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Abstract in English

Fixed point theory has a long history of being used in nonlinear di¤erential

equations, in order to prove the existence, uniqueness, or other qualitative

properties of solutions. However, using the �xed point theorem for stability

and periodicity of solutions have a more recent appearance. In this disser-

tation, we focus on studying the quantitative and qualitative properties of

some nonlinear delay di¤erential equations. We start by giving some �xed

point theorems. After we introduce and provide results for delay di¤erential

equations and necessary relevant de�nitions and notions about impulsive dif-

ferential equations. Finally, we derive su¢ cient conditions ensuring at least

one positive periodic solution of the system, more precisely by using the Kras-

noselskii �xed-point theorem in the cone of Banach space. We address the

existence of a positive periodic solution for n- species Lotka-Volterra compe-

tition system with variable delays and impulses. An example is also given to

illustrate the claims established.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Keywords: Fixed points theorem; Krasnoselskii�s theorem; Periodicity; Pos-

itivity; Delay equations; Lotka-Volterra system; Integral equation; Variable

delays, impulses.
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Abstract in French

La théorie du point �xe est utilisée depuis longtemps dans les équations

di¤érentielles non linéaires, a�n de prouver l�existence, l�unicité ou d�autres

propriétés qualitatives. Cependant, l�utilisation du théorème du point �xe

pour la stabilité et la périodicité des solutions a une apparition plus récente.

Dans ce mémoire, nous nous concentrons sur l�étude des propriétés quanti-

tatives et qualitatives de certains types d�équations di¤érentielles de retard

non linéaires. Nous commençons par donner quelques théorèmes de point

�xe. Ensuite, nous donnons des notions préliminaires sur les équations dif-

férentielles à retard et les équations impulsives qui sont nécessaires par la

suite. A la �n, en utilisant le théorème du point �xe de la théorie du cône

nous étudions l�existence d�une solution périodique positive pour le système

de compétition Lotka-Volterra a n-espèces avec de multiples arguments dé-

viants. Finalement, un exemple est également donné pour illustrer l�e¢ cacité

des résultats établies.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Mots clés: Points �xe; Theorème de Krasnoselskii; Solutions périodiques

positives; Equations à retard; Système de Lotka-Volterra; Equation intégrale;

Retards,impulsive
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خطةةة  ثباةب  ال دة لا   الالةفبضةيةة يةةر  الم ةبلات  راتةةولنظرية النقطةة الابتةةة تعةة من  نةو تةن ا             

ة داةالم الو ريةة  اتتةةقرار المقةبرو  الوية  . لكن اتة مبلهب ثباةب  اتتةةقرار   كمةة ن عةة أخرىخ اص    ال حوانةة

الم ةةبلات   أنةة ا ركزنةةب  ةةخ الخةة اص الن عةةةة   الكمةةةة لةةا     ةةركرتنب يفةة .الظهةة ر حوياةةة ت ةاةةر تةةرخر ا ذ  تلاليم ةةب

   المةةرخر ح   الم بلات  الةفبضيةة  أتبتةب تا   نظريب  النقطة الابتةة  ت وهب  توأنب. ترخرا  ذخطةة الالةفبضيةة يةر 

 ةن   خةر  عية  لكراتن تةكي الم رفةة الم بلات  المنوف ة اللاز ةة فةي عمينةب   أخةةرا   تبتةة مب  نظريةة النقطةة الابتةةة 

 ةغةةر   تةرخرا ا  ذ  لي  كةب فة لطراناضةةة  طةةةت  يةةر خلاميةة   ةبجل ة  داة ةلا رية   لارتةنب  دة لا حية فضبء تنةب  

                                 . ر تةةةةةةةونجبعةةةةةةة النةةةةةةةب   الم و نب  اةةةةةةب  ت ضةةةةةةةوي ي كةةةةةةوالنهبيةةةةةةة  ةةةةةةت زي ةةةةةةةة .فةةةةةةي  لةةةةةةة الةةةةةةز ن  تةةةةةةرخرا  توت

                               

 

 

___________________________________________________________________________ 

  نظبم ل  كب ف لطرا   ةرخر   حي   لا رية   داة    بلالة تكيية النقطة الابتةة  نظرية كراتن : نظرالكلمات المفتاحية 

.   بلالة تكب ن  ترخر , لة ناضةةلا   ب  
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d(x; y) this is called the distance between x and y;
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Introduction

The �xed point theory is at the heart of the nonlinear analysis then

and it provides the necessary tools to have theorems existence in many

di¤erent non-linear problems. It uses its tools of analysis and topology. Ad-

vancements in �xed point theory enrich many scienti�c �elds such as biology,

chemistry, computer science, economics, and game theory. Depending on the

nature of the assumptions involved, we can divide �xed point theory into two

main branches �xed point and metric theory. Or, �xed point and topological

theory, ( see [2], [61], [67] ).

With respect to the metric approach, the most important metric �xed

point result is the Banach �xed point theorem ( also known as the contrac-

tion mapping theorem or the contraction mapping principle). It was �rst

started by Stefan Banach in 1922. This theorem guarantees the existence

and uniqueness of �xed points of certain self maps of a metric space and

provides a constructive method to �nd those �xed points.

Concerning the topological branch, results are obtained using the topo-

logical properties of set X. The main result is Schauder�s �xed point theorem

which was stated by Schauder in 1930. This theorem is a generalization of

Brower�s �xed point theorem.

1



Introduction

In 1955, Krasnoselskii studied a paper by Schauder on partial di¤erential

equations and formulated the working hypothesis principle: the inversion of a

perturbed di¤erential operator yields the sum of a contraction and a compact

map. Accordingly, he formulated a hybrid theorem known under its name.

The reader is referred to the classical textbook on �xed points [62]. This is a

captivating result and it has a number of interesting applications. The proof

of this result combines the Banach contraction principle and Schauder �xed

point theorem and thus it is a blend of the two branches.

Delay di¤erential equations are a class of di¤erential equations where the

derivatives at the current time depend on the solution at previous times.

Strictly speaking, delay di¤erential equations are a speci�c example of func-

tional di¤erential equations, in which the functional part of the di¤erential

equations is the evaluation of a functional on the past of the process. Math-

ematical modeling involving delay di¤erential equations is widely used for

analysis and predictions in various areas of the life sciences, for example,

population dynamics, epidemiology, immunology, physiology, and neural net-

works, ( see for example, [4, 12, 14] ), and the references cited therein. The

delays can represent gestation times, incubation periods, or transport delays.

In many cases, time delays can be substantial such as gestation, forestation,

deforestation, and maturation, or can represent little lags such as acceleration

and deceleration in physical processes. Due to their importance, numerous

applications have been devoted to the existence of periodic solutions of sev-

eral di¤erent types of delay di¤erential equations. For some speci�c work

concerning the existence of periodic solutions to periodic population models

which were carried out using the �xed point theory, the reader is referred to

see ( [41] ; [42] ; [26], [29], [46] ), amongst others, and the references therein.

The theory of impulsive di¤erential equations is an important area of

2



Introduction

scienti�c activity. Many evolution processes are characterized by the fact

that at certain moments of time they may experience abrupt changes. These

short-term perturbations act instantaneously, that is in the form of impulses.

For example, many biological phenomena involving thresholds, optimal con-

trol models in economics, and frequency modulated systems exhibit impulsive

e¤ects. In this way, impulsive di¤erential equations appear as a natural de-

scription of observed evolution phenomena of several real-world problems.

There are various good monographs on impulsive di¤erential equations, e.g.

[2] ; [21]. Signi�cant progress has been made in the theory of impulsive di¤er-

ential equations in recent years. In particular, the fundamental theory and

some qualitative investigations of solutions to impulsive di¤erential equa-

tions have marked a rapid development (see for example, [4] and the sources

related).

To this end, in this dissertation, we have been interested in the use of

�xed point theory to problem of periodicity and positivity for delay di¤eren-

tial and neutral di¤erential equations. We have studied it and have presented

interesting results. In this work, we present a collection of results to some

problems of neutral di¤erential equations and systems Lotka of delay di¤er-

ential equations using �xed point theory.

This dissertation consists of four chapters

Chapter 1 : The �rst chapter is devoted to pointing out the tools which are

needed in the following chapters. The aim of this chapter is to introduce the

basic concepts, notations, and elementary results which will be used through-

out this work. We recall some classical results from functional analysis such

as the Ascoli-Arzela theorem. The main part of the chapter is dedicated to

the presentation of �xed point theorems, the Schauder�s and Banach �xed

point theorem, and that of Krasnoselskii. Moreover, we analyze some exam-

3



Introduction

ples to illustrate how to apply these theorems to some speci�c di¤erential

equations.

Chaptre 2 : This chapter is devoted to DDEs analysis, we present some

basic preliminaries and we discuss the existence and uniqueness theorem for

the solution and properties of them. The authors provide the appropriate

mathematical tools which will be needed to understand the concepts that

will be developed in this dissertation for the study of the periodicity of delay

di¤erential equations (DDEs). A signi�cant and interesting model of delay

equations emanating from biology is given at the beginning of this chapter.

Chaptre 3 :We summarize in the third chapter a few concepts and results

for impulsive di¤erential equations that will be needed in our arguments.

Chaptre 4 : The goal of this chapter is to present a very recent work pub-

lished in [9]: We investigate the existence of positive periodic solutions for

an n-species Lotka-Volterra system with distributed delays and nonlinear im-

pulses. In the process, we convert the given system into an equivalent integral

equation. Then we construct appropriate mappings and use Krasnoselskii�s

�xed point theorem in a cone of a Banach space to show the existence of

a positive periodic solution of the system. Easily veri�able su¢ cient con-

ditions are established. We discuss our problem in two situations: when

impulse functions are subquadratic and when they are sublinear. The tech-

nique to deal with the impulsive term is di¤erent from earlier approaches. In

particular, the results improve some previous ones in the literature. Finally,

an example is presented to illustrate the feasibility and e¤ectiveness of the

4
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results.

x0i(t) = xi (t)

"
ri (t)�

nX
j=1

aij(t)hj (xj(t))�
nX
j=1

bij(t)fj (xj(t� � ij (t)))

�
nX
j=1

cij(t)

Z t

�1
Dij(t; �)gj (xj (�)) d�

#
;

t 6= tk; k 2 N�;

xi
�
t+k
�
� xi

�
t�k
�
= Iik (tk; xi (tk)) ; t = tk; k 2 N�;

where xi 2 R+; Dij 2 C (R� R+;R+) ; hj; fj; gj : R+ �! R+ are continuous;

and ri; aij; bij; cij 2 C (R;R+) ; for i; j = 1; 2; :::; n:

5



CHAPTER 1

Fixed point Theorems

Contents

1.1 Notation and priliminaries . . . . . . . . . . . . . 7

1.2 Fixed point theorems . . . . . . . . . . . . . . . . 12

In this chapter, we will mention (and complete) some important theoremsin the theory of the �xed point, as well as some tools of the functional

analysis necessary for the rest of this dissertation. In particular, the Ascoli-

Arzela theorem is an element it is very useful in this work to prove com-

pactness in function spaces challenged on compact sets and not necessarily

compact sets. The theorems of Banach, Schauder, and Krasnoselskii will be

presented in this chapter. These elements of the analysis have been presented.

Taken from a few books chosen as (( see [15], [61], [68] ).

6



Chapter 1. Fixed point Theorems

1.1 Notation and priliminaries

This section contains an elementary set of de�nitions, theorems, and ex-

amples which were motivated by the examples in the last section and were

formulated to aid us in deciding which �xed point theorem to use and which

stability properties to prove.

1.1.1 Normed and Banach space

De�nition 1.1 Let X be a nonempty set and d : X �X ! R+ a function.

Then d is called.a metric on X if the following properties hold.

1) d(x; y) = 0 if and only if x = y for some x; y 2 X;

2) d(x; y) = d(y; x) for all x; y 2 X;

3) d(x; y) � d(x; z) + d(z; y) for all x; y; z 2 X.

The value of metric d at (x; y) is called distance between x and y, and

the ordered pair (X; d) is called metric space.

De�nition 1.2 The metric space (X; d) is complete if every Cauchy se-

quence in (X; d) has a limit in that space. Asequence fxng � X is a

Cauchy sequence if for each " > 0 there exists N such that n;m > N imply

d(xn; xm) < ":

De�nition 1.3 A vector space (V ;+; �) is a normed space if for each x; y 2 V

there is a nonnegative real number kxk ; called the norm of x; such that

(i) kxk = 0 if and only if x = 0;

(ii) k�xk = j�j kxk for each � 2 R, and

(iii) kx+ yk � kxk+ kyk :

7



Chapter 1. Fixed point Theorems

Remark 1.1 A normed space is a vector space and it is a metric space with

�(x; y) = kx� yk : But a vector space with a metric is not always a normed

space.

De�nition 1.4 A Banach space is a complete normed space.

We list two examples, ( see Burton, [15] ).

Example 1.1 (a) The space C([a; b];Rn) consisting of all continuous func-

tion f : [a; b]! Rn is a vector space over the reals.

b) If kfk = maxa�t�b jf(t)j, where j:j is a norm in Rn, then (C; k:k) is a

Banach space.

Example 1.2 Let X = Rn; n > 1 be a linear space. Then Rn is a normed

space with the following norms:

i) kxk1 =
nX
i=1

jxij for all x = (x1; x2; :::; xn) 2 Rn;

ii) kxkp =
 

nX
i=1

jxijp
! 1

p

for all x = (x1; x2; :::; xn) 2 Rn and p 2 (1;1) ;

iii) kxk1 = max
1�i�n

jxij for all x = (x1; x2; :::; xn) 2 Rn:

De�nition 1.5 A sequence fxng in a normed space X is said to be Cauchy

if limm;n!1 kxm � xnk = 0; i:e:; for � > 0; there exists an integer n0 2 N

such that kxm � xnk < � for all m;n � n0:

De�nition 1.6 A normed space (X; k:k) is said to be complete if it is com-

plete as a metric space (X; d), i.e., every Cauchy sequence is convergent in

X.

