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| Abstract in English

Fixed point theory has a long history of being used in nonlinear differential
equations, in order to prove the existence, uniqueness, or other qualitative
properties of solutions. However, using the fixed point theorem for stability
and periodicity of solutions have a more recent appearance. In this disser-
tation, we focus on studying the quantitative and qualitative properties of
some nonlinear delay differential equations. We start by giving some fixed
point theorems. After we introduce and provide results for delay differential
equations and necessary relevant definitions and notions about impulsive dif-
ferential equations. Finally, we derive sufficient conditions ensuring at least
one positive periodic solution of the system, more precisely by using the Kras-
noselskii fixed-point theorem in the cone of Banach space. We address the
existence of a positive periodic solution for n- species Lotka-Volterra compe-
tition system with variable delays and impulses. An example is also given to

illustrate the claims established.

Keywords: Fixed points theorem; Krasnoselskii’s theorem; Periodicity; Pos-
itivity; Delay equations; Lotka-Volterra system; Integral equation; Variable

delays, impulses.
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| Abstract in French

La théorie du point fixe est utilisée depuis longtemps dans les équations
différentielles non linéaires, afin de prouver ’existence, 'unicité ou d’autres
propriétés qualitatives. Cependant, 1'utilisation du théoréme du point fixe
pour la stabilité et la périodicité des solutions a une apparition plus récente.
Dans ce mémoire, nous nous concentrons sur I’étude des propriétés quanti-
tatives et qualitatives de certains types d’équations différentielles de retard
non linéaires. Nous commencgons par donner quelques théoréemes de point
fixe. Ensuite, nous donnons des notions préliminaires sur les équations dif-
férentielles a retard et les équations impulsives qui sont nécessaires par la
suite. A la fin, en utilisant le théoréme du point fixe de la théorie du cone
nous étudions 'existence d’une solution périodique positive pour le systeme
de compétition Lotka-Volterra a n-espéces avec de multiples arguments dé-
viants. Finalement, un exemple est également donné pour illustrer 'efficacité

des résultats établies.

Mots clés: Points fixe; Theoréme de Krasnoselskii; Solutions périodiques
positives; Equations a retard; Systéme de Lotka-Volterra; Equation intégrale;

Retards,impulsive



Abstract in Arabic
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I List of Symbol

Here we state some conventions regarding mathematical notation that we

will use in this disserttion.

R"” Fuclidean space of n- dimensions;

R =[0,00) set of positive real numbers;

(X,d) this is called metric space;

(a,b) open interval from a to b;

N set of natural numbers;

% first derivative with respect to t;

[a, b] closed interval from a to b;
C([a,b] ,R) space of continuous functions mapping from the interval [a, b] to R;

w period;

C([—7,0];R™) the space of all continuous R™ — valued functions ¢ defined on [—7,0];

with a norm [j¢]| = sup_;<p<o ¢ (0)];
f:A—B the mapping f from A to B;

o(C) the o — algebra generated by C.
d(x,y) this is called the distance between z and y;
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List of Symbols

|.|l. uniform norm;
C,  set of periodic functions;

|| the Euclidean norm of a vector x;

n

>>  summation from index i = 0 to i = n.
i=0

Other notations will be explained when they first appear.
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| Introduction

he fixed point theory is at the heart of the nonlinear analysis then
Tand it provides the necessary tools to have theorems existence in many
different non-linear problems. It uses its tools of analysis and topology. Ad-
vancements in fixed point theory enrich many scientific fields such as biology,
chemistry, computer science, economics, and game theory. Depending on the
nature of the assumptions involved, we can divide fixed point theory into two
main branches fixed point and metric theory. Or, fixed point and topological
theory, ( see [2], [61], [67] ).

With respect to the metric approach, the most important metric fixed
point result is the Banach fixed point theorem ( also known as the contrac-
tion mapping theorem or the contraction mapping principle). It was first
started by Stefan Banach in 1922. This theorem guarantees the existence
and uniqueness of fixed points of certain self maps of a metric space and
provides a constructive method to find those fixed points.

Concerning the topological branch, results are obtained using the topo-
logical properties of set X. The main result is Schauder’s fixed point theorem
which was stated by Schauder in 1930. This theorem is a generalization of

Brower’s fixed point theorem.
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In 1955, Krasnoselskii studied a paper by Schauder on partial differential
equations and formulated the working hypothesis principle: the inversion of a
perturbed differential operator yields the sum of a contraction and a compact
map. Accordingly, he formulated a hybrid theorem known under its name.
The reader is referred to the classical textbook on fixed points [62]. This is a
captivating result and it has a number of interesting applications. The proof
of this result combines the Banach contraction principle and Schauder fixed
point theorem and thus it is a blend of the two branches.

Delay differential equations are a class of differential equations where the
derivatives at the current time depend on the solution at previous times.
Strictly speaking, delay differential equations are a specific example of func-
tional differential equations, in which the functional part of the differential
equations is the evaluation of a functional on the past of the process. Math-
ematical modeling involving delay differential equations is widely used for
analysis and predictions in various areas of the life sciences, for example,
population dynamics, epidemiology, immunology, physiology, and neural net-
works, ( see for example, [4, 12, 14] ), and the references cited therein. The
delays can represent gestation times, incubation periods, or transport delays.
In many cases, time delays can be substantial such as gestation, forestation,
deforestation, and maturation, or can represent little lags such as acceleration
and deceleration in physical processes. Due to their importance, numerous
applications have been devoted to the existence of periodic solutions of sev-
eral different types of delay differential equations. For some specific work
concerning the existence of periodic solutions to periodic population models
which were carried out using the fixed point theory, the reader is referred to
see ( [41],]42],[26], [29], [46] ), amongst others, and the references therein.

The theory of impulsive differential equations is an important area of
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scientific activity. Many evolution processes are characterized by the fact
that at certain moments of time they may experience abrupt changes. These
short-term perturbations act instantaneously, that is in the form of impulses.
For example, many biological phenomena involving thresholds, optimal con-
trol models in economics, and frequency modulated systems exhibit impulsive
effects. In this way, impulsive differential equations appear as a natural de-
scription of observed evolution phenomena of several real-world problems.
There are various good monographs on impulsive differential equations, e.g.
[2],[21]. Significant progress has been made in the theory of impulsive differ-
ential equations in recent years. In particular, the fundamental theory and
some qualitative investigations of solutions to impulsive differential equa-
tions have marked a rapid development (see for example, [4] and the sources
related).

To this end, in this dissertation, we have been interested in the use of
fixed point theory to problem of periodicity and positivity for delay differen-
tial and neutral differential equations. We have studied it and have presented
interesting results. In this work, we present a collection of results to some
problems of neutral differential equations and systems Lotka of delay differ-
ential equations using fixed point theory.

This dissertation consists of four chapters

Chapter 1 : The first chapter is devoted to pointing out the tools which are
needed in the following chapters. The aim of this chapter is to introduce the
basic concepts, notations, and elementary results which will be used through-
out this work. We recall some classical results from functional analysis such
as the Ascoli-Arzela theorem. The main part of the chapter is dedicated to
the presentation of fixed point theorems, the Schauder’s and Banach fixed

point theorem, and that of Krasnoselskii. Moreover, we analyze some exam-
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ples to illustrate how to apply these theorems to some specific differential
equations.

Chaptre 2 : This chapter is devoted to DDEs analysis, we present some
basic preliminaries and we discuss the existence and uniqueness theorem for
the solution and properties of them. The authors provide the appropriate
mathematical tools which will be needed to understand the concepts that
will be developed in this dissertation for the study of the periodicity of delay
differential equations (DDEs). A significant and interesting model of delay
equations emanating from biology is given at the beginning of this chapter.

Chaptre 3 : We summarize in the third chapter a few concepts and results
for impulsive differential equations that will be needed in our arguments.

Chaptre 4 : The goal of this chapter is to present a very recent work pub-
lished in [9]. We investigate the existence of positive periodic solutions for
an n-species Lotka-Volterra system with distributed delays and nonlinear im-
pulses. In the process, we convert the given system into an equivalent integral
equation. Then we construct appropriate mappings and use Krasnoselskii’s
fixed point theorem in a cone of a Banach space to show the existence of
a positive periodic solution of the system. Easily verifiable sufficient con-
ditions are established. We discuss our problem in two situations: when
impulse functions are subquadratic and when they are sublinear. The tech-
nique to deal with the impulsive term is different from earlier approaches. In
particular, the results improve some previous ones in the literature. Finally,

an example is presented to illustrate the feasibility and effectiveness of the
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results.
zi(t) = ; (1) [ri (t) - Zaij(t)hj (z;(t) — sz‘j(t>fj (2;(t — 745 ()
- Z%‘(t) / Di;(t,p)gj (z; (p)) dp| ,
t # ty, ke N, "~

x; (t;j) — T (t;;) = L, (tk, @i (te)), t =t, k € N,

where z; € RT, D;; € C (R x R, R%) | h;, fj, g; : Rt — R are continuous,

and ri,aij,bij,cij eC (R, R+) , for 1,7 =1,2,...,n.




CHAPTER 1

Fixed point Theorems

Contents
(1.1 Notation and priliminaries| . . . . ... ... ... 7
(1.2 Fixed point theorems| . . . . . . ... ... .... 12

n this chapter, we will mention (and complete) some important theorems
Iin the theory of the fixed point, as well as some tools of the functional
analysis necessary for the rest of this dissertation. In particular, the Ascoli-
Arzela theorem is an element it is very useful in this work to prove com-
pactness in function spaces challenged on compact sets and not necessarily
compact sets. The theorems of Banach, Schauder, and Krasnoselskii will be
presented in this chapter. These elements of the analysis have been presented.

