; �2)

=

Z
R2
K� ((x1; x2) ; (�1; �2)) (�f(x1; x2) + �g(x1; x2))dx1dx2

= �

Z
R2
K� ((x1; x2) ; (�1; �2)) f(x1; x2)dx1dx2

+�

Z
R2
K� ((x1; x2) ; (�1; �2)) g(x1; x2)dx1dx2

= �F�[f(x1; x2)] (�1; �2) + �F�[g(x1; x2)] (�1; �2) :

This completes the proof.

Theorem 3.2 (Translation ) The 2D fractional Fourier transform of any function

f(x1 � k1; x2 � k2) is given by

F� [f(x1 � k1; x2 � k2)] (�1; �2) = K�((k1; k2) ; (�1; �2))F�[f(u1; u2)]((�1; �2)): (3.5)
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Proof. From de�nition (3:1), we have

F� [f(x1 � k1; x2 � k2)] (�1; �2)

=

Z
R2
K� ((x1; x2) ; (�1; �2)) f(x1 � k1; x2 � k2)dx1dx2

=

Z
R2
K�((u1 + k1; u2 + k2) ; (�1; �2))f (u1; u2) du1du2

where u1 = x1 � k1; u2 = x2 � k2

=

Z
R2
K�((u1; u2) ; (�1; �2))K�((k1; k2) ; (�1; �2))f (u1; u2) du1du2

= K�((k1; k2) ; (�1; �2))

Z
R2
K�((u1; u2) ; (�1; �2))f (u1; u2) du1du2

= K�((k1; k2) ; (�1; �2))F�[f(u1; u2)]((�1; �2)):

This completes the proof.

Theorem 3.3 (Orthogonality) Let f(x1; x2), g(x1; x2) in L2 (R2) and (k1; k2) ;
�
�01; �

0
2

�
2

R2; then the 2DFrFT satis�es the following orthogonality Relation

hF� [f(x1; x2)] (�1; �2) ;F� [g(x1; x2)] (�1; �2)i = hf(x1; x2); g(x1; x2)i : (3.6)

Proof. We have

hF� [f(x1; x2)] (�1; �2) ;F� [g(x1; x2)] (�1; �2)i

=

Z
R2
F� [f(x1; x2)] (�1; �2)F� [g(x1; x2)] ((�1; �2))d�1d�2

=

Z
R2

Z
R2

Z
R2
K� ((x1; x2) ; (�1; �2)) f(x1; x2)

�K� ((y1; y2) ; (�1; �2)) g(y1; y2)dy1dy2dx1dx2d�1d�2

=

Z
R2

Z
R2
f(x1; x2)g(y1; y2)�Z

R2
K� ((x1; x2) ; (�1; �2))K� ((y1; y2) ; (�1; �2))d�1d�2

�
dy1dy2dx1dx2

=

Z
R2

Z
R2
f(x1; x2)g(y1; y2)� (x1 � y1; x2 � y2) dy1dy2dx1dx2

=

Z
R2
f(x1; x2)g(y1; y2)dx1dx2

= hf(x1; x2); g(x1; x2)i :

This completes the proof.
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Theorem 3.4 (Convolution) Let f(x1; x2) and g(x1; x2) in L2(R2); then

F�[f(x1; x2) � g(x1; x2)] (�1; �2) = F�[f(x1; x2)] (�1; �2)F�[g(x1; x2)] (�1; �2) : (3.7)

where f � g denotes the convolution of the function f(t) and g(t) and is given by

(f � g)(x1; x2) =
Z
R2
f(x1; x2)g(u1 � x1; u2 � x2)du1du2:

Proof. By applying de�nition of Fourier transform to the convolution of the function

f(x1; x2) and g(x1; x2), we obtain

F�[f(x1; x2) � g(x1; x2)] (�1; �2)

=

Z
R2
K�((x1; x2); (�1; �2))f(x1; x2) � g((x1; x2))dx1dx2

=

Z
R2
K�((x1; x2); (�1; �2))

�
�Z

R2
f(x1; x2)g(u1 � x1; u2 � x2)du1du2

�
dx1dx2

=

Z
R2
K�((u1 � v1; u2 � v1); (�1; �2))

�
�Z

R2
f(x1; x2)g(v1; v2)dv1dv2

�
dx1dx2

where v1 = u1 � x1; v2 = u2 � x2

=

Z
R2
K�((x1; x2); (�1; �2))f(x1; x2)dx1dx2

�
Z
R2
K�((v1; v1); (�1; �2)) (g(v1; v2)dv1dv2)

= F�[f(x1; x2)] (�1; �2)F�[g(x1; x2)] (�1; �2) :

This completes the proof.