De�nition 1.7 A complete normed space is called a Banach space.

8



Chapter 1. Fixed point Theorems

Example 1.3 The linear spaceC([a; b]) of continuous functions on the closed

and bounded interval [a; b] is a Banach space with the uniform convergence

norm kfk1 = supt2[a;b] jf(t)j :

De�nition 1.8 Every �nite- dimensional normed space is a Banach space.

De�nition 1.9 A closed subspace of a Banach space is a Banach space.

De�nition 1.10 A subsetM of X is said to be totally bounded if for each

" > 0, there exists a �nite number of elements x1; x2; :::; xn in X such that

M�
n
[
i=1
B"(xi).

Proposition 1.1 Let X be a metric space. Then the following are equivalent

i) X is a compact.

ii) Every sequence in X has a convergent subsequence.

iii) X is complete and totally bounded.

Proposition 1.2 Let X be a subset of a complete metric space X. Then we

have the following:

a)M is compact if and only ifM is closed and totally bounded.

b)M is compact if and only ifM is totally bounded.

A subset M of a topological space is said to be relatively compact if its

closure is compact, i.e.,M is compact. In particular, we have an interesting

result.

Proposition 1.3 LetM be a closed subset of a complete metric space. Then

M is compact if and only if it is relatively compact.

De�nition 1.11 ( [15] ) Let ffng be a sequence of real valued functions

with fn : [a; b]! R:

9



Chapter 1. Fixed point Theorems

a) ffng is uniformly bounded on [a; b] if there exists M > 0 such that

jfn(t)j �M for all n and all t 2 [a; b]:

b) ffng is equicontinuous if for any � > 0 there exists � > 0 such that

t1; t2 2 [a; b] and jt1 � t2j < � imply

jfn(t1)� fn(t2)j < �

for all n.

The following results gives the main method of proving compactness in

the spaces in which we are interested.

De�nition 1.12 (Ascoli-Arzela, [15] ) If ffn(t)g is a uniformly bounded

and equicontinuous sequence of real functions on an interval [a; b],then there

is a subsequence which converges uniformly on [a; b] to a continuous function.

Remark 1.2 Let k1 and k2 be two strictly positive real numbers. The subset

F of continuous real functions on [a; b], di¤erentiable on ]a; b[ which satisfy

jf (t)j � k1 et sup jf 0 (c)j � k2;

for all t 2 [a; b] ,is relatively compact in C([a; b];R).

Indeed, for all f 2 F , the �nite increment theorem proves that for all t0,

t 2 [a; b] there exists c 2 ]t0; t[ such that

jf (t)� f (t0)j = jf 0 (c)j jt� t0j ;

so jf (t)� f (t0)j � k2 jt� t0j, let�s �xe t0 2 [a; b]. Let " > 0 and � =
"

k2
,

then

8t 2 [a; b] ; jt� t0j � � ) jf (t)� f (t0)j � ":

F is said to be "uniformly bounded" if and only if

8x 2 [a; b] ; ff (x) ; f 2 Fg is bounded,

10



Chapter 1. Fixed point Theorems

which exactly is the equicontinuity of F at t0 .As we can take for t0 any

point of [a; b], we deduce that F is equicontinuous. We have jf (t)j � k1 for

all f 2 F wich implies that kf (t)k1 � k1

8f 2 F;B0 (0; k1) ;

i,e

F � B0 (0; k1) ;

hence the boundedness of F .

Finally, as F is bounded and equicontinuous, then the Ascoli-Arzela�s

theorem ensures that F is relatively compact. But here we manipulate func-

tion spaces de�ned on in�nite t-intervals. So, for compactness, we need an

extension of the Arzelà-Ascoli theorem. This extension is taken from ( [18],

Theorem 1.2.2 p. 20 ) and is as follows.

Theorem 1.1 ( [15] ) Let R+ = [0;1) and let q : R+ ! R+ be a continu-

ous function such that q(t) ! 0 as t ! 1: If f�k(t)g is an equicontinuous

sequence of Rd-valued functions on R+ with j�k(t)j � q(t) for t 2 R+, then

there is a subsequence that converges uniformly on R+ to a continuous func-

tion �(t) with j�(t)j � q(t) for t 2 R+, where j:j denotes the Euclidean norm

on Rd:

Proof. It is clear that set of functions f�k(t)g is uniformly bounded on

R+: Thus, considering intervals [0; n], n a positive integer, and using a di-

agonalization process there is a subsequence, say f�k(t)g again, converging

uniformly on any compact subset of R+ to some continuous function �(t)

with j�(t)j � q(t) for t 2 R+: Because �(t) ! 0 as t ! 1; it will now

be possible to show that k�k � �k ! 0 as k ! 1; where k:k denotes the

supremum metric on R+: From the de�nition of q(t); for any " > 0 there is

11



Chapter 1. Fixed point Theorems

a T > 0 with q(t) < "=2 if t � T; which yields

j�k(t)� �(t)j � 2q(t) < " if k 2 N and t � T; (��)

where N denote the set of positive integers. On the other hand, since f�k(t)g

converges to �(t) uniformly on [0; T ] as k ! 1; for the " there is a � 2 N

with

j�k(t)� �(t)j < " if k � � and 0 � t � T;

which together with (**), implies that k�k � �k < " if k � �: This shows

that

k�k � �k ! 0 as k !1:

Let us give an example for compact set: ( see Burton, [15] ).

1.2 Fixed point theorems

Depending on the nature of the assumptions involved, we can divide �xed

point theory into two main branches �xed point and metric theory. Or, �xed

point and topological theory.

With respect to the metric approach, the most important metric �xed

point result is the Banach �xed point theorem (also known as the contrac-

tion mapping theorem or the contraction mapping principle). It was �rst

started by Stefan Banach in 1922. This theorem guarantees the existence

and uniqueness of �xed points of certain self maps of a metric space and

provides a constructive method to �nd those �xed points. Concerning the

topological branch, results are obtained using the topological properties of

set X. The main result is Schauder�s �xed point theorem which was stated

by Schauder in 1930. This theorem is a generalization of Brower�s �xed point

theorem. Although historically the two branches of the �xed point theory

12
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had separate development. In 1958, Krasnoselskii established that the sum

of two operators A+B has a �xed point in a nonempty closed convex subset

M of a Banach space X, where one of them is a contraction and another one

is compact ( see below ).

1.2.1 Banach �xed point

In 1922, the Polish mathematician Stefan Banach established a remarkable

�xed point theorem, the famous contraction principle, which is one of the

most important results of the analysis. It is the most widely applied �xed

point result in di¤erent areas of mathematics and applications. It requires the

structure of a complete metric space with the contractive conditions on the

map which is easy to test in many situations. It has been generalized in many

di¤erent directions. Moreover, the proof of the Banach contraction principle

gives a sequence of approximate solutions and useful information as regards

the rate of convergence toward the �xed point. This is very important since a

fundamental principle both in mathematics and computer science is iteration.

Particularly, �xed-point iterations and monotone iterative techniques are the

core methods when solving a large class of abstract and applied mathematical

problems and play an important role in many algorithms.

Let describe this theorem.

De�nition 1.13 Let f be a mapping in the set M . we call �xed point of f

any point x satisfying f(x) = x: If there exists such x, we say that f has a

�xed point, which is equivalent to saying that the equation f(x)� x = 0 has

a null solution.

Theorem 1.2 ( Contraction Mapping Principle, Smart [71] ). Let (S; �) be

a complete metric space and let P : S ! S. If there is a constant 0 � � < 1

13
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such that for each pair �1; �2 2 S, we have

�(P�1;P�2) � ��(�1; �2);

then there is one and only one point � 2 S with P� = �:

Example 1.4 Let f(t; x) be a continuous real-valued function de�ned for t

in the interval [0; T ], and x in R. The Cauchy initial value problem is the

problem of �nding a continuously di¤erentiable function x on [0; T ] satisfying

the di¤erential equation8<: x0 (t) = f (t; x(t)) ; t 2 [0; T ]

x(0) = �:
(1.1)

Proof. Consider the space C([0; T ]) of continuous real-valued functions with

standard supremum norm and f is L�Lipschitzian with respect to x. Inte-

grating both sides of (1.1) we obtain

x(t) = � +

Z t

0

f(s; x; (s))ds:

We denote the function de�ned by the right side of the above by Px. Pre-

cisely,

(Px)(t) = � +
Z t

0

f(s; x(s))ds:

Thus P : C([0; T ]! C([0; T ]); and a solution to (1.1) corresponds to a �xed

point x of P . Observe that for any x; y 2 [0;T ],

j(Px)(t)� (Py)(t)j =
����Z t

0

f(s; x(s))ds�
Z t

0

f(s; y(s))ds

����
�

Z t

0

jf(s; x(s))� f(s; y(s))j ds

� L

Z t

0

jx(s)� y(s)j ds

= Lt kx� yk :

14
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It follows that

kPx� Pyk � LT kx� yk :

If LT < 1; then the result is immediate via the Banach Contraction Principle.

1.2.2 Schauder�s �xed point theorem

De�nition 1.14 Let (X; d) be a generalized metric space.Asubset C of X

is called compact if every open cover of C has a �nite subcover:A subset C

of X is sequentially compact if every sequence in C contains a convergent

subsequence with limit in C.

De�nition 1.15 A set C of topological space is said relatively compact if

its closure is compact, i.e., C is compact. The set C is sequentially relatively

compact if every sequence in C contains a convergent subsequence ( the limit

need not be an element of C ), i.e., C is sequentially compact.

De�nition 1.16 Let X ,Y be two generalized metrics spaces, K � X and

f : K ! Y be a an open operator. Then f is called:

(i) compact, if for any bounded subset A � K we have f(A) is relatively

compact or f(A) is compact;

(ii) Complete continuous, if f is continuous and compact;

(iii) with relatively compact range, if f is continuous and f(K) is rela-

tively compact or f(K) is compact.

Theorem 1.3 ( Schauder�s �rst point theorem, Burton [15] ) Let M be a

nonempty compact convex subset of a Banach space and let P :M!M be

continuous. Then P has a �xed point inM.

15
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Theorem 1.4 ( Schauder�s second �xed point theorem, Burton [15] ) LetM

be a nonempty convex subset of a normed space and let P :M!K where

K is a compact subset ofM. Then P has a �xed point in K.

1.2.3 Krasnoselskii �xed point

The �xed point theorem of Krasnoselskii combined the two main �xed point

theorems, the Banach contraction mapping principle and Schauder �xed

point theorem into the following result. Firstly, we recall the theorem of

Schauder. Schauder�s theorems require compactness instead of complete-

ness and which yields a, possibly nonunique, �xed point. More precisely,

Schauder�s �xed point theorem shows us that a continuous map on a com-

pact convex subset of a Banach space has a �xed point. The next two results

are found in Smart [61] and Burton [15].

Krasnoselskii�s theorem may be combined with Banach and Schauder�s

�xed point theorems. In a certain sense, we can interpret this as follows: if a

compact operator has the �xed point property, under a small perturbation,

then this property can be inherited. The theorem is useful in establishing the

existence results for perturbed operator equations. It also has a wide range

of applications to nonlinear integral equations of mixed type for proving the

existence of periodic solutions. Thus the existence of �xed points for the sum

of two operators has attracted tremendous interest, and their applications are

frequent in nonlinear analysis. ( see [61] Smart, 1980;p.31 ).

Two main results of �xed point theory are Schauder�s theorem and the

contraction mapping principle. Krasnoselskii combined them into the follow-

ing result:

16
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Theorem 1.5 ( Krasnoselskii, see Burton [13] ). Let M be a closed

convex non-empty subset of a Banach space (X; k:k). Suppose that A and

B mapM into X such that the following conditions hold

(i) Ax+ By 2M; 8x; y 2M;

(ii) A is continuous and AM is contained in a compact set;

(iii) B is a contraction with � < 1;

then there is a z 2M; with z = Az + Bz:

Proof. According to the condition (iii) we have

k(I � B)x� (I � B)yk = k(x� y)� (Bx� By)k

� kx� yk+ kBx� Byk

� kx� yk+ � kx� yk

= (1 + �) kx� yk ;

and

k(I � B)x� (I � B)yk = k(x� y)� (Bx� By)k

� kx� yk � kBx� Byk

� kx� yk � � kx� yk

= (1� �) kx� yk :

In short

(1� �) kx� yk � k(I � B)x� (I � B)yk � (1 + �) kx� yk :

This inequality shows that (I�B) :M! (I�B)M is continuous and one to

one. Thus, (I � B)�1 exist and is continuous. Let us pose U := (I � B)�1A

It is clear that U is compact mapping, because U is a composition of a

continuous mapping with a compact. Under the theorem of Schauder, U has

17
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a �xed point, i.e.

9z 2M such that (I � B)�1Az=z:

This is equivalent to z= Az+Bz:

Remark 1.3 If A = 0, the theorem can be summed up in Banach�s theorem

and if B = 0 then the theorem is none other than Schauder�s theorem.

In addition, an example is eventually analyzed to illustrate the e¤ective-

ness of the proved results of Krasnoselskii theorem.

Example 1.5 For better understanding this observation, now, we analyze

an example to illustrate the application of Krasnoselskii �xed point theorem

for proving the existence of !�periodic solutions of the following di¤erential

equation,

x0(t) = �a(t)x(t)� g(t; x); (1.2)

where a(t) = a(t+ !); and the function g(t; x) is periodic in t of period !.