Taken from a few books chosen as (( see [15], [61], [68] ).



Chapter 1. Fixed point Theorems

1.1 Notation and priliminaries

This section contains an elementary set of definitions, theorems, and ex-
amples which were motivated by the examples in the last section and were
formulated to aid us in deciding which fixed point theorem to use and which

stability properties to prove.

1.1.1 Normed and Banach space

Definition 1.1 Let X be a nonempty set and d : X x X — R™ a function.

Then d is called.a metric on X if the following properties hold.

1) d(x,y) =0 if and only if x =y for some x,y € X;

2) d(z,y) = d(y,z) for all z,y € X;

3) d(z,y) < d(z,z) +d(z,y) for all x,y,z € X.

The value of metric d at (x,y) is called distance between x and y, and

the ordered pair (X, d) is called metric space.

Definition 1.2 The metric space (X,d) is complete if every Cauchy se-
quence in (X,d) has a limit in that space. Asequence {z,} C X is a
Cauchy sequence if for each £ > 0 there exists N such that n,m > N imply

d(zp, Tm) < €.

Definition 1.3 A vector space (V, +, ) is a normed space if for each z,y € V

there is a nonnegative real number ||z, called the norm of x, such that

() ||x]| = 0 if and only if x =0,
(17) ||ax|| = |a ||z|| for each o € R, and

(#2) [l +yll < =l + llyll -
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Remark 1.1 A normed space is a vector space and it is a metric space with
p(x,y) = ||z — y|| . But a vector space with a metric is not always a normed

space.

Definition 1.4 A Banach space is a complete normed space.

We list two examples, ( see Burton, [15] ).

Example 1.1 (a) The space C([a,b],R™) consisting of all continuous func-
tion f : [a,b] — R™ is a vector space over the reals.
b) If || f|| = maxa<i<p | f(t)|, where |.| is a norm in R”, then (C, ||.||) is a

Banach space.

Example 1.2 Let X = R",n > 1 be a linear space. Then R" is a normed
space with the following norms:

i) x|, = Z |z;| for all x = (x1, 29, ..., x,) € R™;
i=1
i) ||z, = Z |z;|" | for all x = (1,22, ....,2,) € R" and p € (1,00);
i=1

iii) ||zl = max |z;| for all © = (x1, z9, ..., x,) € R™

Definition 1.5 A sequence {x,} in a normed space X is said to be Cauchy
if limy, oo [|Tm — @nl| = 0, i.e., for € > 0, there exists an integer ny € N

such that ||z, — x,| < € for all m,n > ny.

Definition 1.6 A normed space (X, ||.||) is said to be complete if it is com-
plete as a metric space (X,d), i.e., every Cauchy sequence is convergent in

X.

Definition 1.7 A complete normed space is called a Banach space.
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Example 1.3 The linear space C([a, b]) of continuous functions on the closed

and bounded interval [a,b] is a Banach space with the uniform convergence

norm || fl., = supsefa,y [ /()]

Definition 1.8 Every finite- dimensional normed space is a Banach space.
Definition 1.9 A closed subspace of a Banach space is a Banach space.

Definition 1.10 A subset M of X is said to be totally bounded if for each
e > 0, there exists a finite number of elements xy, x5, ..., z, in X such that

M C QlBe(:ci).

Proposition 1.1 Let X be a metric space. Then the following are equivalent
i) X 1is a compact.
i1) Every sequence in X has a convergent subsequence.

iii) X is complete and totally bounded.

Proposition 1.2 Let X be a subset of a complete metric space X. Then we
have the following:

a) M is compact if and only if M is closed and totally bounded.

b) M is compact if and only if M is totally bounded.

A subset M of a topological space is said to be relatively compact if its
closure is compact, i.e., M is compact. In particular, we have an interesting

result.

Proposition 1.3 Let M be a closed subset of a complete metric space. Then

M is compact if and only if it is relatively compact.

Definition 1.11 ( [15] ) Let {f.} be a sequence of real valued functions
with f,, : [a,b] — R.
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a) {f.} is uniformly bounded on [a, b] if there exists M > 0 such that
|fu(t)] < M for all n and all ¢ € [a, b].
b) {fn} is equicontinuous if for any ¢ > 0 there exists § > 0 such that

t1,t9 € [a,b] and |t; — t5] < ¢ imply

‘fn(tl) - fn(t2>’ <€
for all n.

The following results gives the main method of proving compactness in

the spaces in which we are interested.

Definition 1.12 (Ascoli-Arzela, [15] ) If {f,.(¢)} is a uniformly bounded
and equicontinuous sequence of real functions on an interval [a, b],then there

is a subsequence which converges uniformly on [a, b] to a continuous function.

Remark 1.2 Let k£ and k5 be two strictly positive real numbers. The subset

F' of continuous real functions on [a, b], differentiable on |a, b[ which satisfy

|f ()] < ket sup[f'(c)] < ko,
for all t € [a,b] ,is relatively compact in C'([a, b], R).

Indeed, for all f € F, the finite increment theorem proves that for all ¢,

t € [a,b] there exists ¢ € |to, t][ such that

| () = f (o)l = [ ()] [t =t

so |f(t) = f (to)| < ka|t —to|, let’s fixe ty € [a,b]. Let ¢ > 0 and n = k:i’
2
then

Vt € [a, 0], [t —to] <= [f () = f(to)| <e

F is said to be "uniformly bounded" if and only if

Va € [a,b] ,{f (x), f € F} is bounded,

10
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which exactly is the equicontinuity of F' at ¢ty .As we can take for ¢y, any
point of [a;b], we deduce that F' is equicontinuous. We have |f (t)| < k; for
all f € F wich implies that || f (¢)]|, < k1

VfeF B(0k),

ie
Fc B (0,k),
hence the boundedness of F'.

Finally, as F' is bounded and equicontinuous, then the Ascoli-Arzela’s
theorem ensures that F' is relatively compact. But here we manipulate func-
tion spaces defined on infinite ¢-intervals. So, for compactness, we need an
extension of the Arzela-Ascoli theorem. This extension is taken from ( [18],

Theorem 1.2.2 p. 20 ) and is as follows.

Theorem 1.1 ([15] ) Let R* = [0,00) and let ¢ : Rt — R be a continu-
ous function such that q(t) — 0 ast — oo. If {¢,(t)} is an equicontinuous
sequence of R%-valued functions on Rt with |¢,(t)| < q(t) for t € RY, then
there is a subsequence that converges uniformly on R* to a continuous func-
tion ¢(t) with |o(t)| < q(t) fort € RT, where |.| denotes the Euclidean norm

on R?,

Proof. It is clear that set of functions {¢.(t)} is uniformly bounded on
R*. Thus, considering intervals [0, n], n a positive integer, and using a di-
agonalization process there is a subsequence, say {¢,(t)} again, converging
uniformly on any compact subset of RT to some continuous function ¢(t)
with |¢(t)] < ¢(t) for t € RT. Because ¢(t) — 0 as t — oo, it will now
be possible to show that ||¢, — ¢| — 0 as k — oo, where ||.|| denotes the

supremum metric on R*. From the definition of ¢(t), for any ¢ > 0 there is

11
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aT >0 with ¢(t) < e/2 if t > T, which yields
o (t) — P(t)] <2¢(t) <ecifkeNandt >T, (xx)

where N denote the set of positive integers. On the other hand, since {¢,(t)}
converges to ¢(t) uniformly on [0,7] as k — oo, for the ¢ there is a k € N
with

lpp(t) — ()| <ecifk>rkand 0 <t <T,

which together with (**), implies that ||¢, — ¢|| < e if & > k. This shows
that
|ér, — ol = 0 as k — oc.

Let us give an example for compact set: ( see Burton, [15] ). =

1.2 Fixed point theorems

Depending on the nature of the assumptions involved, we can divide fixed
point theory into two main branches fixed point and metric theory. Or, fixed
point and topological theory.

With respect to the metric approach, the most important metric fixed
point result is the Banach fixed point theorem (also known as the contrac-
tion mapping theorem or the contraction mapping principle). It was first
started by Stefan Banach in 1922. This theorem guarantees the existence
and uniqueness of fixed points of certain self maps of a metric space and
provides a constructive method to find those fixed points. Concerning the
topological branch, results are obtained using the topological properties of
set X. The main result is Schauder’s fixed point theorem which was stated
by Schauder in 1930. This theorem is a generalization of Brower’s fixed point

theorem. Although historically the two branches of the fixed point theory

12



Chapter 1. Fixed point Theorems

had separate development. In 1958, Krasnoselskii established that the sum
of two operators A+ B has a fixed point in a nonempty closed convex subset
M of a Banach space X, where one of them is a contraction and another one

is compact ( see below ).

1.2.1 Banach fixed point

In 1922, the Polish mathematician Stefan Banach established a remarkable
fixed point theorem, the famous contraction principle, which is one of the
most important results of the analysis. It is the most widely applied fixed
point result in different areas of mathematics and applications. It requires the
structure of a complete metric space with the contractive conditions on the
map which is easy to test in many situations. It has been generalized in many
different directions. Moreover, the proof of the Banach contraction principle
gives a sequence of approximate solutions and useful information as regards
the rate of convergence toward the fixed point. This is very important since a
fundamental principle both in mathematics and computer science is iteration.
Particularly, fixed-point iterations and monotone iterative techniques are the
core methods when solving a large class of abstract and applied mathematical
problems and play an important role in many algorithms.