Theorem 3.5 (Multiplication) Let f(x1; x2) and g(x1; x2) in L2(R2); then

F�[f(x1; x2)g(x1; x2)] (�1; �2) = F�[f(x1; x2)] (�1; �2) � F�[g(x1; x2)] (�1; �2) : (3.8)
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Proof. We have

F�[f(x1; x2)g(x1; x2)] (�1; �2)

=

Z
R2
K�((x1; x2); (�1; �2))f(x1; x2)g(x1; x2)dx1dx2

=

Z
R2
K�((x1; x2); (�1; �2))g(x1; x2)

�
�Z

R2
F� [f(x1; x2)] (�1; �2)K�� ((x1; x2) ; (�1; �2)) d�1d�2

�
dx1dx2

=

Z
R2
F� [f(x1; x2)] (�1; �2)�Z
R2
g(x1; x2)K�((x1; x2); (�1; �2))K�� ((x1; x2) ; (�1; �2)) dx1dx2

�
d�1d�2

=

Z
R2
F� [f(x1; x2)] (�1; �2)F� [g(x1; x2)] (�1 � �1; �2 � �2)d�1d�2;

= F [f(x1; x2)] (�1; �2) � F [g(x1; x2)] (�1; �2) :

This completes the proof.

3.3 Applications

The 2D Fractional Fourier Transform (2D FrFT) is an extension of the fractional

Fourier transform (FrFT) to two-dimensional signals. It provides a powerful tool for

analyzing time-frequency characteristics and spatial-frequency distribution in images

or other two-dimensional data. Here are some applications of the 2D FrFT:

1. Image Processing:

- Image Compression: The 2D FrFT can be used in image compression algo-

rithms to e¢ ciently represent images in the joint time-frequency domain,

leading to improved compression performance.

- Edge Detection: By analyzing the spatial-frequency distribution of image edges

using the 2D FrFT, edge detection algorithms can be developed for appli-

cations such as object recognition and scene understanding.

- Texture Analysis: The 2D FrFT enables the analysis of texture features in

images, facilitating tasks such as texture classi�cation, segmentation, and

synthesis.
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2. Biomedical Imaging:

- MRI Analysis: Similar to the application in image processing, the 2D FrFT

can be applied to analyze MRI data for extracting spatial-frequency features

related to tissue properties and abnormalities.

- Ultrasound Imaging: Analysis of ultrasound images using the 2D FrFT can

assist in characterizing tissue structures and detecting pathological changes.

3. Remote Sensing:

- Satellite Image Analysis: The 2D FrFT can be utilized to analyze multispectral

satellite images for land cover classi�cation, environmental monitoring, and

disaster assessment based on their spatial-frequency content.

- Hyperspectral Imaging: Analysis of hyperspectral data using the 2D FrFT

allows for the extraction of spectral-spatial features, aiding in tasks such as

mineral identi�cation and vegetation mapping.

4. Optical Signal Processing:

- Optical Imaging: In optical imaging systems, the 2D FrFT can be used to

analyze the spatial-frequency distribution of optical wavefronts, enabling

aberration correction, beam shaping, and holography.

- Lens Design: By analyzing the spatial-frequency response of optical compo-

nents using the 2D FrFT, lens designs can be optimized for various applica-

tions including imaging, lithography, and laser beam manipulation.

5. Material Characterization:

- Material Inspection: Analysis of material properties using techniques such as

terahertz imaging and microwave imaging with the 2D FrFT can assist in

non-destructive testing and material characterization in industries such as

manufacturing and aerospace.

6. Signal Processing:
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- Audio Signal Processing: Similar to the FrFT in one dimension, the 2D FrFT

can be applied to analyze time-frequency characteristics in audio signals,

aiding in tasks such as audio coding, source separation, and musical instru-

ment recognition.

These applications demonstrate the versatility of the 2D FrFT in analyzing spatial-

frequency content in two-dimensional signals across various domains, from image process-

ing to signal processing and beyond (see Kamalakkannan and Roopkumar (2019)).

39



CHAPTER 4

Conclusion

The 2D Fourier transform is a powerful mathematical tool that allows us to analyze

the frequency content of two-dimensional signals and functions. Its properties and

applications make it indispensable in �elds ranging from signal and image processing

to optics and mathematics. Understanding and mastering the 2D Fourier transform is

essential for researchers and practitioners in these �elds.
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