Proof. We can transform this equation in another form while writing, for-

mally

x0(t)e�
R t
0 a(s)ds = �a(t)e�

R t
0 a(s)dsx(t)� g(t; x)e�

R t
0 a(s)ds;

thus

x0(t)e�
R t
0 a(s)ds + a(t)e�

R t
0 a(s)dsx(t) = �g(t; x)e�

R t
0 a(s)ds;

or �
x(t)e�

R t
0 a(s)ds

�0
= �g(t; x)e�

R t
0 a(s)ds;

then integrating from t� ! to t, we obtainZ t

t�!

�
x(u)e�

R u
0 a(s)ds

�0
du = �

Z t

t�!
g(u; x)e�

R u
0 a(s)dsdu;

18
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which gives

x(t)e�
R t
0 a(s)ds � x(! � t)e�

R !�t
0 a(s)ds = �

Z t

t�!
g(u; x)e�

R u
0 a(s)dsdu;

or

x(t) = x(! � t)e�
R t
!�t a(s)ds �

Z t

t�!
g(u; x)e�

R u
t a(s)dsdu: (1.3)

If we suppose that e�
R t
!�t a(s)ds := � and if (X; k:k) is a Banach space of

functions ' : R ! X continuous and !� periodic, then the equation (1.3)

can be written as

'(t) = (B')(t) + (A')(t) := (H')(t);

where B is contraction provides that the constant � < 1 and A is compact

mapping.

This example shows the birth of the mapping H' := B' +A' which is

identi�ed with a sum of a contraction and a compact mapping.

Finally, let us indicate a very useful Theorem 2.1 when trying to prove

that the existence and positivity of a solution to some problem.

De�nition 1.17 ( Krasnoselskii, [45] ) Let X be a Banach space and let 


be a closed, nonempty subset of X. 
 is a cone if

i) �u+ �v 2 
 for all u; v 2 
 and all �; � � 0;

ii) u;�u 2 
 imply u = 0:

The proof of Krasnoselskii�s �xed point theorem stated below can be

found in [54] :

Theorem 1.6 ( Bellman and K. L. Cooke [7] ) Let X be a Banach space,

and let 
 � X be a cone in X: Assume that 
1 and 
2 are open subsets of

X with 0 2 
1, 
1 � 
2 and let

P : 
 \
�

2 n 
1

�
! 
;
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be a completely continuous operator such that either

i) kPuk � kuk for u 2 
 \ @
1 and kPuk � kuk for u 2 
 \ @
2; or

ii) kPuk � kuk for u 2 
 \ @
1 and kPuk � kuk for u 2 
 \ @
2:

Then P has a �xed point in 
 \
�

2 n 
1

�
:
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CHAPTER 2

Retarded functional di¤erential equations with

applications

Contents

2.1 Basic concepts of delay di¤erential equations . . 22

2.2 Neutral delay di¤erential equations . . . . . . . 28

2.3 Method of steps . . . . . . . . . . . . . . . . . . . 30

This chapter provides background material necessary for the rest of the

dissertation. Some preliminaries and basic de�nitions are given for de-

lay di¤erential equations. Strictly speaking, a delay di¤erential equation is a

speci�c example of a functional di¤erential equation, in which the functional

part of the di¤erential equation is the evaluation of a functional on the past

of the process. Like ordinary di¤erential equations, delay di¤erential equa-

tions have several features which make their analysis more complicated. The
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survey of the theory related to delay di¤erential equations can be found e.g.

in books, [4], [15], [7], [25], [26]� [37], [46]� [43].

2.1 Basic concepts of delay di¤erential equa-

tions

Motivation

The questions have been asked by many researchers �Why study this sub-

ject?�Why study di¤erential equations with time delays when so much is

known about equations without delays, and they are so much easier? The

answer is because so many of the processes, both natural and manmade, in

biology, medicine, chemistry, physics, engineering, economics, etc., involve

time delays. Like it or not, time delays occur so often, in almost every sit-

uation, that to ignore them is to ignore reality. To clarify more, we give

a biological system in which the present rate of change of some unknown

function depends upon past values of the same function.

Real example of delay di¤erential equation

To have a better understanding and reading of this section, we will focus

on a simple real example. The goal is to help the reader to understand the

most relevant aspects of delay di¤erential equations. The following is an

example presented in [4]. Imagine a biological population composed of adult

and juvenile individuals. Let N(t) denote the density of adults at time t:

Assume that the length of the juvenile period is exactly h units of time for

each individual. Assume that adults produce o¤spring at a per capita rate

� and that their probability per unit of time of dying is �. Assume that
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a newborn survives the juvenile period with probability � and put t = ��.

Then the dynamics of N can be described by the linear delay di¤erential

equation
d

dt
N(t) = ��N(t)� rN(t� h); (2.1)

which involves a nonlocal term, rN(t � h) meaning that newborns become

adults with some delay. So the time variation of the population density N

involves the current as well as the past values of N . Equation (2.1) describes

the changes in N .

With deeper study and understanding of population dynamics, people

started to consider introducing state-dependent delay into population mod-

els, as was pointed out in Arino et al. [4].

In the context of population dynamics, the delay arises frequently as the

maturation time from birth to adulthood and this time is in some cases a

function of the total population.

Mathematical point of view:

To determine a solution past time t0, we need to prescribe the value of

N (t0 � h). Suppose we have the initial value N (t0 � h). Once we advance,

say to N("), with t0 < " < t0+h small, notice that to calculate the derivative

at t = " so that we can advance the next step, we need to know

d

dt
N(") = ��N(")� rN("� h);

where " � h 2 (t0 � h; t0): In this manner, we realize that we need to know

the values of N(:) on the whole interval [t0�h; t0]. If we do not specify these

values, we obtain an unsatisfactory notion of uniqueness, as the following

example

x0 (t) = ��
2
x (t� 1) ; x (0) = 1p

2
:
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Here

x1 (t) = sin

�
�

2

�
t+

1

2

��
and x2 (t) = cos

�
�

2

�
t+

1

2

��
;

are both solutions to the above equation at t0 = 0. But if we specify the

initial behavior on the interval [�1; 0], we obtain that only one solution

exists to each delay di¤erential equations, by the existence-uniqueness result

in Theorem 2:1 that we give below.

Clearly, to begin with, an initial value problem requires more information

than an analogous problem for a system without delays. For an ordinary

di¤erential system, a unique solution is determined by an initial point in

Euclidean space at an initial time t0. For a delay di¤erential system, one

requires information on the entire interval [t0�h; t0]. Each such initial func-

tion determines a unique solution to the delay di¤erential equation. If we

require that initial functions be continuous, then the space of solutions has

the same dimensionality as C([t0 � h; t0];R).

In the next section, with the previous discussion as a guide, let us now

de�ne the DDEs problem for a given initial function.

2.1.1 A general initial value problem

Suppose � > 0 is a given real number � > 0, denote C([a; b];Rn), the Banach

space of continuous functions mapping the interval [a; b] into Rn with the

topology of uniform convergence. We will denote the Euclidean norm of a

vector x 2 Rn as jxj from now on in order to avoid confusion with another

norm we shall use. If [a; b] = [�� ; 0], we let C=C ([�� ; 0] ;Rn) and designate

the norm of an element ' in C by

k'k� := sup
�����0

j' (�)j :

24



Chapter 2. Retarded functional di¤erential equations with applications

Let � 2 R; A > 0 and x 2 C([� � � ; � + A];Rn), then for any t 2 [�; � + A],

we let xt 2 C, be de�ned by

xt = x (t+ �) for � � � � � 0:

De�nition 2.1 ( [37] ) If 
 is a subset of R�C, Let f : R � C ! Rn

is a given function and represents the right-hand derivative, we say that the

relation 8<: x0 (t) = f (t; xt) ; t � �;

and x� = ';
(2.2)

is a retarded functional di¤erential equation and we will denote this equation

by DDEs.

De�nition 2.2 ( [37] ) A function x is said to be a solution of (2.2) if there

are � 2 R, A > 0 such that x 2 C([� � � ; � + A];Rn), and x satis�es (2.2)

for t 2 [�; � + A]. In such a case we say that x is a solution of (2.2) on

[�� � ; �+A] for a given � 2 R and a given ' 2 C we say that x = x(�; '),

is a solution of (2.2) with initial value at � or simply a solution of (2.2)

through (�; ') if there is an A > 0 such that x(�; ') is a solution of (2.2)

on [� � � ; � + A] and x�(�; ') = '.

Equation (2.2) is a very general type of equation and includes ordinary

di¤erential equations ( � = 0 ). Although the structure of these equations is

similar to ordinary di¤erential equations, the crucial di¤erence is that a delay

di¤erential equation ( or a system of equations ) is an in�nite dimensional

problem and the corresponding phase space is a functional space usually the

space of continuous functions is considered.

Remark 2.1 The quantitie � � 0; is called the delay. The delay may be

constant, function � (t) of t ( time-dependent delay ), or function � (t; x(t))

( state-dependent delay ).
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De�nition 2.3 Equation (2.2) is called :

i) linear if f (t; ') = L(t; '), where L is linear in '.

ii) nonhomogeneous if f (t; ') = L(t; ') + h(t), where h(t) 6= 0, it is

called homogeneous if h = 0.

iii) autonomous if f (t; ') = g('), where g does not depend on t.

Equation (2.2) is a very general type of equation and includes di¤erential-

di¤erence equations. To be more explicit we give some classes of equations

that can be expressed by (2.2), we have equations with a �xed delay ( the

simplest possible case ) such as

x0 (t) = f (t; x(t); x(t� �)) ;

or nonlinear nonautonomous di¤erential equations with multiple time varying

delays on the same state x

x0 (t) = f (t; x(t); x(t� � 1 (t)); :::; x(t� � p (t))) ;

with 0 � � i (t) � � for all i = 1; :::; p: We also have integrodi¤erential

equations with a distributed delay

x0 (t) =

Z 0

��
g (t; x (t+ �)) d�;

where we see how in the integration process we need to know the values of x

in [t� � ; t] for each t where the vector �eld is de�ned.

2.1.2 Existence and uniqueness theory

The existence and uniqueness theory for delay equations can be derived from

the more general theory of functional di¤erential equations. Since we intend

to consider only equations of the form (2.2) we will not make use of the

full generality available. Nevertheless, the more general theory leads to a
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presentation that is simpler and also bene�ts from an analogy with similar

results in the theory of ordinary di¤erential equations.

We now state the basic theory of DDEs.

Lemma 2.1 ( [37] ) Let � 2 R and ' 2 C be given and f be continuous on

the product R�C. Then, �nding a solution of equation (2.2) through (�; ')

is equivalent to solving the integral equation:

x (t) = ' (�) +

Z t

�

f (s; xs) ds for t � �; and x� = ':

Lemma 2.2 ( [37] ) If x 2 C([� � � ; � + A];Rn); then, xt is a continuous

function of t for t 2 [� � � ; � + A]:

Proof. Since x is continuous on [��� ; �+A]; it is uniformly continuous and

thus 8" > 0; 9� > 0; such that jx(t)� x(s)j < " if jt� sj < �: Consequently

for t; s in [�; � + A]; jt� sj < �, we have jx(t+ �)� x(s+ �)j < ";8� 2

[�� ; 0]:

The existence and uniqueness of the solutions of DDEs are given by the

following Theorems.

Theorem 2.1 (Local existence, [37] ) Suppose 
 is an open subset in R�C

and f : 
! Rn is continuous. For any (�; ') 2 
, there exists a solution of

equation (2.2) through (�; '):

De�nition 2.4 ( Lipschitzian, [37] ). We say f(t; ') is Lipschitz in ' in

a compact set K of R � C if there is a constant k > 0 such that, for any

(t; 'i) 2 K; i = 1; 2;

jf(t; '1)� f(t; '2)j < k j'1 � '2j :

Theorem 2.2 (Existence and uniqueness, [45] ) Suppose 
 is an open set

in R�C; f : 
! Rn is continuous, and f(t; ') is Lipschitzian in ' in each
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compact set in 
. If (t0; ') 2 
 , then there is a unique solution of Eq. (2.2)

through (t0; ').

Proposition 2.1 . If f is at most a¢ ne i.e. f(t; ') � a + b j'j ; with

a; b > 0; then there exists a global solution of the equation (2.2) i.e. 8', the

solution x(�; ') is de�ned on [A;1[:

In the following we also require continuous dependence of solutions on

initial conditions, for which the following theorem gives a result analogous

to that for ordinary di¤erential equations.

Theorem 2.3 . Suppose x is a solution through (t0; ') of the equation (2.2)

and that it is unique on [t0�� ; �]: If f(tn; 'n)g � R�C is a sequence such that

(tn; 'n) ! (t0; ') as n ! 1, then for all su¢ ciently large n every solution

xn through 'n exists on [tn � � ; �], and xn ! x uniformly on [t0 � � ; �].

2.2 Neutral delay di¤erential equations

Now are ready to give the de�nition of an other class of delay di¤erential

equations so-called the Neutral delay di¤ferential equations (NDDEs).

De�nition 2.5 [37] Suppose that R � C is open with elements (t; '): A

function D : 
 ! Rn is said to be atomic at � on 
 if D is continuous

together with its �rst and second Fréchet derivatives with respect to '; and

D', the derivative with respect to ', is atomic at � on 
.

De�nition 2.6 [37] Suppose that 
 � R�C is open, f : 
! Rn, D : 
!

Rn are given continuous functions with D atomic at zero. The equation

dD

dt
(t; xt) = f (t; xt) ; (2.3)

is called the neutral delay di¤erential equation NDDE (D; f).
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If the delayed argument occurs in the highest order derivative of the state

we call it neutral functional di¤erential equation.