Let describe this theorem.

Definition 1.13 Let f be a mapping in the set M. we call fixed point of f
any point x satisfying f(z) = z. If there exists such z, we say that f has a
fixed point, which is equivalent to saying that the equation f(z) —xz = 0 has

a null solution.

Theorem 1.2 ( Contraction Mapping Principle, Smart [71] ). Let (S, p) be

a complete metric space and let P : S — S. If there is a constant 0 < a < 1

13
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such that for each pair ¢, p, € S, we have

p(Pd1, Pdy) < ap(dy, ¢s),
then there is one and only one point ¢ € S with Pp = ¢.

Example 1.4 Let f(¢,x) be a continuous real-valued function defined for ¢
in the interval [0,7], and x in R. The Cauchy initial value problem is the
problem of finding a continuously differentiable function z on [0, T'] satisfying

the differential equation

o' () = f(t,2(t), t €[0,T]
2(0) = ¢

(1.1)

Proof. Consider the space C([0,77]) of continuous real-valued functions with

standard supremum norm and f is L—Lipschitzian with respect to x. Inte-

grating both sides of we obtain

z(t) = C—i—/o f(s,z,(s))ds.

We denote the function defined by the right side of the above by Px. Pre-

cisely,
(Pz)(t) = <+/0 f(s,z(s))ds.

Thus P : C([0,7] — C([0,77]), and a solution to corresponds to a fixed
point z of P . Observe that for any =,y € [0;7],

(Pr)(t) = (Py)(t)] = /Otf(s,x(sﬂds— Fls,y(s))ds

0
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It follows that
[Pz — Pyl < LT ||z —y|.

If LT < 1, then the result is immediate via the Banach Contraction Principle.

1.2.2 Schauder’s fixed point theorem

Definition 1.14 Let (X, d) be a generalized metric space.Asubset C' of X
is called compact if every open cover of C' has a finite subcover.A subset C'
of X is sequentially compact if every sequence in C' contains a convergent

subsequence with limit in C'.

Definition 1.15 A set C' of topological space is said relatively compact if
its closure is compact, i.e., C' is compact. The set C' is sequentially relatively
compact if every sequence in C' contains a convergent subsequence ( the limit

need not be an element of C' ), i.e., C is sequentially compact.

Definition 1.16 Let X Y be two generalized metrics spaces, K C X and
f K — Y be a an open operator. Then f is called:

(i) compact, if for any bounded subset A C K we have f(A) is relatively
compact or f(A) is compact;
(77) Complete continuous, if f is continuous and compact;

(77i) with relatively compact range, if f is continuous and f(K) is rela-

tively compact or f(K) is compact.

Theorem 1.3 ( Schauder’s first point theorem, Burton [15] ) Let M be a
nonempty compact convex subset of a Banach space and let P : M — M be

continuous. Then P has a fived point in M.

15
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Theorem 1.4 ( Schauder’s second fixed point theorem, Burton [15] ) Let M
be a nonempty convex subset of a normed space and let P : M — K where

IC is a compact subset of M. Then P has a fized point in K.

1.2.3 Krasnoselskii fixed point

The fixed point theorem of Krasnoselskii combined the two main fixed point
theorems, the Banach contraction mapping principle and Schauder fixed
point theorem into the following result. Firstly, we recall the theorem of
Schauder. Schauder’s theorems require compactness instead of complete-
ness and which yields a, possibly nonunique, fixed point. More precisely,
Schauder’s fixed point theorem shows us that a continuous map on a com-
pact convex subset of a Banach space has a fixed point. The next two results
are found in Smart [61] and Burton [15].

Krasnoselskii’s theorem may be combined with Banach and Schauder’s
fixed point theorems. In a certain sense, we can interpret this as follows: if a
compact operator has the fixed point property, under a small perturbation,
then this property can be inherited. The theorem is useful in establishing the
existence results for perturbed operator equations. It also has a wide range
of applications to nonlinear integral equations of mixed type for proving the
existence of periodic solutions. Thus the existence of fixed points for the sum
of two operators has attracted tremendous interest, and their applications are
frequent in nonlinear analysis. ( see [61] Smart, 1980;p.31 ).

Two main results of fixed point theory are Schauder’s theorem and the
contraction mapping principle. Krasnoselskii combined them into the follow-

ing result:

16
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Theorem 1.5 ( Krasnoselskii, see Burton [13] ). Let M be a closed
conver non-empty subset of a Banach space (X,|.||). Suppose that A and
B map M into X such that the following conditions hold

(1) Az + By € M, Vx,y € M;

(i1) A is continuous and AM is contained in a compact set;
(i13) B is a contraction with o < 1,

then there is a z € M, with z = Az + Bz.

Proof. According to the condition (ii7) we have

(I = B)x — (I = B)yl| Iz —y) = (Bx = By

< |z =yl + [|Bx — By
<z =yl +allz -y
= (I+a)llz—yl,

and

(I =B)x— (I =Byl = [(z—y)—(Bx— DBy

> |z =yl - [|Bx — Byl|
> |z =yl —allz -yl
= (1-a)llz—y|.

In short

(I =a)llz =yl <[I(l = B)z = (I = B)yll < (1 +a) [l —y]-

This inequality shows that (I —B) : M — (I —B).M is continuous and one to
one. Thus, (I — B)™! exist and is continuous. Let us pose U := (I — B)' A
It is clear that U is compact mapping, because U is a composition of a

continuous mapping with a compact. Under the theorem of Schauder, U has

17
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a fixed point, i.e.
Jz € M such that (I — B) ' Az=z.
This is equivalent to z= Az+Bz. =

Remark 1.3 If A = 0, the theorem can be summed up in Banach’s theorem

and if B = 0 then the theorem is none other than Schauder’s theorem.

In addition, an example is eventually analyzed to illustrate the effective-

ness of the proved results of Krasnoselskii theorem.

Example 1.5 For better understanding this observation, now, we analyze
an example to illustrate the application of Krasnoselskii fixed point theorem
for proving the existence of w—periodic solutions of the following differential
equation,

2'(t) = —a(t)z(t) — g(t, ), (1.2)

where a(t) = a(t + w), and the function g(¢, x) is periodic in ¢ of period w.

Proof. We can transform this equation in another form while writing, for-

mally

I/(t>€_ ya(s)ds _ —a(t)e_ Iy a(s)dsx<t) _ g(t, x)e_ I a(s)ds7
thus

$/<t)67 s a(s)ds + a(t)e* o a(S)dsm(t) — _g(t’ $)€f I a(s)ds7
or

t / .
(x(t)e— Ik a(s)ds) — g(t, )e et

then integrating from ¢t — w to ¢, we obtain

t

t u / u
/ (:L’(u)e’ lo a(S)ds) du = — / g(u’ .I')@i Jo a(s)dsdu’
t—w t

—Ww

18
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which gives
t
ZL'(t)G_ fot a(s)ds __ ZE((,U _ t)e_ I " a(s)ds — _/ g(u, ZL‘)B_ Jo a(s)dsdn,
t—w

or

t
2(t) = 2(w — t)e Jomralds _ / g(u,z)e I 0%y, (1.3)
t—w

If we suppose that e Jo-r®®) .= o and if (X, |I-]l) is a Banach space of
functions ¢ : R — X continuous and w— periodic, then the equation

can be written as

p(t) = (Be)(t) + (Ap)(t) == (He)(1),

where B is contraction provides that the constant o < 1 and A is compact
mapping. ®

This example shows the birth of the mapping Hy := By + Ap which is
identified with a sum of a contraction and a compact mapping.

Finally, let us indicate a very useful Theorem 2.1 when trying to prove

that the existence and positivity of a solution to some problem.

Definition 1.17 ( Krasnoselskii, [45] ) Let X be a Banach space and let )

be a closed, nonempty subset of X. ) is a cone if

i) au+ Pv € Q for all u,v € Q and all a, f > 0
i) u, —u € Q imply u = 0.
The proof of Krasnoselskii’s fixed point theorem stated below can be

found in [54].

Theorem 1.6 ( Bellman and K. L. Cooke [7] ) Let X be a Banach space,
and let Q C X be a cone in X. Assume that 0 and € are open subsets of
X with 0 € Qy, Q1 C Qs and let

PQQ(QQ\Ql)%Q,
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be a completely continuous operator such that either

i) [|[Pu|| < ||ul| for we QN oQy and ||Pul| > ||u|| for u e QN INy; or
i) [[Pul| > ||u]| for we QN 0o and ||Pul| < ||u| for u e QN INs.
Then P has a fixed point in 2N (ﬁg \ Ql) )

20



CHAPTER 2

Retarded functional differential equations with

applications
Contents
[2.1 Basic concepts of delay differential equations|. . 22
[2.2 Neutral delay differential equations| . ... ... 28
2.3 Method ofsteps|] . ... ............... 30

his chapter provides background material necessary for the rest of the
Tdissertation. Some preliminaries and basic definitions are given for de-
lay differential equations. Strictly speaking, a delay differential equation is a
specific example of a functional differential equation, in which the functional
part of the differential equation is the evaluation of a functional on the past
of the process. Like ordinary differential equations, delay differential equa-

tions have several features which make their analysis more complicated. The
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Chapter 2. Retarded functional differential equations with applications

survey of the theory related to delay differential equations can be found e.g.

in books, [4], [15], [7], [25], [26] — [37], [46] — [43].

2.1 Basic concepts of delay differential equa-
tions

Motivation

The questions have been asked by many researchers “Why study this sub-
ject?” Why study differential equations with time delays when so much is
known about equations without delays, and they are so much easier? The
answer is because so many of the processes, both natural and manmade, in
biology, medicine, chemistry, physics, engineering, economics, etc., involve
time delays. Like it or not, time delays occur so often, in almost every sit-
uation, that to ignore them is to ignore reality. To clarify more, we give
a biological system in which the present rate of change of some unknown

function depends upon past values of the same function.

Real example of delay differential equation

To have a better understanding and reading of this section, we will focus
on a simple real example. The goal is to help the reader to understand the
most relevant aspects of delay differential equations. The following is an
example presented in [4]. Imagine a biological population composed of adult
and juvenile individuals. Let N(t) denote the density of adults at time ¢.
Assume that the length of the juvenile period is exactly A units of time for
each individual. Assume that adults produce offspring at a per capita rate

a and that their probability per unit of time of dying is u. Assume that
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a newborn survives the juvenile period with probability p and put t = ap.
Then the dynamics of N can be described by the linear delay differential
equation

d

(1) = —uN(t) = rN(t = h), (2.1)

which involves a nonlocal term, N (¢t — h) meaning that newborns become
adults with some delay. So the time variation of the population density N
involves the current as well as the past values of V. Equation describes
the changes in N.

With deeper study and understanding of population dynamics, people
started to consider introducing state-dependent delay into population mod-
els, as was pointed out in Arino et al. [4].

In the context of population dynamics, the delay arises frequently as the
maturation time from birth to adulthood and this time is in some cases a
function of the total population.

Mathematical point of view:

To determine a solution past time ty, we need to prescribe the value of
N (to — h). Suppose we have the initial value N (to — h). Once we advance,
say to N (e), with ty < € < tp+h small, notice that to calculate the derivative

at £ = ¢ so that we can advance the next step, we need to know

d
ZN(E) = —uN(e) = rN(z = h),

where € — h € (t9 — h,tp). In this manner, we realize that we need to know
the values of N(.) on the whole interval [tg — h, to]. If we do not specify these
values, we obtain an unsatisfactory notion of uniqueness, as the following

example
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21 (t) = sin [g (t+ %)} and 5 (1) = cos [g <t+ %)} ,

are both solutions to the above equation at ¢ty = 0. But if we specify the

Here

initial behavior on the interval [—1,0], we obtain that only one solution
exists to each delay differential equations, by the existence-uniqueness result
in Theorem 2.1 that we give below.

Clearly, to begin with, an initial value problem requires more information
than an analogous problem for a system without delays. For an ordinary
differential system, a unique solution is determined by an initial point in
Fuclidean space at an initial time to. For a delay differential system, one
requires information on the entire interval [tq — h, to]. Each such initial func-
tion determines a unique solution to the delay differential equation. If we
require that initial functions be continuous, then the space of solutions has
the same dimensionality as C'([to — h, to], R).

In the next section, with the previous discussion as a guide, let us now

define the DDEs problem for a given initial function.

2.1.1 A general initial value problem

Suppose 7 > 0 is a given real number 7 > 0, denote C([a, b], R"), the Banach
space of continuous functions mapping the interval [a,b] into R™ with the
topology of uniform convergence. We will denote the Euclidean norm of a
vector € R™ as |z| from now on in order to avoid confusion with another
norm we shall use. If [a,b] = [-7,0], we let C=C ([-7,0],R") and designate
the norm of an element ¢ in C' by

el == sup |@(0)].

—7<0<0
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Let c e R,A>0and z € C([oc — 7,0 + A],R"), then for any ¢ € [0,0 + A],
we let x; € C, be defined by

rp=x(t+0) for —7<6<0.

Definition 2.1 ( [37] ) If Q is a subset of RxC, Let f : R x C — R”
is a gwen function and represents the right-hand derivative, we say that the

relation

' (t) = [t z),t =0, (2.2)

and T, = @,

15 a retarded functional differential equation and we will denote this equation

by DDEs.

Definition 2.2 ( [37] ) A function x is said to be a solution of if there
are 0 € R, A > 0 such that v € C([oc — 7,0 + A],R"™), and x satisfies
for t € [o,0 + A]. In such a case we say that x is a solution of on
[0 — 7,0+ A] for a given 0 € R and a given ¢ € C' we say that x = x(0, ),
is a solution of with initial value at o or simply a solution of
through (o, ) if there is an A > 0 such that x(o, ) is a solution of
on [0 — 71,04+ A] and z,(0, ) = .

Equation is a very general type of equation and includes ordinary
differential equations ( 7 = 0 ). Although the structure of these equations is
similar to ordinary differential equations, the crucial difference is that a delay
differential equation ( or a system of equations ) is an infinite dimensional
problem and the corresponding phase space is a functional space usually the

space of continuous functions is considered.

Remark 2.1 The quantitie 7 > 0, is called the delay. The delay may be
constant, function 7 (¢) of ¢ ( time-dependent delay ), or function 7 (¢, z(t))

( state-dependent delay ).
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Definition 2.3 Fquation 15 called:

i) linear if f (t, ) = L(t, ), where L is linear in .

ii) nonhomogeneous if f(t,p) = L(t,¢) + h(t), where h(t) # 0, it is
called homogeneous if h = 0.

iii) autonomous if f(t,¢) = g(v), where g does not depend on t.

Equation (2.2)) is a very general type of equation and includes differential-
difference equations. To be more explicit we give some classes of equations
that can be expressed by (2.2)), we have equations with a fixed delay ( the

simplest possible case ) such as

o (t) = f(t,2(t), x(t — 7)),

or nonlinear nonautonomous differential equations with multiple time varying

delays on the same state x

o' (1) = f (& a(t),z(t =71 (1), 2(t = 75 (1)),

with 0 < 7;(¢) < 7 for all i = 1,...,p. We also have integrodifferential
equations with a distributed delay
0
o0~ [ gttt o).
where we see how in the integration process we need to know the values of x

in [t — 7,t] for each ¢t where the vector field is defined.

2.1.2 Existence and uniqueness theory

The existence and uniqueness theory for delay equations can be derived from
the more general theory of functional differential equations. Since we intend
to consider only equations of the form (2.2)) we will not make use of the

full generality available. Nevertheless, the more general theory leads to a
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presentation that is simpler and also benefits from an analogy with similar
results in the theory of ordinary differential equations.

We now state the basic theory of DDEs.

Lemma 2.1 ([37] ) Let 0 € R and ¢ € C be given and f be continuous on
the product R x C. Then, finding a solution of equation through (o, v)

15 equivalent to solving the integral equation:

x(t):SO(U)—l-/tf(S,xs)deO?“tza, and x5, = @

Lemma 2.2 ([37] ) If z € C([oc — 7,0 + A],R"), then, x; is a continuous
function of t fort € [0 — 1,0+ A|.

Proof. Since x is continuous on [0 — 7, 0 + A], it is uniformly continuous and
thus Ve > 0, 3§ > 0, such that |z(t) — z(s)| < € if |t — s| < §. Consequently
for t,s in [o,0 + A], |t —s| < §, we have |z(t+0) —z(s+0)] < &,Vl €
[—7,0]. m

The existence and uniqueness of the solutions of DDEs are given by the

following Theorems.

Theorem 2.1 (Local existence, [37] ) Suppose Q is an open subset in R x C

and f : Q — R is continuous. For any (o, ) € Q, there exists a solution of

equation through (o, ).

Definition 2.4 ( Lipschitzian, [37] ). We say f(t,¢) is Lipschitz in ¢ in
a compact set K of R x C' if there is a constant k > 0 such that, for any
(t, 802) € K,Z - 1,27

|f(t 1) — f(t,02)| < K loy — .

Theorem 2.2 (Eristence and uniqueness, [45] ) Suppose Q is an open set

inR x O, f:Q— R is continuous, and f(t, o) is Lipschitzian in ¢ in each

27



Chapter 2. Retarded functional differential equations with applications

compact set in Q. If (to,©) € Q, then there is a unique solution of Eq.
through (to, ¢).

Proposition 2.1 . If f is at most affine i.e. f(t,p) < a+ blp|, with
a,b > 0, then there exists a global solution of the equation i.e. Y, the

solution x(0, ) is defined on [A, 0.

In the following we also require continuous dependence of solutions on
initial conditions, for which the following theorem gives a result analogous

to that for ordinary differential equations.

Theorem 2.3 . Suppose x is a solution through (ty, @) of the equation
and that it is unique on [to—7, B]. If {(tn, ¢,))} C RxC' is a sequence such that
(tn, pn) — (to, ) as n — oo, then for all sufficiently large n every solution

x,, through @, exists on [t, — 7, (], and x, — x uniformly on [ty — T, 3].

2.2 Neutral delay differential equations

Now are ready to give the definition of an other class of delay differential

equations so-called the Neutral delay diffferential equations (NDDEs).

Definition 2.5 [37] Suppose that R x C is open with elements (t,¢). A
function D : Q — R" is said to be atomic at B on Q if D is continuous
together with its first and second Fréchet derivatives with respect to ; and

D, the derivative with respect to ¢, is atomic at 3 on Q.

Definition 2.6 [37] Suppose that Q@ C R x C is open, f : Q@ — R*, D : Q —
R"™ are given continuous functions with D atomic at zero. The equation

dD

o (t,zy) = f(t,zy), (2.3)

is called the neutral delay differential equation NDDE (D, f).
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If the delayed argument occurs in the highest order derivative of the state
we call it neutral functional differential equation.
The following equations are some examples of neutral differential equa-

tions

Example 2.1 [37] If 7 > 0, B is an n X n constant matriz, D (p) = ¢ (0) —
By (—7), and f : Q — R" is continuous, then the pair (D, f) defines an
NDDE,

d
7 [z (t) — Bz (t —7)] = f(t,x).