The following equations are some examples of neutral di¤erential equa-

tions

Example 2.1 [37] If � > 0, B is an n�n constant matrix, D (') = ' (0)�

B' (��) ; and f : 
 ! Rn is continuous, then the pair (D; f) de�nes an

NDDE,
d

dt
[x (t)�Bx (t� �)] = f(t; xt):

Example 2.2 [37] If � > 0; x is a scalar, D (') = ' (0) � sin (��) ; and

f : 
! Rn is continuous, then the pair (D; f) de�nes an NDDE,

d

dt
[x (t)� sin x (t� �)] = f(t; xt): (2.4)

Remark 2.2 Note that when x is continuous di¤erentiable, (2.4) is equiva-

lent to

x
0
(t)� (cosx (t� �))x0 (t� �) = f(t; xt):

De�nition 2.7 [37] A function x is said to be a solution of (2.3) on [� �

� ; � + A] if there are � 2 R and A > 0 such that

x 2 C([� � � ; � + A];Rn); (t; xt) 2 
; t 2 [�; � + A];

D (t; xt) is continuously di¤erentiable and satis�es equation (2.3) on [�; � +

A]. For a given t0 2 R; ' 2 C, and (�; ') 2 
 , we say x(t; �; ') is a solution

of equation (2.3) with initial value ' at � or simply a solution through (�; ')

if there is an A > 0 such that x(t; �; ') is a solution of equation (2.3) on

[� � � ; � + A] and x�(�; ') = '; we say x(t; �; ') is a solution of (2.3) on

[� � � ;1), if for every A > 0, x(t; �; ') is a solution of equation (2.3) on

[� � � ; � + A] and x�(�; ') = '.
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Theorem 2.4 ( Existence, [45] ) If 
 is an open set in R�C and (t0; ') 2


, then there exists a solution of the NDDE (L; f) through (t0; '):

Theorem 2.5 ( Existence and Uniqueness, [48] ) If 
 is an open set in

R � C and f : 
 ! Rn as Lipschitz in on compact sets of 
, then, for any

(t0; ') 2 
, there exists a unique solution of the NDDE (D; f) through (�; ').

2.3 Method of steps

It is known that the exact solution of delay di¤erential equations can be

found just in some special cases. There is no uni�ed approach to solve the

delayed di¤erential equations, even in the linear case. The theory of ordinary

di¤erential equations gives various methods to obtain analytical solution (e.g.

the variation of constants method, the separation of variables method and

others). But these methods are inapplicable dealing with delay di¤erential

equations. Hence qualitative and numerical analysis of these equations gather

great importance. The method of steps was �rst proposed by Bellman and

Cooke [7]. This approach, furnishes a method of �nding explicit solutions.

The desired solution is found on successive intervals by solving ordinary dif-

ferential equations without delays in each interval. As an illustration to this

approach, consider the DDE:8<: x0 (t) = f(t; x(t); x(t� �)); t � t0
x (t) = '0 (t) ; t0 � � � t � t0:

(2.5)

For such equations the solution is constructed step by step as follows:

Given that a function '0 (t) continuous on [t0 � � ; t0], therefore one can

obtain the solution in the next step interval [t0; t0+� ] by solving the following

ordinary di¤erential equation:

x0(t) = f(t; x(t); '0(t� �)) = g0(t; x(t); for t0 � t � t0 + � :
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Under suitable hypotheses on g0, existence and uniqueness of a solution of

this equation (hence a solution of (2.5)) on [t0 � � ; t0] can be established.

Denoting this solution by '1 (t) and restricting equation (2.5) to the interval

[t0 + � ; t0 + 2� ], we �nd the ordinary di¤erential equations

x0(t) = f(t; x(t); '1(t� �)) = g1(t; x(t) for t0 + � � t � t0 + 2� ;

with the initial condition x(t0+�) = '1(t0+�), for which we can again estab-

lish existence and uniqueness of a solution '2. Thus we have now extended

the solution x to the interval [t0+ � ; t0+2� ], and we now have a formula for

x(t) when t 2 [t0 � � ; t0 + 2� ].

In general, by assuming that 'k�1(t);8(k = 1; 2; :::) is de�ned on the

interval [t0+ (k� 2)� ; t0+ (k� 1)� ], then, one can �nd the solution 'k(t) to

the equation:

x0(t) = f(t; x(t); 'k�1(t� �)); for t0 + (k � 1)� � t � t0 + k� ;

with the initial condition x(t0 + (k � 1)�) = 'k�1(t0 + (k � 1)�): We can

continue this process inde�nitely, showing that the uniquely de�ned x(t)

exists on [t0 � � ;1):

Remark 2.3 The method of steps can be extended to di¤erential equations

with other types of delays, such as multiple delays, variable delay and even

state dependent delay or for neutral systems. The di¢ culty is to locate the

primary discontinuities.

2.3.1 Primary discontinuity of delay di¤erential equa-

tion

De�nition 2.8 [26] If the solution of a DDE and its derivatives of order �

are continuous at some point in the time interval, but the derivative of order
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�+ 1 is not, then such a point is called a primary discontinuity of the given

problem.

Theorem 2.6 [26] The points �� := �� the primary discontinuities of prob-

lem (2.5). More precisely, x(�) is continuous at �� but x
(�+1) is, in general,

not, even if the functions ' and f have continuous derivatives of all orders.

Proof. See [26]. Note that, as t increases, the solution becomes smoother.

In fact, at the initial point t = 0, the �rst derivative x0(t) has a primary

discontinuity, since the integrable equation

x0(t) = f(t; x(t); '(t� �)); t 2 [0; � ] ;

may satisfy the condition x(0) = '(0), but it is unlikely to satisfy the

additional condition x0(0+) = '0(0�): Only for special choices of the ini-

tial function '(t) is it possible to guarantee continuity of the derivative

of the solution at point 0, for such a function must satisfy the condition

'0(0�) = f(0; '(0); '(��)):

Example 2.3 We illustrale this method by using the special cases of equation

(2.5), the following is an example presented in ( [37]), canada 1998, Let

x0(t) = ax(t� �); t 2 [0;+1)

x(t) = 1; t 2 [�� ; 0] ;

where a is positive constant. Using the method of steps, it is easy to see that

the solution x (t) is a piecewise polynomial. On each subinterval [i� ; (i+ 1)� ] ;

x (t) is an (i+ 1)-th. order polynomial, i.e.,

x(t) =

i+1X
j=1

aj

j!
(t� (j � 1)�)j; i 2 N:

It is also clear that integer multiples of � are primary discontinuities for this

particular problem.
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As a generalization of (2.5), we consider

x0(t) = f(t; x(t); x(t� � (t)); x0(t� � (t))); t 2 [0; a] ;

where t� � (t) is a strictly increasing function and

0 < � (t) � t; a = inf
t�0
ft� � (t)g :

Remark 2.4 The method of steps can be extended to delay di¤erential equa-

tions with additive noise term ( see chapitre 3).
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CHAPTER 3

Impulsives di¤erentials equations

Contents
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Impulsive di¤erential equations appear as a natural description of observedevolution phenomena in several real world problems. There are various

good monographs on impulsive di¤erential equations [16; 17; 50; 63]. Many

processes studied in applied sciences are represented by di¤erential equations.

However, the situation is quite di¤erent in many physical phenomena that

have a sudden change in their states. For instance, mechanical systems with

impact, population dynamics, mathematical economy, chemical technology,
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electric technology, chemistry, engineering, control theory, medicine, etc.

The theory of impulsive di¤erential systems is an important branch of the

di¤erential equations �eld. Over the last decades, there has been a signi�cant

development of this theory, but in spite of its importance, this development

has been quite slow due to the special features of impulsive di¤erential equa-

tions in general, such as pulse phenomena, Model for Marek�s Disease (see,

for instance, [60]). An impulsive di¤erential equation is described by three

components: a continuous-time di¤erential equation, which governs the state

of the system between impulses; an impulse equation, which models an im-

pulsive jump de�ned by a jump function at the instant an impulse occurs;

and a jump criterion, which de�nes a set of jump events in which the impulse

equation is active ([16]).

3.1 Modeling a problem of impulsive di¤er-

ential equation

3.1.1 Example ( Administering drug):

Suppose there is a patient who requires a minimum amount of drug in their

body for treatment to be efective. If the patient is initially given a concen-

tration of D.see [60]
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Figure 3.1: Schematic for the daily administering of a drug. the faded

yellow signi es a loss in concentration within the body.

Of the drug, we can model the decaying concentration within the patient�s

body over time with a di¤erential equation (also see Figure (3.1)). If we

assume that the concentration of drug decays exponentially at rate k, then

the di¤erential equation 3.1 models the rate of change of drug concentration

within the body over time.

dx (t)

dt
= �kx (t) ; (3.1)

where t is time in hours. The solution to the di¤erential equation 3.1 is:

x (t) = De�kt: (3.2)

The solution curve x(t) models the concentration of drug within the body

over time (see Figure (3:2)) and can be used to determine how much of the

single dose, D, is left in the patient�s body at a given time. Of course the

model as it stands is not capable of investigating more than a single dosage

of drug. We could of course incorporate the intake of drug directly into

the di¤erential equation 3.1, but if we were to do this, there would be the

underlying assumption that the drug was being administered continuously.
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Many drugs are not consumed continuously, but instead

Figure 3.2: Solution curve for the di¤erential equation representing

exponential decay in drug concentration.

They are ingested at consecutive moments in time. We need to show

incorporate the consecutive administering of drug into the model. This will

be the �impulsive� component of the model Suppose a dose of the same

concentration, D, is given at the moments of time:

0 < t1 < t2 < t3 < t4 < � � � < tn;

where tn is the time in which the nth dose, and nal dose is given. The

immediate change in concentration of drug within the body upon taking the

dose can be modelled as:

x
�
t+i
�
= x

�
t�i
�
+D when t = ti; i = 1; 2; : : :

Notice that we have introduced a new notation, superscripts (+) and (�).

The impulsive condition, taking the drug, occurs instantaneously, but is de-

scribed by a mapping. Therefore the superscript (�) signies the concentra-

tion of drug directly.
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Figure 3.3: Piecewise continuous solution curve for impulsive di¤eren-

tial equation describing periodic drug in take.

Before the change in state while the superscript (+) represents the con-

centration of drug directly after the change in state. By combining both

the di¤erential equation and the impulsive condition, we arrive at the simple

impulsive di¤erential equation:8>>><>>>:
dx(t)

dt
= �kx(t); for t 6= ti;

x
�
t+i
�
= x

�
t�i
�
+D; for t 6= ti i = 1; 2; : : : ;

x (0) = D;

(3.3)

Figure (3.3) is an example of a numerical solution to model 3.3 and in Table

(3.1) we have calculated the concentration of drug at the moments directly

before and after impulses (i.e. directly before and after the drug is ingested),

under the assumption that the intervals, ti+1� ti = T are all the same. Note

that T could represent 24 hours but we will leave it as T to be more general.
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Time concentration before impulse x
�
t�
�
concentration after impulse x

�
t+
�

Day 0 D

Day 1 De�Tk De�Tk +D

Day 2 De�2Tk +De�Tk De�2Tk +De�Tk +D

Day 3 De�3Tk +De�2Tk +De�Tk De�3Tk +De�2Tk +De�Tk +D

: : :

: : :

: : :

Table 3.1: Concentration of drug within the body at the moments di-

rectly before and after impulse every day and under the assumption that

drug is taken every T hours exactly.

The concentration of drug before the impulse is determined by the dif-

ferential equation. The concentration after the impulse is determined by

the impulsive condition and is exactly one dosage, D, greater. Take note of

the expressions above, which could be simplifed.They are left in this form

to illustrate what remains of any particular dose consumed previously. For

example, what remains of the initial dose D on day three is De�3Tk. As you

can see from the pattern in Table (3.1) in general the concentration of drug

at the start of the mth day, prior to administering is:

x
�
t�m
�
= D

mX
j=1

e�jTk; (3.4)

Proof. We will prove 3.4 by induction. Consider the drug concentration at

the moment before impulse on day 1 (m = 1). According to 3.4 we have:

x
�
t�1
�
= D

1X
j=1

e�jTk = De�Tk;

39



Chapter 3. Impulsives di¤erentials equations

which is exactly what we have in Table (3.1), so 3.4 is true for m = 1. Now,

let h 2 Z+ and suppose 3.4 is true for m = h. According to the impulsive

di¤erential equation model (3.3), the drug concentration at time t�h+1 (i.e.

m = h+ 1) is:

x
�
t�h+1

�
= (D

hX
j=1

e�jTk +D)eTk;

i.e. an additional dose of D was taken and the entire new concentration

decayed according to the di¤erential equation. We can simplify the above:

x
�
t�h+1

�
=

 
D

hX
j=1

e�jTk +D

!
e�Tk

= D
hX
j=1

e�jTkeTk +De�Tk

= D
hX
j=1

e�Tk(j+1) +De�Tk

= D
h+1X
j=2

e�Tkj +De�Tk

= D
h+1X
j=1

e�jTk;

thus 3.4 holds for m = h+1 and this concluding the proof.The solution, 3.4,

gives us the minimum concentration of drug on any particular day and can

be used to investigate best practices which minimize waste and maintain an

e ective dosage within the patient. Of course this simple example does not

require an impulsive di¤erential equation to answer these questions, but it is

my hope that it has familiarized the reader with the model structure as we

move forward.
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3.2 Classes of Impulsive Di¤erential Equa-

tions

There are three classes of impulsive di¤erential equations see [60]:

Class 1: Equations with fxed moments of the impulse e¤ect

dx

dt
= f (t; x) ; t 6= tk

�x = Ik (x) ; t = tk: (3.5)

The impulse is �xed before hand by de�ning the sequence tk : tk < tk+1; (k 2 | � Z).