Example 2.2 [37] If 7 > 0, z is a scalar, D (¢) = ¢ (0) —sin(—7), and
f:Q — R" is continuous, then the pair (D, f) defines an NDDE,

d
pr [z (t) —sinz (t —7)] = f(t,2). (2.4)
Remark 2.2 Note that when x is continuous differentiable, 1S equiva-

lent to

!

()= (cosz(t—T)) & (t—7) = f(t, ;).

Definition 2.7 [37] A function x is said to be a solution of on [o —
7,0 + A] if there are 0 € R and A > 0 such that

v €C(lo—T1,0+ALR"), (t,2;) €Q, t € [o,0+ A,

D (t, ;) is continuously differentiable and satisfies equation on [o,0+
A]. Fora giventy € R, 0 € C, and (o, ) € Q , we say x(t,o,¢) is a solution
of equation with initial value ¢ at o or simply a solution through (o, )
if there is an A > 0 such that x(t,o,p) is a solution of equation on
[0 — 71,0+ A] and z,(0,¢) = p; we say x(t,o,) is a solution of on
[0 — 7,00), if for every A > 0, x(t,0,¢) is a solution of equation on

[0 — 7,04+ A] and z,(0,p) = ¢.
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Theorem 2.4 ( Existence, [45] ) If Q is an open set in R x C and (1o, @) €
Q, then there exists a solution of the NDDE (L, f) through (to, ).

Theorem 2.5 ( Ezistence and Uniqueness, [48] ) If Q is an open set in
R x C and f: Q — R" as Lipschitz in on compact sets of Q, then, for any
(to, p) € Q, there exists a unique solution of the NDDE (D, f) through (o, p).

2.3 Method of steps

It is known that the exact solution of delay differential equations can be
found just in some special cases. There is no unified approach to solve the
delayed differential equations, even in the linear case. The theory of ordinary
differential equations gives various methods to obtain analytical solution (e.g.
the variation of constants method, the separation of variables method and
others). But these methods are inapplicable dealing with delay differential
equations. Hence qualitative and numerical analysis of these equations gather
great importance. The method of steps was first proposed by Bellman and
Cooke [7]. This approach, furnishes a method of finding explicit solutions.
The desired solution is found on successive intervals by solving ordinary dif-
ferential equations without delays in each interval. As an illustration to this
approach, consider the DDE:
' (t) = f(t,x(t),z(t —7)),t > to
z(t) =y (t), to—7 <t <ty

(2.5)

For such equations the solution is constructed step by step as follows:
Given that a function ¢ (t) continuous on [ty — T, to], therefore one can
obtain the solution in the next step interval [to, to+7] by solving the following

ordinary differential equation:

2'(t) = f(t, z(t), go(t — 7)) = go(t, 2(t), for to <t <to+7.
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Under suitable hypotheses on g, existence and uniqueness of a solution of
this equation (hence a solution of (2.5))) on [ty — T, ] can be established.
Denoting this solution by ¢, (¢) and restricting equation (2.5|) to the interval

[to + T,to + 27], we find the ordinary differential equations
a'(t) = f(t,z(t),1(t = 7)) = qu(t, x(t) for to + 7 < t < to + 27,

with the initial condition z(to+7) = ¢;(to+7), for which we can again estab-
lish existence and uniqueness of a solution ¢,. Thus we have now extended
the solution x to the interval [ty + 7, to + 27|, and we now have a formula for
x(t) when t € [tg — 7,t0 + 27].

In general, by assuming that ¢, _,(¢),V(k = 1,2,...) is defined on the
interval [to + (k —2)7,to + (k — 1)7], then, one can find the solution ¢, (t) to

the equation:
2 (t) = f(t,x(t), op_q(t — 7)), for tg+ (k— 1)1 <t < to+ kT,

with the initial condition z(tg + (kK — 1)7) = ¢, _4(to + (kK — 1)7). We can
continue this process indefinitely, showing that the uniquely defined z(t)

exists on [ty — 7, 00).

Remark 2.3 The method of steps can be extended to differential equations
with other types of delays, such as multiple delays, variable delay and even
state dependent delay or for neutral systems. The difficulty is to locate the

primary discontinuities.

2.3.1 Primary discontinuity of delay differential equa-
tion

Definition 2.8 [26] If the solution of a DDE and its derivatives of order p

are continuous at some point in the time interval, but the derivative of order
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i+ 1 is not, then such a point is called a primary discontinuity of the given

problem.

Theorem 2.6 [26] The points §, := ut the primary discontinuities of prob-
lem . More precisely, ") is continuous at & . but W) s, in general,

not, even if the functions @ and f have continuous derivatives of all orders.

Proof. See [26]. Note that, as ¢ increases, the solution becomes smoother.
In fact, at the initial point ¢ = 0, the first derivative 2/(t) has a primary

discontinuity, since the integrable equation

:L’/(t) = f(t,l’(lf),(p(t - 7_>>7t € [077_] )

may satisfy the condition z(0) = ¢(0), but it is unlikely to satisfy the
additional condition 2/(0%) = ¢’(07). Only for special choices of the ini-
tial function ¢(t) is it possible to guarantee continuity of the derivative

of the solution at point 0, for such a function must satisfy the condition

@'(07) = f(0,(0),p(=7)). =

Example 2.3 We illustrale this method by using the special cases of equation

(2.9), the following is an example presented in ([37]), canada 1998, Let

2(t) = ax(t—71),t€[0,+00)

z(t) = 1,t€[-1,0],

where a is positive constant. Using the method of steps, it is easy to see that
the solution x (t) is a piecewise polynomial. On each subinterval [iT, (i + 1)7],

x (t) is an (i + 1)-th. order polynomial, i.e.,
il
a’ : -
z(t) = Zﬁ@ —(j—17),ieN.
j=1
It is also clear that integer multiples of T are primary discontinuities for this

particular problem.

32



Chapter 2. Retarded functional differential equations with applications

As a generalization of (2.5)), we consider
2(t) = f(t,z(t), z(t — 7 (), 2" (t — 7 (1)), t € [0,a],
where t— 7 (t) is a strictly increasing function and

O0<7(t)<t,a=inf{t—7(t)}.

t>0

Remark 2.4 The method of steps can be extended to delay differential equa-

tions with additive noise term ( see chapitre 3).
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CHAPTER 3

Impulsives differentials equations

Contents
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mpulsive differential equations appear as a natural description of observed
Ievolution phenomena in several real world problems. There are various
good monographs on impulsive differential equations [16, 17, 50, 63]. Many
processes studied in applied sciences are represented by differential equations.
However, the situation is quite different in many physical phenomena that
have a sudden change in their states. For instance, mechanical systems with

impact, population dynamics, mathematical economy, chemical technology,
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electric technology, chemistry, engineering, control theory, medicine, etc.
The theory of impulsive differential systems is an important branch of the
differential equations field. Over the last decades, there has been a significant
development of this theory, but in spite of its importance, this development
has been quite slow due to the special features of impulsive differential equa-
tions in general, such as pulse phenomena, Model for Marek’s Disease (see,
for instance, [60]). An impulsive differential equation is described by three
components: a continuous-time differential equation, which governs the state
of the system between impulses; an impulse equation, which models an im-
pulsive jump defined by a jump function at the instant an impulse occurs;
and a jump criterion, which defines a set of jump events in which the impulse

equation is active ([16]).

3.1 Modeling a problem of impulsive differ-

ential equation

3.1.1 Example ( Administering drug):

Suppose there is a patient who requires a minimum amount of drug in their
body for treatment to be efective. If the patient is initially given a concen-

tration of D.see [60]
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Day 0 Day 1 Day 2 Day 3 Day 4 Day 5

I S . S E—

‘ . Drug Administered Drug Concentration ‘

Figure 3.1: Schematic for the daily administering of a drug. the faded
yellow signi es a loss in concentration within the body.

Of the drug, we can model the decaying concentration within the patient’s
body over time with a differential equation (also see Figure (3.1)). If we
assume that the concentration of drug decays exponentially at rate k, then
the differential equation [3.1] models the rate of change of drug concentration
within the body over time.

dx (t)
dt

= —kx(t), (3.1)
where t is time in hours. The solution to the differential equation [3.1] is:
x(t) = De ™. (3.2)

The solution curve z(t) models the concentration of drug within the body
over time (see Figure (3.2)) and can be used to determine how much of the
single dose, D, is left in the patient’s body at a given time. Of course the
model as it stands is not capable of investigating more than a single dosage
of drug. We could of course incorporate the intake of drug directly into
the differential equation [3.1], but if we were to do this, there would be the

underlying assumption that the drug was being administered continuously.
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Many drugs are not consumed continuously, but instead

Concentration

Time

Figure 3.2: Solution curve for the differential equation representing
exponential decay in drug concentration.

They are ingested at consecutive moments in time. We need to show
incorporate the consecutive administering of drug into the model. This will
be the “impulsive“ component of the model Suppose a dose of the same

concentration, D, is given at the moments of time:
0<t; <ty <ty <ity<---<tp,,

where t, is the time in which the nth dose, and nal dose is given. The
immediate change in concentration of drug within the body upon taking the

dose can be modelled as:
v(tf)=x(t;)+D whent=¢t;, i=1,2,...

Notice that we have introduced a new notation, superscripts (+) and (—).
The impulsive condition, taking the drug, occurs instantaneously, but is de-
scribed by a mapping. Therefore the superscript (—) signies the concentra-

tion of drug directly.

37



Chapter 3. Impulsives differentials equations

x(t7) x(t) x(tf)
D
c
S
<
=
@
g
3
x(t7) x(ts)
x{tf]
to t t. t
Day 0 Day 1 Day 2 Day 3

Figure 3.3: Piecewise continuous solution curve for impulsive differen-
tial equation describing periodic drug in take.

Before the change in state while the superscript (4) represents the con-
centration of drug directly after the change in state. By combining both
the differential equation and the impulsive condition, we arrive at the simple

impulsive differential equation:

dz(t

Zgg) = —kx(t), for t #t,,

s(t)=a(t;)+D, fort £t i=12..., (3.3)
z(0) =D,

Figure (3.3) is an example of a numerical solution to model and in Table
(3.1) we have calculated the concentration of drug at the moments directly
before and after impulses (i.e. directly before and after the drug is ingested),
under the assumption that the intervals, ¢;,; —t; = T are all the same. Note

that T' could represent 24 hours but we will leave it as 7' to be more general.
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Time concentration before impulse x (t_) concentration after impulse z (t+)

Day 0 D

Day 1 De~ Tk De T8 + D

Day 2 De 2Tk 4 De~ Tk De 2T 4 De Tk 4 D

Day 3 D€—3Tk + De—QTk 4 De—Tk De—3Tk: 4 De—QTk 4 _De_Tk 4 D

Table 3.1: Concentration of drug within the body at the moments di-
rectly before and after impulse every day and under the assumption that
drug is taken every T" hours exactly.

The concentration of drug before the impulse is determined by the dif-
ferential equation. The concentration after the impulse is determined by
the impulsive condition and is exactly one dosage, D, greater. Take note of
the expressions above, which could be simplifed.They are left in this form
to illustrate what remains of any particular dose consumed previously. For
example, what remains of the initial dose D on day three is De™3"*. As you
can see from the pattern in Table (3.1) in general the concentration of drug

at the start of the mth day, prior to administering is:
z (t,,) = DZe’jT’“, (3.4)
j=1

Proof. We will prove [3.4] by induction. Consider the drug concentration at

the moment before impulse on day 1 (m = 1). According to [3.4] we have:

1
T (tf) =D Z eIk — De’Tk,
j=1
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which is exactly what we have in Table (3.1), so is true for m = 1. Now,
let h € Z* and suppose is true for m = h. According to the impulsive
differential equation model (3.3), the drug concentration at time ¢, , (i.e.
m=h+1) is:
h
x (t;H) = (D Z e 9Tk + D)e™*k,
j=1
i.e. an additional dose of D was taken and the entire new concentration

decayed according to the differential equation. We can simplify the above:

h
z (t,;rl) = (D Z eIk 4 D) e Tk

J=1

h
= D Z e ITkeTk 4 De=Tk

=1

h
_ Dzeka(jJrl) 4 De Tk

j=1
h+1

_ Dze—Tkj 1 De Tk
j=2
h+1

_ —jTk
= D g e ,
=1

thus holds for m = h+ 1 and this concluding the proof.The solution,
gives us the minimum concentration of drug on any particular day and can
be used to investigate best practices which minimize waste and maintain an
e ective dosage within the patient. Of course this simple example does not
require an impulsive differential equation to answer these questions, but it is
my hope that it has familiarized the reader with the model structure as we

move forward. =
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3.2 Classes of Impulsive Differential Equa-
tions

There are three classes of impulsive differential equations see [60]:

Class 1: Equations with fxed moments of the impulse effect

dz
E = f (t7 I) ) t 7é 172
Ar = Ik (ZE) s t = tk. (35)

The impulse is fixed before hand by defining the sequence ty, : t, < tx11, (k € k C Z).
For t € (tg,tr+1] the solution z (t) of equation satisfies the equation

d
d—f = f(t,x), and for t = t; satisfies the relation

w (t) = (t;) + In (z (1)) -

Class 2: Equations with state-dependent moments of the impulse effect

dx
T f@z) t#t(x)

where t; : Q@ — R and ¢, < tp1(k €k CZ,x € Q). The impulse occurs
when the mapping point (¢, ) meets some hypersurface o of the equation
t= tk ($) .

Class 3: Autonomous impulsive equations

dx
- = fl@), zdo

Azx = Iy(z), z€o, (3.7)

where o is an (n — 1)— dimensional manifold contained in the phase space

2 C R™.The impulse occurs when the solution x(t) meets the manifold .o.
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3.2.1 Space of piecewise continuous functions

First at all, we give the definition of a piecewise continuous function followed

by two illustrative examples.

Definition 3.1 (t;),.y be a strictly increasing sequence of real numbers in

I = |tg, +00], such as
|t| — oo when k — oo,k € N.

We say that the function g : I — R belongs to the space PC(I,R) if:

— g 1is continuous on each interval |tg,tyi1].

— g 1s continuous on each interval |tg, tii1].

— g has a right limit g(t}) = limy_+ g(t) and g(t;) = limt;g(t) exists
such that g(t;) = g(tx).

Similarly, ¢ is said to be in the space PC'(I,R) if g and ¢’ belong to
PC(I,R). Since the solution of an impulsive differential equation are piece-
wise continuous, then the appropriate functional space for such solutions is

the piecewise continuous function space defined by:
x : I — R is continuous everywhere exept for ¢t = t; where
PC(I,R) =
x (t;) et = (t,;) Jk=1,2,...,m exist and x (t,;) =z (tx)
for example, let the function g defined by:
git)=t+1, sit #n,

g(n*) = g(n) +2.
3.3 Impulsive differential equations with fixed
moments

Definition 3.2 ( Description of impulsive systems ) A differential equation

Impulsive represents a combination of a continuous process described by
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an ordinary differential equation and instantaneous jumps in state called
impulses. In this dissertation, we are interested for impulsive equations with

fixed impulses, of the form:

o (t) = f(z(t),t #t,
() =1(x(t)),keN, (3.8)
(

where f : Q@ C R" — R”, with is a domain of R", [ : @ C R" — R" are

continuous functions. Any solution xz(t) of the system verifies:

- tl_ig1+x (t) = o = x(0T).

— when t €]ty, +o0[, t # t; so 2'(t) = f(x(t)).

—x2(t;) = x(t;) and z(t}) = I(x(t;)),7 € N.

Let I C R be an interval, and denote by PC(I,R") the set of operators
x : I — R which are continuous for t € I, t # t; and have discontinuities of
the first kind at the points ¢, € I, (k € N*) but are continuous from the left
at these points.

We summarize in the following definition that will be needed in the last

chapter.

Definition 3.3 (see [33] [50] ) A function x : R — (0, +00) is said to be a
solution of if the following conditions are satisfied:

1) z (t) is absolutely continuous on each (tg,tgi1);

2) for each k € N*, z (t}) and z (t;) exist and x (t;) = = (tx);

3) x (t) satisfies the first equation of 3.9 for almost everywhere in R and
x (ty) satisfies the second equation of at tmpulsive point ti, k € N*.

43



Chapter 3. Impulsives differentials equations

3.3.1 Explicit solutions of impulsive differential equa-

tions

We present here two examples to illustrate how to solve this type of equation

explicitly, (see [66]).

Example 3.1 We consider the following linear impulsive differential equa-

tion
o' (t) = ax(t), sit €lt,, tpia],n €N

z(th) = z(t,) + 5, avec a, f € R, (3.9)
z(07) = xo.
To find the solution of the system [3.9] it is necessary to solve the equation

on each subinterval |t,,t,.1]:

—if ¢ €]0, 4], so,

x(t) = zoexp(at).
—if t €]ty, 2], we know that,
x(t]) = moexp(aty) + 3,

S0,

2(t) = a(ty)exp(t —t,)

= (zoexp(aty) + B)exp(a(t —t1)).

—if ¢ €]tq, t3], from the above, we have,

z(t3) = zoexp(atz) + Bexp(ta — t1) + 3,
S0,

2(t) = a(t)eap(t —t2)

= xgexp(at) + Bexp(t — t1) + Bexp(a(t — t3)).
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Similarly, on |t,, t,.1], we obtain,

x(t) = xoexp(at) + Pexp(a(t —t1)) + Pexp(a(t —ta)) + ... + Bexp(a(t —t,)).
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Eliii]
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timet
Figure of the exact solution of the system ( 3.9)

Example 3.2 see [66]

¥ (t) =a, if t €lt,, thi1],n €N,
z(t}) = Bx(t,), where a, 5 € R, (3.10)
z(0) = x.
By solving the system on each sub-interval |t,,t,+1], we find:
—1If t €]0, t4], so,
x(t) = at + xo.