For t 2 (tk; tk+1] the solution x (t) of equation 3.5 satis�es the equation
dx

dt
= f (t; x), and for t = tk satis�es the relation

x
�
t+k
�
= x

�
t�k
�
+ Ik

�
x
�
t�k
��
:

Class 2: Equations with state-dependent moments of the impulse e¤ect

dx

dt
= f (t; x) t 6= tk (x)

�x = Ik (x) t = tk (x) ; (3.6)

where tk : 
 ! R and tk < tk+1 (k 2 | � Z; x 2 
). The impulse occurs

when the mapping point (t; x) meets some hypersurface �k of the equation

t = tk (x) :

Class 3: Autonomous impulsive equations

dx

dt
= f (x) ; x =2 �

�x = Ik (x) ; x 2 �; (3.7)

where � is an (n� 1)�dimensional manifold contained in the phase space


 � Rn.The impulse occurs when the solution x(t) meets the manifold .�.
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3.2.1 Space of piecewise continuous functions

First at all, we give the de�nition of a piecewise continuous function followed

by two illustrative examples.

De�nition 3.1 (tk)k2N be a strictly increasing sequence of real numbers in

I = ]t0;+1[, such as

jtkj ! 1 when k !1; k 2 N:

We say that the function g : I ! R belongs to the space PC(I;R) if:

�g is continuous on each interval ]tk; tk+1[.

�g is continuous on each interval ]tk; tk+1[.

�g has a right limit g(t+k ) = limt!t+k
g(t) and g(t�k ) = limt�k

g(t) exists

such that g(t�k ) = g(tk).

Similarly, g is said to be in the space PC
1
(I;R) if g and g0 belong to

PC(I;R). Since the solution of an impulsive di¤erential equation are piece-

wise continuous, then the appropriate functional space for such solutions is

the piecewise continuous function space de�ned by:

PC (I;R) =

8<: x : I ! R is continuous everywhere exept for t = tk where

x
�
t�k
�
et x

�
t�k
�
,k = 1; 2; : : : ;m exist and x

�
t�k
�
= x (tk)

9=; ;
for example, let the function g de�ned by:8<: g(t) = t+ 1; si t 6= n;

g(n+) = g(n) + 2:

3.3 Impulsive di¤erential equations with �xed

moments

De�nition 3.2 ( Description of impulsive systems ) A di¤erential equation

Impulsive represents a combination of a continuous process described by
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an ordinary di¤erential equation and instantaneous jumps in state called

impulses. In this dissertation, we are interested for impulsive equations with

�xed impulses, of the form:8>>><>>>:
x0 (t) = f (x (t)) ; t 6= tk;

x
�
t+k
�
= I (x (tk)) ; k 2 N�

x
�
t+0
�
= x (t0)

; (3.8)

where f : 
 � Rn ! Rn, with is a domain of Rn, I : 
 � Rn ! Rn are

continuous functions. Any solution x(t) of the system 3.8 veri�es:

� lim
t!0+

x (t) = x0 = x(0
+):

�when t 2]t0;+1[, t 6= ti so x0(t) = f(x(t)):

�x(t�i ) = x(ti) and x(t
+
i ) = I(x(ti)); i 2 N.

Let I � R be an interval, and denote by PC(I;Rn) the set of operators

x : I ! R which are continuous for t 2 I, t 6= tk and have discontinuities of

the �rst kind at the points tk 2 I; (k 2 N�) but are continuous from the left

at these points.

We summarize in the following de�nition that will be needed in the last

chapter.

De�nition 3.3 (see [33] [50] ) A function x : R ! (0;+1) is said to be a

solution of 3.5, if the following conditions are satis�ed:

1) x (t) is absolutely continuous on each (tk; tk+1) ;

2) for each k 2 N�; x
�
t+k
�
and x

�
t�k
�
exist and x

�
t�k
�
= x (tk) ;

3) x (t) satis�es the �rst equation of 3.5 for almost everywhere in R and

x (tk) satis�es the second equation of 3.5 at impulsive point tk; k 2 N�:
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3.3.1 Explicit solutions of impulsive di¤erential equa-

tions

We present here two examples to illustrate how to solve this type of equation

explicitly, (see [66]).

Example 3.1 We consider the following linear impulsive di¤erential equa-

tion 8>>><>>>:
x0 (t) = �x(t); si t 2]tn; tn+1]; n 2 N

x(t+n ) = x(tn) + �; avec �; � 2 R;

x(0+) = x0:

(3.9)

To �nd the solution of the system 3.9, it is necessary to solve the equation

on each subinterval ]tn; tn+1]:

�if t 2]0; t1]; so,

x(t) = x0exp(�t):

�if t 2]t1; t2], we know that,

x(t+1 ) = x0exp(�t1) + �;

so,

x(t) = x(t+1 )exp(t� t1)

= (x0exp(�t1) + �)exp(�(t� t1)):

�if t 2]t2; t3], from the above, we have,

x(t+2 ) = x0exp(�t2) + � exp(t2 � t1) + �;

so,

x(t) = x(t+2 )exp(t� t2)

= x0exp(�t) + �exp(t� t1) + �exp(�(t� t2)):
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Similarly, on ]tn; tn+1], we obtain,

x(t) = x0exp(�t) + �exp(�(t� t1)) + �exp(�(t� t2)) + :::+ �exp(�(t� tn)):
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Example 3.2 see [66]8>>><>>>:
x0 (t) = �; if t 2]tn; tn+1]; n 2 N;

x(t+n ) = �x(tn); where �; � 2 R;

x(0+) = x0:

(3.10)

By solving the system 3.10 on each sub-interval ]tn; tn+1], we �nd:

�If t 2]0; t1], so,

x(t) = �t+ x0:

�If t 2]t1; t2]; we have,

x(t+1 ) = �(�t1 + x0):

so,

x(t) = �(t� t1) + x(t+1 )

= �(t� t1) + �(�t1 + x0):

46



Chapter 3. Impulsives di¤erentials equations

�If t 2]t2; t3], we have,

x(t+2 ) = ��(t2 � t1) + �2(�t1 + x0):

Then, we �nd,

x(t) = �(t� t2) + ��(t2 � t1) + �2(�t1 + x0):

By repeating the process, we get

x(t) = �(t�tn)+��(tn�tn�1)+��2(tn�1�tn�2)+:::+��n�1(t2�t1)+�n(�t1+x0);

when t 2]tn; tn+1].
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3.3.2 Local existence and uniqueness

In this paragraph, we will give the theorem which ensures the local existence

and the uniqueness of the solution of the system 3.8 see [6]

Theorem 3.1 If the function f is continuous on 
 � Rn, then for any

initial condition x0, there exists an � > t0 such that

x : ]t0 � �; t0 + �[! Rn;

is a solution of system 3.8. Moreover, If f is locally Lipschitz in x; then this

solution is unique.

48



CHAPTER 4

Positive periodic solutions for n-species Lotka-Volterra
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In this chapter, we expose results published by Benhadri and Caraballo in[9]. When we construct appropriate maps and use Krasnoselskii�s �xed

point theorem in a cone of a Banach space to show the existence of a posi-

tive periodic solution for n-species Lotka-Volterra competitive systems with
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variable delays and impulses. Easily veri�able su¢ cient conditions are estab-

lished. We discuss our problem in two situations: when the impulse functions

are subquadratic and when they are sublinear.

4.1 Short biographies of Lotka and Volterra

The equations which model the struggle for existence of two species (prey and

predators) bear the name of two scientists: Lotka and Volterra. They lived

in di¤erent countries, had distinct professional and life trajectories, but they

are linked together by their interest and results in mathematical modeling.

Lotka�s work in mathematical demography began in 1907 and continued

until 1939. In 1920 , where he proved by his model that undamped, perma-

nent oscillations arise in biological systems.

In 1926 he published a paper in the �eld of bibliometrics, studying the

number of scienti�c publications in speci�c �elds. His ideas eventually con-

tributed to scientometrics �the scienti�c study of scienti�c publications.

Lotka published almost a hundred articles on various themes in chem-

istry, physics, epidemiology or biology, about half of them being devoted to

population issues. He also wrote six books. He began this study in1884

and in 1896 he published papers on what is now called integral equations of

Volterra type. The theory of functionals as a generalization of the idea of

a function of several independent variables was developed by Volterra in a

series of papers published since 1887 and was inspired by the problems of

the calculus of variations. These papers initiated the modern theory of func-

tional analysis, the name functional being introduced later by Hadamard.

In 1892, he became professor of mechanics at the University of Turin and

then, in 1900, professor of mathematical physics at the University of Rome
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La Sapienza, (see [5]).

Volterra turned his attention to the application of his mathematical ideas

to biology, principally reiterating and developing the work of Pierre Francois

Verhulst. In the , he studied the ecological problem of a predator popula-

tion interacting with the prey one. In the following years he published more

results, intended to arrive at a mathematical theory of the struggle for exis-

tence. A considerable part of the work of Volterra in the latter part of his

life was devoted to the applications of mathematics to biology. The subject

of these investigations was mainly the study of biological associations of an-

imals of di¤erent species living together. In other words he was interested

in a mathematical theory of the "survival of the �ttest." While there are

today other methods of a stochastic nature, the work of Volterra still exerts

a dominant in�uence on several modern and quite recent developments in

mathematical biology.

The work of Lotka and Volterra overlapped in the discussion of preda-

torprey interaction . The problem was discussed by Lotka in 1920 and by

Volterra in 1926, their conclusion being the same, that the interaction of

the two species would give rise to periodic oscillation in their populations.

Volterra acknowledged Lotka�s priority, but he mentioned the di¤erences in

their papers. They even exchanged some respectful letters. In the case of the

predator-prey interaction, the priority of Lotka was �rmly established, and

the equations with periodic solutions are called Lotka-Volterra equations.

Volterra produced more general equations, for more than two species and

considering also their interactions in the past. For worked examples of such

equations, (see [5]).

Simple population Models

The simplest mathematical model of population growth assumes that the
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rate of increase of population is proportional to the size of population at any

time. Let us denote by P (t) the population at the time t and by k a positive

constant, (see [5] ). Then
dP

dt
= kP;

which gives by integration

P (t) = P0exp(kt);

where P0 denotes the population at the time t = 0. This law is called

the Malthusian growth model and predicts an exponential growth in the

population with time. It describes pretty well what happens for certain

bacteria or cultures of cells for a short time.

A more realistic model is

dP

dt
= (B �D)P;

where B(t) and D(t) denote the birth rate and death rate per individual,

respectively. The exponential law corresponds to the case B(t) = k and

D(t) = 0: Let us assume that the birth rate per individual remain constant,

while the death rate per individual is directly proportional to the existing

population.

We obtain
dP

dt
= (B0 �D0)P;

where B0 and D0 are positive constants. We can write the equation in a

simpler way
dP

dt
= r

�
1� P

C

�
P;

where r = B0 and C =
B0
D0

: Its solution is

P (t) =
CP0

P0 + (C � P0) exp (�rt)
;

52



Chapter 4. Positive periodic solutions for n-species Lotka-Volterra competitive
systems with variable delays and impulses

where P0 = P (0) :

LOTKA-VOLTERRA EQUATIONS

The �rst and the simplest Lotka�Volterra model (or predator-prey) in-

volves two species. One of them (the predators) feeds on the other species

(the prey), which in turn feeds on some third food available around. A

standard example is a population of foxes and rabbits in a woodland. The

assumptions about the environment and evolution of the predator and prey

populations see [5] are:

- The prey population have an unlimited food supply at all times.

- In the absence of predators, the prey population x would grow pro-

portionally to its size, dx=dt = �x; � > 0: The coe¢ cient � was named by

Volterra the coe¢ cient of auto-increase. (This Malthus-type equation gives

by integration the geometrical law of increase x(t) = x0exp(�t)):

- In the absence of prey, the predator population y would decline propor-

tionally to its size, dy=dt = �
y; 
 > 0. (By integration we get in this case

y(t) = y0exp(�
t); meaning the �nal extinction of this population).

- When both predator and prey are present, a decline in the prey pop-

ulation and a growth in the predator population will occur, each at a rate

proportional to the frequency of encounters between individuals of the two

species (��xy for prey, �xy for predators,�; � > 0):

When the interaction rate is adjoined to the natural rate, the prey equa-

tion becomes
dx

dt
= �x� �xy;

and may be interpreted as: the change in the prey�s numbers is given by

its own growth minus the rate at which it is preyed upon. Similarly, the

predator
dy

dt
= �
y + �xy;
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where �xy represents the growth of the predator population. Hence the equa-

tion expresses the change in the predator population as growth determined

by the food supply, minus natural death.