—If t €]tq,ts], we have,
z(t]) = Blaty + x0).
S0,

w(t) = aft—t)+ ()

= Oé(t — tl) + ﬁ(oztl + ZL'()).
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— If t €]ta, t5], we have,
z(t3) = aB(ty — t1) + B> (aty + x0).
Then, we find,
z(t) = ot — ty) + aB(ty — 1)) + B> (at; + xp).
By repeating the process, we get
z(t) = at—t,)+af(ty—tn_1)+af(tn_i—tn_s) ... 8" (ta—t1 )+ 8" (at1+20),

when t €]t,,, t,11].
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Figure of the exact solution of the system (3.10)

3.3.2 Local existence and uniqueness

In this paragraph, we will give the theorem which ensures the local existence

and the uniqueness of the solution of the system see [6]

Theorem 3.1 If the function f is continuous on 2 C R™, then for any

wnatial condition xq, there exists an o > to such that
x|ty — a,to+ af = R”,

is a solution of system[3.8 Moreover, If f is locally Lipschitz in x, then this

solution is unique.
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Positive periodic solutions for n-species Lotka-Volterra

competitive systems with variable delays and impulses
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In this chapter, we expose results published by Benhadri and Caraballo in
[9]. When we construct appropriate maps and use Krasnoselskii’s fixed
point theorem in a cone of a Banach space to show the existence of a posi-

tive periodic solution for n-species Lotka-Volterra competitive systems with
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variable delays and impulses. Easily verifiable sufficient conditions are estab-
lished. We discuss our problem in two situations: when the impulse functions

are subquadratic and when they are sublinear.

4.1 Short biographies of Lotka and Volterra

The equations which model the struggle for existence of two species (prey and
predators) bear the name of two scientists: Lotka and Volterra. They lived
in different countries, had distinct professional and life trajectories, but they
are linked together by their interest and results in mathematical modeling.

Lotka’s work in mathematical demography began in 1907 and continued
until 1939. In 1920 , where he proved by his model that undamped, perma-
nent oscillations arise in biological systems.

In 1926 he published a paper in the field of bibliometrics, studying the
number of scientific publications in specific fields. His ideas eventually con-
tributed to scientometrics — the scientific study of scientific publications.

Lotka published almost a hundred articles on various themes in chem-
istry, physics, epidemiology or biology, about half of them being devoted to
population issues. He also wrote six books. He began this study in1884
and in 1896 he published papers on what is now called integral equations of
Volterra type. The theory of functionals as a generalization of the idea of
a function of several independent variables was developed by Volterra in a
series of papers published since 1887 and was inspired by the problems of
the calculus of variations. These papers initiated the modern theory of func-
tional analysis, the name functional being introduced later by Hadamard.
In 1892, he became professor of mechanics at the University of Turin and

then, in 1900, professor of mathematical physics at the University of Rome
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La Sapienza, (see [5]).

Volterra turned his attention to the application of his mathematical ideas
to biology, principally reiterating and developing the work of Pierre Francois
Verhulst. In the , he studied the ecological problem of a predator popula-
tion interacting with the prey one. In the following years he published more
results, intended to arrive at a mathematical theory of the struggle for exis-
tence. A considerable part of the work of Volterra in the latter part of his
life was devoted to the applications of mathematics to biology. The subject
of these investigations was mainly the study of biological associations of an-
imals of different species living together. In other words he was interested
in a mathematical theory of the "survival of the fittest." While there are
today other methods of a stochastic nature, the work of Volterra still exerts
a dominant influence on several modern and quite recent developments in
mathematical biology.

The work of Lotka and Volterra overlapped in the discussion of preda-
torprey interaction . The problem was discussed by Lotka in 1920 and by
Volterra in 1926, their conclusion being the same, that the interaction of
the two species would give rise to periodic oscillation in their populations.
Volterra acknowledged Lotka’s priority, but he mentioned the differences in
their papers. They even exchanged some respectful letters. In the case of the
predator-prey interaction, the priority of Lotka was firmly established, and
the equations with periodic solutions are called Lotka-Volterra equations.
Volterra produced more general equations, for more than two species and
considering also their interactions in the past. For worked examples of such
equations, (see [5]).

Simple population Models

The simplest mathematical model of population growth assumes that the
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rate of increase of population is proportional to the size of population at any
time. Let us denote by P(t) the population at the time ¢ and by k a positive
constant, (see [5] ). Then

dP
— = kP,
dt ’

which gives by integration
P(t) = Poexp(kt),

where P, denotes the population at the time ¢ = 0. This law is called
the Malthusian growth model and predicts an exponential growth in the
population with time. It describes pretty well what happens for certain
bacteria or cultures of cells for a short time.

A more realistic model is

dP
— =(B—-D)P
dt ( ) Y

where B(t) and D(t) denote the birth rate and death rate per individual,
respectively. The exponential law corresponds to the case B(t) = k and
D(t) = 0. Let us assume that the birth rate per individual remain constant,
while the death rate per individual is directly proportional to the existing
population.

We obtain

where By and D, are positive constants. We can write the equation in a

dP P
E—T(l—E)P,

B
where r = By and C' = HO. Its solution is
0

simpler way

CPFy

P(t) = Py+ (C — Py)exp (—rt)’
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where Py = P (0).

LOTKA-VOLTERRA EQUATIONS

The first and the simplest Lotka—Volterra model (or predator-prey) in-
volves two species. One of them (the predators) feeds on the other species
(the prey), which in turn feeds on some third food available around. A
standard example is a population of foxes and rabbits in a woodland. The
assumptions about the environment and evolution of the predator and prey
populations see [5] are:

- The prey population have an unlimited food supply at all times.

- In the absence of predators, the prey population x would grow pro-
portionally to its size, dx/dt = ax,a > 0. The coefficient o was named by
Volterra the coefficient of auto-increase. (This Malthus-type equation gives
by integration the geometrical law of increase x(t) = xoexp(at)).

- In the absence of prey, the predator population y would decline propor-
tionally to its size, dy/dt = —yy,v > 0. (By integration we get in this case
y(t) = yoexp(—~t), meaning the final extinction of this population).

- When both predator and prey are present, a decline in the prey pop-
ulation and a growth in the predator population will occur, each at a rate
proportional to the frequency of encounters between individuals of the two
species (—fzy for prey, oxy for predators,3,d > 0).

When the interaction rate is adjoined to the natural rate, the prey equa-
tion becomes

dx

=~ az - Bay,

dt
and may be interpreted as: the change in the prey’s numbers is given by
its own growth minus the rate at which it is preyed upon. Similarly, the
predator

dy

AN 5
dt VY + oy,
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where dzy represents the growth of the predator population. Hence the equa-
tion expresses the change in the predator population as growth determined

by the food supply, minus natural death.

4.2 Existence of positive periodic solutions

A qualitative analysis such as periodicity, positivity of solutions of delay
differential equations has been studied extensively by many authors. Indeed,
a famous model for population dynamics is the Lotka-Volterra competition
system. Due to the various seasonal effects present in real life situations,
it is reasonable and practical to study Lotka-Volterra competition systems
with periodic coefficients ( see [8],[22],[32],[38],[47],[48],[49], [67], [51], [53]-
[65], [73]). The existence of positive periodic solutions of delay differential
equations with or without impulsive effects has been an object of active
research. Some appropriate references are ,[42], [41], [8], [49], [67],[53] ,[65]
, [61],[73] . In particular, Tang and Zhou [64] investigated the existence of

positive periodic solutions of the following system with variable delays,

by using Krasnoselskii’s fixed point theorem. By the same method, Zhang
et al.[73] investigated the existence and global attractivity of positive peri-

odic solutions of 3-species Lotka-Volterra predator-prey systems with infinite

o4



Chapter 4. Positive periodic solutions for n-species Lotka-Volterra competitive
systems with variable delays and impulses

delays given by

(

#4(t) =21 (1) (11 (0) = e (2 () = enlt) [, Kiz (s = 1) 23(s)ds
+ eiat) 1o Kug (s = £) ag(s)ds)

#4(t) = 5 (1) (72 (6) = exn (1) [' o, Kon (5 = 1) :vl( s — cas()a(t)
+ cos(t f Kos (s —t) x3(s)ds

24 (t) = 3 (t) (rs (1) + () [ Kr (5 = 1) xl( )ds
+oen(t) [1 K (s —t) xg(s)ds—033(t)x3(t)>

(4.2)
Recently, Benhadri et al. [8] improved the results of Tang and Zhou [64] to a
generalized nonlinear Lotka-Volterra competition with variable delays (and

without impulses) of the form:
vi(t) = @ (t) |ri(t) — Zaij(t)a:j () - Zbij(t)fj (z;(t))  (4.3)

- Zcij ()95 (2t =735 (D)) |

1=1,2,...,n

Namely, the authors derived some sufficient conditions for the existence of
positive periodic solutions of (4.3).

Luo and Luo [58] used a fixed point theorem of strict-set-contraction to
study the existence of positive periodic solutions of the following impulsive

neutral Lotka-Volterra system with distributed delays

zi(t) = @ (t) [Ti (t) — Z%’(t)%‘ (t) — Zbij<t> /_ i (&) z;(t + &)d§

n 0

- Zcij (t) / 9i5 (&) 2 (t 4 €)d§

j=1 —Tij

(4.4)

x; (75;) - (t;;) = —Iip (i (tx)), t =t, k € N".
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The technique and theory to treat the periodicity for the solution of system
[4.4 with the negativity of the nonlinear impulse function Az; and the term
neutral in [58] are completely different from these of this paper. A typical
result based on fixed point theory arguments follows a number of arguments
adapted to the special structure of the equation under consideration. This
leads to many different results in the literature for different classes of equa-
tions, for example, with time dependent delays, distributed delays, neutral
terms, and certain nonlinearities (see, for example [8],[49], [64], [73]).