4.2 Existence of positive periodic solutions

A qualitative analysis such as periodicity, positivity of solutions of delay

di¤erential equations has been studied extensively by many authors. Indeed,

a famous model for population dynamics is the Lotka-Volterra competition

system. Due to the various seasonal e¤ects present in real life situations,

it is reasonable and practical to study Lotka-Volterra competition systems

with periodic coe¢ cients ( see [8],[22],[32],[38],[47],[48],[49], [67], [51], [53]-

[65], [73]). The existence of positive periodic solutions of delay di¤erential

equations with or without impulsive e¤ects has been an object of active

research. Some appropriate references are ,[42], [41] ; [8], [49], [67],[53] ,[65]

, [61],[73] : In particular, Tang and Zhou [64] investigated the existence of

positive periodic solutions of the following system with variable delays,

x0i(t) = xi (t)

"
ri (t)�

nX
j=1

aij(t)xj(t� � ij (t))
#
; i = 1; 2; :::; n; (4.1)

by using Krasnoselskii�s �xed point theorem. By the same method, Zhang

et al.[73] investigated the existence and global attractivity of positive peri-

odic solutions of 3-species Lotka-Volterra predator-prey systems with in�nite
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delays given by8>>>>>>>>>>>>><>>>>>>>>>>>>>:

x01(t) = x1 (t)
�
r1 (t)� c11(t)x1(t)� c12(t)

R t
�1K12 (s� t)x2(s)ds

+ c13(t)
R t
�1K13 (s� t)x3(s)ds

�
;

x02(t) = x2 (t)
�
r2 (t)� c21(t)

R t
�1K21 (s� t)x1(s)ds� c22(t)x2(t)

+ c23(t)
R t
�1K23 (s� t)x3(s)ds

�
;

x03(t) = x3 (t)
�
r3 (t) + c31(t)

R t
�1K31 (s� t)x1(s)ds

+ c32(t)
R t
�1K32 (s� t)x2(s)ds� c33(t)x3(t)

�
:

(4.2)

Recently, Benhadri et al. [8] improved the results of Tang and Zhou [64] to a

generalized nonlinear Lotka-Volterra competition with variable delays (and

without impulses) of the form:

x0i(t) = xi (t)

"
ri (t)�

nX
j=1

aij(t)xj(t)�
nX
j=1

bij(t)fj (xj(t)) (4.3)

�
nX
j=1

cij(t)gj (xj(t� � ij (t)))
#
;

i = 1; 2; :::; n:

Namely, the authors derived some su¢ cient conditions for the existence of

positive periodic solutions of (4:3) :

Luo and Luo [58] used a �xed point theorem of strict-set-contraction to

study the existence of positive periodic solutions of the following impulsive

neutral Lotka-Volterra system with distributed delays

x0i(t) = xi (t)

"
ri (t)�

nX
j=1

aij(t)xj(t)�
nX
j=1

bij(t)

Z 0

�� ij
fij (�)xj(t+ �)d�

�
nX
j=1

cij(t)

Z 0

��ij
gij (�)x

0
j(t+ �)d�

#
; (4.4)

i = 1; 2; :::; n; t 6= tk;

xi
�
t+k
�
� xi

�
t�k
�
= �Iik (xi (tk)) ; t = tk; k 2 N�:

55



Chapter 4. Positive periodic solutions for n-species Lotka-Volterra competitive
systems with variable delays and impulses

The technique and theory to treat the periodicity for the solution of system

4.4 with the negativity of the nonlinear impulse function �xi and the term

neutral in [58] are completely di¤erent from these of this paper. A typical

result based on �xed point theory arguments follows a number of arguments

adapted to the special structure of the equation under consideration. This

leads to many di¤erent results in the literature for di¤erent classes of equa-

tions, for example, with time dependent delays, distributed delays, neutral

terms, and certain nonlinearities (see, for example [8],[49], [64], [73]).

In this chapter, mainly motivated by the content in [8], [49] and [64],

Benhadri el al. (see[??]) generalized system 4.1 to a model with distributed

delays and impulses,

x0i(t) = xi (t)

"
ri (t)�

nX
j=1

aij(t)hj (xj(t))�
nX
j=1

bij(t)fj (xj(t� � ij (t)))

�
nX
j=1

cij(t)

Z t

�1
Dij(t; �)gj (xj (�)) d�

#
; (4.5)

t 6= tk; k 2 N�;

xi
�
t+k
�
� xi

�
t�k
�
= Iik (tk; xi (tk)) ; t = tk; k 2 N�;

where xi 2 R+; Dij 2 C (R� R+;R+) ; hj; fj; gj : R+ �! R+ are continuous;

and ri; aij; bij; cij 2 C (R;R+) ; for i; j = 1; 2; :::; n: Moreover, the expression

�xi (tk) = xi
�
t+k
�
�xi

�
t�k
�
= Iik (tik; xi (tk)) denotes the impulse at moment

tk, xi
�
t+k
�
and xi

�
t�k
�
stand for the right-hand and the left-hand limits of

xi (t) at the impulsive moment tk respectively, and Iik (�; �) 2 C (R� R+;R+) ;

k 2 N�:We assume that there exists an integer q > 0 such that tk+q = tk+!;

Ii(k+q) (tk+q; xi (tk+q)) = Iik (tk; xi (tk)) ; k 2 N�, where 0 < t1 < t2 < ::: <

tq < !.

We emphasize that this assumption on the impulse times and functions is
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crucial for our main results, and therefore our results can only be obtained

in this situation, which is also used in previous published literature (see, e.g.

Luo and Luo [49]).

Since we are searching for the existence of periodic solutions for system

4.5, it is natural to assume that

aij (t+ !) = aij (t) ; � ij (t+ !) = � ij (t) ; Dij (t+ !; s+ !) = Dij (t; s) ;

bij (t+ !) = bij (t) ; cij (t+ !) = cij (t) , ri (t+ !) = ri (t) ; i; j = 1; 2; :::; n;

for all t 2 R, with � ij being scalar functions, continuous, and � ij (t) � � �ij > 0.

Therefore, the aim of this chapter is to study the approach provided by

Krasnoselskii�s �xed point theorem in a cone of a Banach space, and to obtain

recent contributions in the literature by considering the above general class

of equation 4.5 with impulsive e¤ects. For this type of equations, we combine

di¤erent techniques to prove new results of the existence of positive periodic

solutions.

The chapter is organized as follows. In Section 2, we recall some results

which are necessary for our analysis. The existence of positive periodic solu-

tions of system 4.5 by using the Krasonoselskii �xed point theorem is proved

in Section 3, splitting the analysis into two cases for the impulsive functions:

subquadratic and sublinear. Finally, in Section 4, we exhibit an example to

illustrate the validity of our result.

4.3 Inversion of equation

Before stating the main result of this paper, we establish the equivalent

integral formulation for the solution of equation 4.5.
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Lemma 4.1 A function x(�) is an !�periodic solution of equation 4.5 if and

only if x(�) is an !�periodic solution of the following equation

xi (t) =

Z t+!

t

Gi (t; s)xi(s)�
"

nX
j=1

aij(s)hj (xj(s))

+
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+

nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+
X

t�tk<t+!
Gi (t; tk) Iik (tk; xi (tk)) ; (4.6)

i = 1; 2; :::; n;

where

Gi (t; s) =
1

1� e�
R !
0 ri(z)dz

exp

�
�
Z s

t

ri (z) dz

�
; t � s � t+ !; (4.7)

and

e�
R !
0 ri(z)dz 6= 1:

Proof. Unlike the procedure carried out in [64], where the authors used the

variation of constants formula to rewrite the original equation as an integral

equation, we have to proceed in a very di¤erent way which is motivated and

justi�ed by the appearance of the impulsive terms in our problem. Assume

that x = (x1; x2; :::; xn)
T 2 X, is a periodic solution of equation 4.5: For

any t 2 R, there exists k 2 N� such that tk is the �rst impulsive point after

t. Multiplying both sides of 4.5 by exp
�
�
R t
0
ri (z) dz

�
and then integrating
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from t to u 2 [t; tk] ; k 2 N�, yieldsZ u

t

�
xi(s) exp

�
�
Z s

0

ri (z) dz

��0
=

Z u

t

exp

�
�
Z s

0

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds;

or

xi(u) exp

�
�
Z u

0

ri (z) dz

�
= xi(t) exp

�
�
Z t

0

ri (z) dz

�
+

Z u

t

exp

�
�
Z s

0

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(u; �)gj (xj(�)) d�

#
ds;

then

xi(u) = xi(t) exp

�
�
Z t

u

ri (z) dz

�
+

Z u

t

exp

�
�
Z s

u

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(u)

Z s

�1
Dij(u; �)gj (xj(�)) d�

#
ds;

i = 1; 2; :::; n;
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hence

xi(tk) = xi(t) exp

�
�
Z t

tk

ri (z) dz

�
+

Z tk

t

exp

�
�
Z s

tk

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds; (4.8)

i = 1; 2; :::; n:

Similarly, for u 2 (tk; tk+1], we have

xi(u) = xi(t
+
k ) exp

�
�
Z tk

u

ri (z) dz

�
+

Z u

tk

exp

�
�
Z s

u

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds;
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= xi(t
�
k ) exp

�
�
Z tk

u

ri (z) dz

�
+

Z u

tk

exp

�
�
Z s

u

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+exp

�
�
Z tk

u

ri (z) dz

�
Iik (tk; xi (tk))

= xi(tk) exp

�
�
Z tk

u

ri (z) dz

�
+

Z u

tk

exp

�
�
Z s

u

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+exp

�
�
Z tk

u

ri (z) dz

�
Iik (tk; xi (tk)) ;

for i = 1; 2; :::; n: Substituting 4.8 in the above equality, we obtain

xi(u) = xi(t) exp

�
�
Z t

u

ri (z) dz

�
+

Z u

t

exp

�
�
Z s

u

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+exp

�
�
Z tk

u

ri (z) dz

�
Iik (tk; xi (tk)) :
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Repeating the above procedure for u 2 [t; t+ !] ; we obtain

xi(u) = xi(t) exp

�
�
Z t

u

ri (z) dz

�
+

Z u

t

exp

�
�
Z s

u

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+
X

t�tk<t+!
exp

�
�
Z tk

u

ri (z) dz

�
Iik (tk; xi (tk)) ;

for i = 1; 2; :::; n: Let u = t+ ! in the above equality. Then

xi(t+ !) = xi(t) exp

�Z t+!

t

ri (z) dz

�
+

Z t+!

t

exp

�
�
Z s

t+!

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+
X

t�tk<t+!
exp

�Z tk

t+!

ri (z) dz

�
Iik (tk; xi (tk)) ;

i = 1; 2; ; :::; n: Notice that xi(t + !) = xi(t) and exp
�R t+!

t
ri (z) dz

�
=

exp
�R !
0
ri (z) dz

�
; we obtain�

1� exp
�Z !

0

ri (z) dz

��
xi(t) =

Z t+!

t

exp

�
�
Z s

t+!

ri (z) dz

�
xi(s)

�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+
X

t�tk<t+!
exp

�
�
Z tk

t+!

ri (z) dz

�
Iik (tk; xi (tk)) ; (4.9)

i = 1; 2; ; :::; n:
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It follows from 4.9 that

xi(t) =

Z t+!

t

exp
�
�
R s
t+!
ri (z) dz

�
�
1� exp

�R !
0
ri (z) dz

��xi(s)
�
"
�

nX
j=1

aij(s)hj(xj(s))�
nX
j=1

bij(s)fj (xj(s� � ij (s)))

�
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+
X

t�tk<t+!

exp
�
�
R tk
t+!
ri (z) dz

�
�
1� exp

�R !
0
ri (z) dz

��Iik (tk; xi (tk))
=

Z t+!

t

Gi (t; s)xi(s)

�
"

nX
j=1

aij(s)hj(xj(s)) +
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�)) d�

#
ds

+
X

t�tk<t+!
Gi (t; tk) Iik (tk; xi (tk))

for i = 1; 2; ; :::; n: It is clear that, for (t; s) 2 R2; we have

Gi (t+ !; s+ !) = Gi (t; s) ; Gi (t; t+ !)�Gi (t; t) = �1;

(@Gi (t; s) =@t) = ri (t)Gi (t; s) ; i = 1; 2; :::; n:

Next, we prove the converse. Let x = (x1 (t) ; x2 (t) ; :::; xn (t))
T be a

periodic solution of 4.6.
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Then, if t 6= tk; k 2 N�; we have

x0i (t) = Gi (t; t+ !)xi(t+ !)

�
"

nX
j=1

aij(t+ !)hj (xj(t+ !)) +

nX
j=1

bij(t+ !)fj (xj(t+ ! � � j (t+ !))

+

nX
j=1

cij(t+ !)

Z t+!

�1
Dij(t+ !; �)gj (xj(�))d�

#

�Gi (t; t)xi(t)
"

nX
j=1

aij(t)hj (xj(t)) +

nX
j=1

bij(t)fj (xj(t� � ij (t))

+

nX
j=1

cij(t)

Z t

�1
Dij(t; �)gj (xj(�))d�

#
+ ri(t)xi(t)

= xi(t)

"
ri(t)�

nX
j=1

aij(t)hj (xj(t))�
nX
j=1

bij(t)fj (xj(t� � ij (t))

�
nX
j=1

cij(t)

Z t

�1
Dij(t; �)gj (xj(�))d�

#
:

If t = tj; j 2 N�, we obtain

xi
�
t+j
�
� xi

�
t�j
�

=
X

t+j �tk<t
+
j +!

Gi (tj; tk) Iik (tk; xi (tk))�
X

t�j �tk<t
�
j +!

Gi (tj; tk) Iik (tk; xi (tk))

= Gi (tj; tj + !) Iij (tj + !; xi (tj + !))�Gi (tj; tj) Iij (tj; xi (tj))

= Iij (tj; xi (tj)) ; i = 1; 2; ; :::; n:

Hence x is a positive !�periodic solution of 4.5. Thus, the proof of Lemma

4.1 is completed.
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4.4 Krasnoselskii�s �xed point theorem and

Existence of positive periodic solutions

As we mentioned previously, one of our main objectives in this paper is to

improve the work carried out in [64], and to extend it to investigate a wider

class of di¤erential equations with impulsive e¤ects presented in 4.5. In

particular, by using Krasnoselskii�s �xed point theorem in a cone of a Banach

space, we will establish a su¢ cient condition ensuring the existence of positive

!�periodic solutions of equation 4.5. This section will be splitted into two

parts: in the �rst one, we will focus on the existence of positive periodic

solutions when we use subquadratic impulse functions, while in the second

part, we will consider the case in which the impulse e¤ects are sublinear (

most frequently used in the published literature ).

Throughout this paper, we make the following assumptions.

(H1) There exist nonnegative constants T j; Tj; F j; Fj, Rj; Rj, Eij; Eij

such that for all x 2 R+; and all t 2 R+;

T jx � hj (x) � Tjx; j = 1; 2; :::; n: (4.10)

F jx � fj (x) � Fjx; j = 1; 2; :::; n: (4.11)

Rjx � gj (x) � Rjx; j = 1; 2; :::; n: (4.12)

Eij �
Z t

�1
Dij(t; s)ds � Eij; i; j = 1; 2; :::; n: (4.13)

To simplify our description, we introduce the following notations:

bri =
1

!

Z !

0

ri(s)ds > 0; baij = Tj
!

Z !

0

aij(s)ds � 0;

bbij =
Fj
!

Z !

0

bij(s)ds � 0; bcij = RjEij
!

Z !

0

cij(s)ds � 0;
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for i; j = 1; 2; :::; n; where Tj; Fj and Rj; Eij are given in 4.10�4.13:

To apply Theorem 4.1, we need to de�ne a Banach space C!, a closed

subset S of C! and construct one mapping. Thus, we let (C!; k:k) = (X; k:k)

where

C! =
n
x = (x1; x2; :::; xn)

T : x 2 PC (R;Rn) ; x(t+ !) = x(t); t 2 R
o
;

(4.14)

with the norm

kxk =
nX
i=1

jxij0 ; jxij0 = max
t2[0;!]

jxi(t)j ; i = 1; 2; :::; n; 8x 2 C!: (4.15)

Then, C! with the norm k:k is a Banach space:

De�ne a cone K in C! by

K =
n
x(�) = (x1; x2; :::; xn)T 2 C! : xi(t) � � jxij0 ; i = 1; 2; :::; n;8t 2 R

o
;

where � = min
�
e�bri!; i = 1; 2; : : : ; n	 :

Use 4.6 to de�ne the operator � : C! ! C! by

(�x)(t) := [(�1x) (t) ; (�2x) (t) ; :::; (�nx) (t)]
T ;

where

(�ix) (t) =

Z t+!

t

Gi (t; s)xi(s)

"
nX
j=1

aij(s)hj (xj(s))

+

nX
j=1

bij(s)fj (xj(s� � ij (s)))

+
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+
X

t�tk<t+!
Gi (t; tk) Iik (tk; xi (tk)) : (4.16)

By 4.6, it is easy to check that x 2 C! is an !�periodic solution of equation

4.5 provided x is a �xed point of �:
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Lemma 4.2 Assume that (H1) holds. Then � : K ! K de�ned by Equa-

tion 4.16 is well de�ned, namely, �K � K:

Proof. From 4.16 it is easy to verify that (�x) (�) is continuous in (tk; tk+1) ;

and (�x)
�
t+k
�
and (�x)

�
t�k
�
exist, and (�x)

�
t�k
�
= (�x) (tk) for k 2 N�.

Moreover, for any x 2 K;

(�ix) (t+ !)

=

Z t+2!

t+!

Gi (t+ !; s)xi(s)

"
nX
j=1

aij(s)hj (xj(s))

+
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+
X

t+!�tk<t+2!
Gi (t; tk) Iik (tk; xi (tk))

=

Z t+!

t

Gi (t+ !; s+ !)xi(s+ !)�

�
"

nX
j=1

aij(s+ !)hj (xj(s+ !)) +

nX
j=1

bij(s+ !)fj (xj(s+ !))

+

nX
j=1

cij(s+ !)

Z s+!

�1
Dij(s+ !; �)gj (uj(�))d�

#
ds

+
X

t�tk<t+!
Gi (t; tk) Iik (tk; xi (tk))
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=

Z t+!

t

Gi (t; s)xi(s)

"
nX
j=1

aij(s)hj (xj(s)) +

nX
j=1

bij(s)fj (xj(s� � ij (s)))

+

nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+
X

t�tk<t+!
Gi (t; tk) Iik (tk; xi (tk))

= (�ix) (t) ; i = 1; 2; :::; n:

That is (�ix) (t+ !) = (�ix) (t) ; t 2 R; i = 1; 2; :::; n. Thus �x 2 C!. It is

easy to see that for s 2 [t; t+ !], thanks to 4.7, we have

Ai :=
e�bri!

1� e�bri! � Gi (t; s) �
1

1� e�bri! =: Bi; i = 1; 2; :::; n: (4.17)

From 4.16 and 4.17, we have for x 2 K

j(�ix)j0 � Bi

Z !

0

xi(s)

"
nX
j=1

aij(s)hj (xj(s))

+
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+

nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+Bi

qX
k=1

Iik (tk; xi (tk)) ;
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and

(�ix) � Ai

Z !

0

xi(s)

"
nX
j=1

aij(s)hj (xj(s)) +

nX
j=1

bij(s)fj (xj(s� � ij (s)))

+

nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+Ai

qX
k=1

Iik (tk; xi (tk))

� Ai
Bi
j(�ix)j0

� � j(�ix)j0 ; i = 1; 2; :::; n:

Hence, �K � K: This completes the proof of Lemma 4.2.

Before establishing the main result, we �rst introduce the following no-

tation:

'M = max
t2[0;!]

fj' (t)jg ;

where ' is a continuous and !�periodic function.

4.4.1 The case of subquadratic impulses.

In this section we consider subquadratic impulse functions.

Lemma 4.3 In addition to hypothesis (H1), we further assume the following

one:

(H2) There exist nonnegative functions �ik; �ik 2 C (R+;R+) such that

for all x 2 R+;

�ik (t)x
2 � Iik (t; x) � �ik (t)x2; k 2 N�; i = 1; 2; :::; n:

Then � : K ! K de�ned by equation 4.16 is completely continuous.
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Proof. Set

�i (t; x) (t) = xi(t)

"
nX
j=1

aij(t)hj (xj(t)) +

nX
j=1

bij(t)fj (xj(t� � ij (t)))

+

nX
j=1

cij(t)
R t
�1Dij(t; �)gj (xj(�))d�

#
; t 2 R:

(4.18)

We �rst show that � is continuous. Since hj; fj; gj and I are continuous

in x, it follows that, for any L0 > 0 and " > 0, there exists �1 > 0 such that

for kxk � L0, kyk � L0; and kx� yk < �1 it follows

j�i (s; x) (s)� �i (s; y) (s)j <
"

2nB!
; s 2 R+; i = 1; 2; :::; n; (4.19)

where B = max
1�i�n

Bi: For any L0 > 0 and " > 0, there exists �2 > 0 such that

for kxk � L0, kyk � L0; and kx� yk < �2

jIik (tk; xi (tk))� Iik (tk; yi (tk))j <
"

2qBn
; q 2 Z+ i = 1; 2; :::; n: (4.20)

Therefore, if x; y 2 C! with kxk � L0; kyk � L0; and kx� yk � �; where

� = min (�1; �2) then, from 4.16;4.17;4.19 and 4.20;

j(�ix)� (�iy)j0 � B

Z t+!

t

j�i (s; x) (s)� �i (s; y) (s)j ds

+B

qX
k=1

jIik (tk; xi (tk))� Iik (tk; yi (tk))j

� B
!"

2nB!
+Bq

"

2qBn

<
"

n
; i = 1; 2; :::; n:

This yields

k�x� �yk =
nX
i=1

j(�ix)� (�iy)j0 < ";

which implies that � is continuous on K:

We let

S = fx(�) = (x1 (�) ; x2 (�) ; :::; xn (�))T 2 C! : jjxjj � L g;
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where L is a non-negative constant. For any x 2 S, it follows from 4.16 and

4.17 that

(�ix) (t) =

Z t+!

t

Gi (t; s)xi(s)

"
nX
j=1

aij(s)hj (xj(s)) +

nX
j=1

bij(s)fj (xj(s� � ij (s)))

+

nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+
X

t�tk<t+!
Gi (t; tk) Iik (tk; xi (tk))

� BiL
2

Z !

0

"
nX
j=1

Tjaij(s) +
nX
j=1

Fjbij(s) +
nX
j=1

RjEijcij(s)

#
ds

+BiL
2
X

0�tk<!
�ik (tk)

:= B�i ; i = 1; 2; :::; n;

and, consequently,

k�xk =
nX
i=1

j(�ix)j0 �
nX
i=1

B�i ; 8x 2 S:

This shows that � (S) is uniformly bounded.

To show that � (S) is equicontinuous, let x 2 S, we calculate d
dt
(�ix) (t)

and show that it is uniformly bounded. Indeed, by taking derivative in (4:16)

we have��(�ix)0 (t)�� �
�����ri (t) (�ix) (t)� xi(t)

"
nX
j=1

aij(t)hj (xj(t))

+

nX
j=1

bij(t)fj (xj(t� � ij (t)))

+

nX
j=1

cij(t)

Z t

�1
Dij(t; �)gj (xj(�))d�

#�����
� rMi B

�
i + L

2

nX
j=1

�
Tja

M
ij + Fjb

M
ij + EijRjc

M
ij

�
;

i = 1; 2; :::; n;
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and

k (�x)0 k �
nX
j=1

"
rMi B

�
i + L

2

nX
j=1

�
Tja

M
ij + Fjb

M
ij + EijRjc

M
ij

�#
:

Hence, �S � C! is a family of uniformly bounded and equi-continuous func-

tions. By the Ascoli-Arzelà Theorem, the operator � is compact, and there-

fore completely continuous. The proof is complete.

Throughout the next steps, we denote � = min (�1; �2; �3; �4), where

�1 = min
j=1;n

�
T j
Tj

�
, �2 = min

j=1;n

�
F j
Fj

�
;

�3 = min
j=1;n

�
min
i=1;n

�
Eij
Eij

�
Rj
Rj

�
; �4 = min

k=1;q

�
min
i=1;n

�
�ik (tk)

�ik (tk)

��
: (4.21)

We can now state and prove our main result in this paper.

Theorem 4.1 Assume hypothesis (H1) and the next one:(H3) The linear

system
nX
j=1

�baij +bbij + bcij� xj + b�ikxi = bri; k 2 N�; i = 1; 2; :::; n; (4.22)

where b�ik = 1

!

qX
k=1

�ik (tk) ; (�ik (tk) 6= 0);

possesses a unique positive solution. Then, system (4:5) possesses at least one

positive !�periodic solution.

Proof. Let

x� = (x�1; x
�
2; :::; x

�
n)
T

with x�i > 0; i = 1; 2; :::; n; be a positive solution of (4:22). Set

m0 = min
1�i�n

fbriAig ;
M0 = max

1�i�n
fbriBig :
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Then 0 < m0 < M0 < +1: Choose a constant M �M0 such that
1

M!
< 1:

Let �1 =
1

M!
and


1 =
n
x(t) = (x1 (t) ; x2 (t) ; :::; xn (t))

T 2 C! : jxij0 < �1x�i ; i = 1; 2; :::; n
o
:

If x 2 K \ @
1; then

� jxij0 � xi (t) � jxij0 = �1x�i ; i = 1; 2; :::; n;

and

(�ix) (t) � Bi

Z !

0

xi(s)

"
nX
j=1

aij(s)hj (xj(s))

+
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+Bi
X

0�tk<!
Iik (tk; xi (tk))

� Bi

Z !

0

jxij0
nX
j=1

Tjaij(s) jxjj0 ds+Bi
Z !

0

jxij0
nX
j=1

Fjbij(s) jxjj0 ds

+Bi

Z !

0

jxij0
nX
j=1

RjEijcij(s) jxjj0 ds+Bi jxij0
X

0�tk<!
�i (tk) jxij0

� �1Bi! jxij0
nX
j=1

baijx�j + �1Bi! jxij0 nX
j=1

bbijx�j
+�1Bi! jxij0

nX
j=1

bcijx�j + �1Bi! jxij0 b�ikx�i
= �1Bi! jxij0

"
nX
j=1

�baij +bbij + bcij� x�j + b�ikx�i
#

= (Bibri)�1! jxij0
� �1M0! jxij0

� jxij0 ; i = 1; 2; :::; n:
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Hence for any x 2 K \ @
1

k�xk =
nX
i=1

j(�ixi)j0 �
nX
i=1

jxij0 = kxk :

On the other hand, choose 0 < m � m0 such that
1

�2m�!
> 1: Let �2 =

1

�2m�!
and


2 = fx 2 C! : jxij0 < �2x�i ; i = 1; 2; :::; ng :

If x 2 K \ @
2; then � jxij0 � xi (t) � jxij0 = �2x
�
i ; i = 1; 2; :::; n; and,

consequently

(�ix) (t) � Ai

Z !

0

xi(s)

"
nX
j=1

aij(s)hj (xj(s)) +
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+Ai
X

0�tk<!
Iik (tk; xi (tk))

� �2Ai jxij0
nX
j=1

Z !

0

aij(s)Tj

�
min
j=1;n

�
T j
Tj

��
jxjj0 ds

+�2Ai jxij0
nX
j=1

Z !

0

Fj

�
min
i=1;n

�
F j
Fj

��
bij(s) jxjj0 ds

+�2Ai jxij0
nX
j=1

Z !

0

EijRj

��
min
i=1;n

�
Eij
Eij

��
�
�
Rj
Rj

��
cij(s) jxjj0 ds

+�2Ai jxij0
qX
k=1

�ik (tk)

�
min
i=1;n

�
�ik (tk)

�ik (tk)

��
jxi (tk)j0

� �1 � �2Ai!�2 jxij0
nX
j=1

baijx�j + �2 � �2Ai!�2 jxij0 nX
j=1

bbijx�j
+�3 � �2Ai!�2 jxij0

nX
j=1

bcijx�j + �4 � �2Ai!�2 jxij0 b�ikx�i
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� � � �2Ai!�2 jxij0
nX
j=1

baijx�j + � � �2Ai!�2 jxij0 nX
j=1

bbijx�j
+� � �2Ai!�2 jxij0

nX
j=1

bcijx�j
+� � �2Ai!�2 jxij0 b�ikx�i

= �Ai!�
2�2 jxij0

 
nX
j=1

�baij +bbij + bcij� x�j + b�ikx�i
!

= (Aibri) �!�2�2 jxij0
� m0�!�

2�2 jxij0

� jxij0 ; i = 1; 2; :::; n;

and thus

k�xk =
nX
i=1

j(�ixi)j0 �
nX
i=1

jxij0 = kxk ;8x 2 K \ @
2:

Obviously, 
1 and 
2 are open bounded subsets of C! with 0 2 
1 �


1 � 
2: Hence, � : K \ (
2n
1)! K is a completely continuous operator

and satis�es condition (a) in Theorem 2.1. By Krasnoselskii�s Theorem, there

exists a �xed point x� (�) = (x�1 (�) ; x�2 (�) ; :::; x�n (�))
T 2 K\(
2n
1) such that

x�(�) = (�x�)(�), i.e., x� is a positive !� periodic solution of system 4.5 The

proof is completed.

4.4.2 The case of sublinear impulse functions

In the case of sublinear impulses we can prove similar results for the system

4.5.

Theorem 4.2 . Assume that (H1) holds; and further assume that:

(H4) There exist nonnegative functions � ik; � ik 2 C (R+;R+) such that for

all x 2 R+;

� ik (t)x � Iik (t; x) � � ik (t)x; i = 1; 2; :::; n; k = 1; 2; :::
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(H5) The linear system

nX
j=1

�baij +bbij + bcij� xj = bri; i = 1; 2; :::; n; k = 1; 2; ::: (4.23)

possesses a unique positive solution. Then, system 4.5 possesses at least one

positive !�periodic solution.

Proof. To prove that � : K ! K is completely continuous is similar to the

corresponding proof in Lemma 4:3. We only need to prove condition (a) in

Theorem 4.1. Let

x� = (x�1; x
�
2; :::; x

�
n)
T ;

with x�i > 0; i = 1; 2; :::; n; be a positive solution of 4.22. We denote � =

min (�1; �2; �3; �5) ; where

�5 = min
k=1;q

�
min
i=1;n

�
� ik (tk)

� ik (tk)

��
;

and �1; �2; �3 are given in 4.21. We also set

b
ik = 1

!

qX
k=1

� ik (tk) ; (� ik (tk) 6= 0);

and

em0 = min

�
min
1�i�n

fbriAig ; min
1�i�n

fAib
ikg� ;
fM0 = max

�
max
1�i�n

fbriBig ; max
1�i�n

fBib
ikg� :
Choose a constant fM � fM0 such that 0 <

1� fM!fM! < 1 where 0 < fM! < 1:
Let �1 =

1� fM!fM! and

b
1 = nx(t) = (x1 (t) ; x2 (t) ; :::; xn (t))T 2 C! : jxij0 < �1x�i ; i = 1; 2; :::; no :
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If x 2 K \ @b
1; then
� jxij0 � xi (t) � jxij0 = �1x�i ; i = 1; 2; :::; n;

and

(�ix) (t) � Bi

Z !

0

"
xi(s)

nX
j=1

aij(s)hj (xj(s))

+xi(s)
nX
j=1

bij(s)fj (xj(s� � ij (s)))

+ xi(s)

nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+Bi
X

0�tk<!
Iik (tk; xi (tk))

� Bi

Z !

0

jxij0
nX
j=1

Tjaij(s) jxjj0 ds+Bi
Z !

0

jxij0
nX
j=1

Fjbij(s) jxjj0 ds

+Bi

Z !

0

jxij0
nX
j=1

RjEijcij(s) jxjj0 ds+Bi
X

0�tk<!
� i (tk) jxij0

� �1Bi! jxij0
nX
j=1

baijx�j + �1Bi! jxij0 nX
j=1

bbijx�j
+�1Bi! jxij0

nX
j=1

bcijx�j +Bi!b
ik jxij0
= �1Bi! jxij0

"
nX
j=1

�baij +bbij + bcij� x�j
#
+Bi!b
ik jxij0

= ! (Bibri) �1 jxij0 + ! (Bib
ik) jxij0
� �1fM0! jxij0 + fM0! jxij0

� jxij0 ; i = 1; 2; :::; n:

Hence for any x 2 K \ @b
1
k�xk =

nX
i=1

j(�ix)j0 �
nX
i=1

jxij0 = kxk :
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On the other hand, choose 0 < em � em0 such that
1� � em�!
�2 em�! > 1 where

0 < � em�! < 1: Let �2 = 1� � em�!
�2 em�! and

b
2 = fx 2 C! : jxij0 < �2x�i ; i = 1; 2; :::; ng :
If x 2 K \ @b
2; then � jxij0 � xi (t) � jxij0 = �2x

�
i ; i = 1; 2; :::; n; and,

consequently

(�ix) (t) � Ai

Z !

0

"
xi(s)

nX
j=1

aij(s)hj (xj(s)) + xi(s)

nX
j=1

bij(s)fj (xj(s� � ij (s)))

+ xi(s)
nX
j=1

cij(s)

Z s

�1
Dij(s; �)gj (xj(�))d�

#
ds

+
X

0�tk<!
Gi (t; tk) Iik (tk; xi (tk))

� �2Ai jxij0
nX
j=1

Z !

0

aij(s)Tj

�
min
j=1;n

�
T j
Tj

��
jxjj0 ds

+�2Ai jxij0
nX
j=1

Z !

0

Fj

�
min
i=1;n

�
F j
Fj

��
bij(s) jxjj0 ds

+�2Ai jxij0
nX
j=1

Z !

0

EijRj

��
min
i=1;n

�
Eij
Eij

��
�
�
Rj
Rj

��
cij(s) jxjj0 ds

+�Ai

qX
k=1

� ik (tk)

�
min
i=1;n

�
� ik (tk)

� ik (tk)

��
jxi (tk)j0

� �1 � �2Ai!�2 jxij0
nX
j=1

baijx�j + �2 � �2Ai!�2 jxij0 nX
j=1

bbijx�j
+�3 � �2Ai!�2 jxij0

nX
j=1

bcijx�j + �5 � �Ai! jxij0 b
ik

78



Chapter 4. Positive periodic solutions for n-species Lotka-Volterra competitive
systems with variable delays and impulses

� � � �2Ai!�2 jxij0
nX
j=1

baijx�j + � � �2Ai!�2 jxij0 nX
j=1

bbijx�j
+� � �2Ai!�2 jxij0

nX
j=1

bcijx�j
+� � �Ai! jxij0 b
ik

= �Ai!�
2�2 jxij0

nX
j=1

�baij +bbij + bcij� x�j
+� � � (Aib
ik)! jxij0

= (Aibri) �!�2�2 jxij0 + (Aib
ik)!�� jxij0
� em0�!�

2�2 jxij0 + em0�!� jxij0

� jxij0 ; i = 1; 2; :::; n;

and therefore

k�xk =
nX
i=1

j(�ix)j0 �
nX
i=1

jxij0 = kxk ;8x 2 K \ @b
2:
Hence, � : K \ (b
2nb
1) ! K is a completely continuous operator and

satis�es condition (a) in Theorem 4:1. Consequently, there exists a �xed

point x� (�) = (x�1 (�) ; x�2 (�) ; :::; x�n (�))
T 2 K \ (b
2nb
1) such that x�(�) =

(�x�)(�). Therefore, system 4.5 has a positive !-periodic solution. The proof

is completed.

Remark 4.1 The method applied in this paper can be used to treat a more

general nonlinear impulse function. For instance, assuming that Iik (�; x)

satis�es

(H6) There exist nonnegative functions �ik; �ik 2 C (R+;R+) and z 2

C
�
Rn+;Rn+

�
such that for all x 2 Rn+;

�ik (t)z (kxk) � Iik (t; x) � �ik (t)z (kxk) ; i = 1; 2; :::; n; k = 1; 2; :::;
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Note that (H2) and (H4) are special cases of condition (H6) which has been

used in [29],[30].

Remark 4.2 Notice that when aij = 0 in the second term on the right hand

side of 4.5, Iik (tk; x (tk)) = 0, fj (xj) = xj; and gj (xj) = 0, we can easily

derive the corresponding results in [?]. Therefore, the results presented in

this paper improve and extend the main results in Ref.[64] .

4.5 An example

To illustrate how our main results can be used in practice, we present an

example.

Example 4.1 4.1 Let us consider the following system:

x0i(t) = xi (t)

"
ri (t)�

2X
j=1

bij(t)fj (xj(t� � ij (t)))

�
2X
j=1

cij(t)

Z t

�1
Dij(t; �)gj (xj(�))d�

#
;

t 6= tk =
1

2
k�; k 2 N�;

xi(t
+
k )� xi(t�k ) = Iik (tk; xi (tk)) ; t = tk; i = 1; 2:

Corresponding to system 4.5; we let n = 2; ! = 2�; r1(t) =
1

2
(1 + sin 2t) ;

r2(t) =
1

3
(1 + cos 2t) ; b11(t) =

2 (1 + cos 2t)

3e2
; b12(t) = 1 + sin 2t; b21(t) = 0;

b22(t) = cos (4t) ; c11(t) = 0; c12(t) = (1 + cos 4t) ; c21(t) =
3 (1 + sin 2t)

4
;

c22(t) =
(1 + sin 2t)

2
; andD12 (t; s) =

1

2
es�t (cos t+ 3) ; D21 (t; s) = 2e

s�t �ejcos tj�1�,
D11 (t; s) = e

3(s�t) �e3(jsin 2tj�1)� ; D22 (t; s) =
1

3
es�t (sin t+ 2) ; where � 11; � 12; � 21; � 22 2
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C (R;R+) are 2�-periodic functions: Also assume that

f1 (x) =
x

2
e(sinx)+1; f2 (x) =

x

4
(jcosxj+ 1) ;

g1 (x) =
x

3
(jcosxj+ 1) ; g2 (x) =

x

2
(jsin xj+ 1) ;

I1 (t; x) =
�

4
x2 (cos 2t+ 1) (jcosxj+ 1) ; I2 (t; x) =

1

14
x2 (jsin 2tj+ �) :

Thanks to straightforward computations, we obtain

br1 =
1

!

Z !

0

r1(t)dt =
1

4�

Z 2�

0

(1 + sin 2t) dt =
1

2
;

br2 =
1

!

Z !

0

r2(t)dt =
1

6�

Z 2�

0

(1 + cos 2t) dt =
1

3
:

A simple calculation shows that Ai � Gi (t; s) � Bi; for i = 1; 2; where

Gi (t; s) =
1

1� e�bri! exp
�
�
Z s

t

ri (z) dz

�
; i = 1; 2;

and

A1 : =
e�br1!

1� e�br1! =
e�

�

1� e�� ; A2 :=
e�br2!

1� e�br2! =
e�

2�
3

1� e� 2�
3

;

B1 : =
1

1� e�br1! =
1

1� e�� ; B2 :=
1

1� e�br2! =
1

1� e� 2�
3

:

Since j sin xj � 1 and j cosxj � 1 for x 2 R+, we have

F jx � fj (x) � Fjx; j = 1; 2;

Rjx � gj (x) � Rjx; j = 1; 2;

�i (t)x
2 � Ii (t; x) � �i (t)x2; i = 1; 2;

and

Eij �
Z t

�1
Dij (t; s) ds � Eij; i; j = 1; 2;

where F 1 =
1

2
; F1 =

e2

2
; F 2 =

1

4
; F2 =

1

2
; R1 =

1

3
; R1 =

2

3
; R2 =

1

2
, R2 =

1; �1 (t) =
�

cos 2t
; E12 = 1; E12 = 2; E21 = 2e

�1; E21 = 2; E11 = e
�3; E11 =
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1; E22 =
2

3
; E22 = 1, �1 (t) =

�

4
(cos 2t+ 1), �1 (t) =

�

2
(cos 2t+ 1), �2 (t) =

�

14
; �2 (t) =

1

14
(2t+ �) :

For the above parameters, it is easy to verify that

bb11 =
F1
!

Z !

0

b11(s)ds =
1

3
;bb12 = F2

!

Z !

0

b12(s)ds =
1

2
;

bb21 =
F1
!

Z !

0

b21(s)ds = 0; bb22 = F2
!

Z !

0

b22(s)ds = 0;

and

bc11 =
R1E11
!

Z !

0

c11(s)ds = 0;bc12 = R2E12
!

Z !

0

c12(s)ds = 2;

bc21 =
R1E21
!

Z !

0

c21(s)ds = 1;bc22 = R2E22
!

Z !

0

c22(s)ds =
1

2
:

Choosing q = 4; we have tk+q = tk+!; Ii(k+q) (tk+q; xi (tk+q)) = Iik (tk; xi (tk)) ;

i = 1; 2; and

b�1k =
1

!

X
0�tk<!

�1k (tk) =
1

2�

qX
k=1

�

2
(cos 2tk + 1) = 1

b�2k =
1

!

X
0�tk<!

�2k (tk) =
1

28�

qX
k=1

(2tk + �) =
1

2
:

Moreover, it is easy to verify that the corresponding system of nonlinear

equation 4.5; 8>>>><>>>>:

2X
j=1

�bb1j + bc1j� xj + b�1kx1 = br1
2X
j=1

�bb2j + bc2j� xj + b�2kx2 = br2;
has a unique positive solution x = (x1; x2) =

�
6

21
;
1

21

�
. It is straightforward

to show that all conditions of Theorem 4.2 are ful�lled. Hence, we conclude

that this system possesses at least one positive 2��periodic solution.
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Conclusion

This dissertation studies the positivity of periodic solution of Lotka - Volterra

di¤erential equations with distributed delays and impulses. The approach

used in our project is based on the �xed point technique, particularly, using

the Krasnoselskii �xed point theorem. This approach relies mainly on neces-

sary arguments: an elementary variation of parameters formula, a non-empty

cone subset of a Banach space, and a �xed point application. The bene�t

of this approach is that the �xed point arguments can yield existence and

positive periodic solutions for an equation in one step. The main di¢ culty of

this approach is to de�ne a cone K of a Banach space and a suitable mapping

when the mapping is compact on K. The results in this work extend and

improve some existing results in the literature in some ways. Recently, Ben-

hadri et al [10] have addressed this technique to investigate the periodicity of

another class of delay di¤erential equations with variable delays. However,

there are many problems to be solved for fractional di¤erential equations and

other variants, persistence, and so on. We leave these for our -future work.
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