In this chapter, mainly motivated by the content in [8], [49] and [64],
Benhadri el al. (see[??]) generalized system [4.1| to a model with distributed
delays and impulses,

n n

zi(t) = 2 (1) [ﬁ' () = > aij(Dhy (25(8)) = > bij (1) f (;(t — 735 (1))

J=1 Jj=1

t 7& ti, k € N,

x; (t;) — T (75;;) = L (ti, @i (tg)), t =t, k€ N,

where z; € RT, D;; € C (R x R, RY) | h;, f;, g; : Rt — R are continuous,
and r;, a;;, b5, ¢;; € C(R,RT), for 4,5 = 1,2, ...,n. Moreover, the expression
Az (ty) = z; () — 2 (t;) = Lk (tik, z; (tx)) denotes the impulse at moment
te, T; (t,j) and z; (t,;) stand for the right-hand and the left-hand limits of
x; (t) at the impulsive moment ¢, respectively, and [ (+,-) € C' (R x RT RT),
k € N*. We assume that there exists an integer ¢ > 0 such that t;,, = t; +w,
Litkq) (trqs @i (thag)) = Lie (tr, i (te)), B € N¥, where 0 < t; <ty < ... <
ly < w.

We emphasize that this assumption on the impulse times and functions is
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crucial for our main results, and therefore our results can only be obtained
in this situation, which is also used in previous published literature (see, e.g.
Luo and Luo [49)]).

Since we are searching for the existence of periodic solutions for system

[4.5] it is natural to assume that

(lij(t—f—W) = aij(t),Tij(t—f—W):Tij(t), Dij(t+w,s+w):Dij(t,s),

bw(t—i—w) = bij(t),cij(t—i—w):c,-j(t), Ti(t—l—w):m(t),ij:1,2,...,n,

for allz € R, with 7;; being scalar functions, continuous, and 7 (t) > 73; > 0.

Therefore, the aim of this chapter is to study the approach provided by
Krasnoselskii’s fixed point theorem in a cone of a Banach space, and to obtain
recent contributions in the literature by considering the above general class
of equation with impulsive effects. For this type of equations, we combine
different techniques to prove new results of the existence of positive periodic
solutions.

The chapter is organized as follows. In Section 2, we recall some results
which are necessary for our analysis. The existence of positive periodic solu-
tions of system by using the Krasonoselskii fixed point theorem is proved
in Section 3, splitting the analysis into two cases for the impulsive functions:
subquadratic and sublinear. Finally, in Section 4, we exhibit an example to

illustrate the validity of our result.

4.3 Inversion of equation

Before stating the main result of this paper, we establish the equivalent

integral formulation for the solution of equation |4.5]
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Lemma 4.1 A function x(-) is an w—periodic solution of equation if and
only if z(-) is an w—periodic solution of the following equation

n

vi(t) = / "G (ty5) mi(s) x [Zaixs)hj(xj(s»

+ Z%‘(S)fj (z(s — 735 (5)))
+ Z%‘(S) /_s Dij(s, p)g; (fcj(p))dpl ds
+ Y Gt ) L (i (1)) (4.6)

t<tp <t+w

G (t,s) = > exp | — ri(z)dz |, t<s<t+w, 4.7
) = o (- [ noa:) (4.7

e~ Jo ri(z)dz 7£ 1.

Proof. Unlike the procedure carried out in [64], where the authors used the
variation of constants formula to rewrite the original equation as an integral
equation, we have to proceed in a very different way which is motivated and
justified by the appearance of the impulsive terms in our problem. Assume
that * = (a1, 2, ...,mn)T € X, is a periodic solution of equation . For
any t € R, there exists k£ € N* such that ¢ is the first impulsive point after
t. Multiplying both sides of 4.5/ by exp (— fot i (2) dz) and then integrating
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from ¢ to u € [t,tx], k € N*, yields

/t ' [mi(s) exp (- /O i (2) dz)}l
_ /t " exp (_ /U () dz> z4(s)

24(u1) exp <— /0 i (2) dz>
— ni(t) exp (—/0 . (z)dz) —i—/tuexp <—/0 . (z)dz) 2(5)
X [—Z (s)h;(x;(s)) —jilbij(S)f (@i (s = 735 (5)))
=) [ Dyt g <p>>dp] ds
then
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hence

(b)) = wi(t) exp (- /ttr (2) dz> + /t " exp (- /tr (2) dz) 2:(5)
X [—éaij(s)hj(%(s)) - ébij(s)fj (@j(s — 745 (5)))
- écz’j(S) /_ OO Dij(s, p)g; (%(p))dp] ds, (4.8)
i = 1,2,...n.

Similarly, for u € (t, tr+1], we have

vi(u) = wi(t)exp (- / ") dz) + /t:exp (- / i (2) dz) 2i(s)

n

X [—Zaij(s)hj (;(s)) — Zbij(s)fj (2;(s = 735 (5)))

a ZCU(S) /_8 Dij(s, p)9; (%’(P))dﬂ] ds,

60



Chapter 4. Positive periodic solutions for n-species Lotka-Volterra competitive
systems with variable delays and impulses

() exp (_ / " 2) dz) T /t:exp (- / "r(2) dz) 7:(s)
. [—Jiaij(s)hj (3(5)) - jilbij(s)fj (505 = 735 ()
= ute) [ Dute s 500 dp] is
e ([0

- wtte (- / <>dz) /t:exp( / (@)= ()
x [—fja Zb )1 (a3 = 3y (5))

o e

+exp( [ <>dz)f (t, (10)

for i = 1,2, ...,n. Substituting in the above equality, we obtain

iu) = xi(t)exp< / h(2) dz> + /t uexp( / i (2) dz> 24(5)
. [_ia zb 7 (5))
o [ ]
—l—exp( / (2 )dz) T (t, s (14) -
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Repeating the above procedure for u € [t,t + w], we obtain

i) = 3i(t) exp (- / " (2) dz> + /t " exp (— / i (2) dz> 24(5)

. [_Z% zbm )1 (35— 735 (5)

J=1

a ZCU(S)/_ Dij(s, p)g; (%‘(P))dp] ds

s exp( / (z)dz) L (b, i (1))

t<tp<t+w

fori=1,2,...,n. Let u =t + w in the above equality. Then

vt +w) = x;(t)exp ( /t B (2) dz) + /t BRI <— /+w ri (2) dz) zi(s)

» [_ZW) Zbu 5 (2405 — 75 (5)
- Zcij(S) /_ S Di;(s,p)g; (%(p))dp] ds

t<tp<t+w

i = 1,2,,...,n. Notice that z;(t + w) = z;(t) and exp <ft+ ri (2) dz> =
exp ([, i () dz) , we obtain

(1 ~ exp ( /0 () dz)) () = /t " e <— /M ri () dz) ()
(5)hy(z(5)) - Z 1)

; [_Z% )1, 2305 = 7 ()

=1

- i;cij(s) /_; Dy;(s, p)g; (;(p)) dp] ds
+ Y ew (— /t; s (2) dz) Lo (b2 (8)) » (4.9)

t<tp<t+w
i = 1,2,,...n
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It follows from that

o) — /tt+w exp( ft+w z dz)

1 —exp (fo ri(z dz))

n

y [_Zam(s) bu($)fy (5 — 74 (5)))

i=1 j=1

n

- Z%‘(S) /_; Dy;(s, p)g; (x5(p)) dp] ds
. Z exp ( Ltfw ri (2) dz)

t<tk<t+w — &XPp (fow ri (2) dz))

= /t e (t, 8) 2i(s)

x [Z%’(S)hj (5(5)) + Y _bis(8)f; (w5(5 =735 (5)))

j=1 j=1

- Zcm(S) /_S Dij(s, p)g; (%’(P))dﬂl ds
+ Z ttk ik tkaxz (tk>>

t<t),<t+w

Lig, (th, z; (t))

for i = 1,2,,...,n. It is clear that, for (¢,s) € R? we have

Git+w,s+w) = G;(t,s),G(t,t+w)—G;(t,t)=—-1,
(0G; (t,s) Jot) = r;(t)G;(t,s), i=1,2,..,n.

Next, we prove the converse. Let z = (x1 (t), 22 (t),...,zn (t))" be a

periodic solution of
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Then, if t # ¢, k € N*, we have

z(t) = Gi(t,t+w)z(t+w)
X [Zazj(t +w)h; (z;(t +w)) + Zbij(t +w)fj(zj(t+w—1;(t+w))
+ Zcz-j(t +w) / ’ Dij(t +w, p)g; (;(p))dp
—G; (£, ) (1) [Z% )+ wa () f; (@t — 735 (2))

+ () (1)

+ ZCU / Dij(t, p)g; (z;(p))dp

7=1

= (1) ['f’z’(t) - Z%’(t)hj (i (1) =) by (8) f (s (t = 745 (1))

- ch / ij(t p)g; (x;(p ))dP] :

If t =t;,5 € N*, we obtain

v (1)~ i (1)

= Y Giltpte) I (b () — Y Gty t) I (t, i (t))

tj'gt ++w t <tp<t; +w

= Gi(tjty +w) L (G +w,zi (8 +w)) — Gi (t, t5) Lij (t5, i (t5))

= Ltz (t),i=1,2,,..,n

Hence z is a positive w—periodic solution of [4.5] Thus, the proof of Lemma

4.1 is completed. m
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4.4 Krasnoselskii’s fixed point theorem and
Existence of positive periodic solutions

As we mentioned previously, one of our main objectives in this paper is to
improve the work carried out in [64], and to extend it to investigate a wider
class of differential equations with impulsive effects presented in 4.5 In
particular, by using Krasnoselskii’s fixed point theorem in a cone of a Banach
space, we will establish a sufficient condition ensuring the existence of positive
w—periodic solutions of equation [4.5] This section will be splitted into two
parts: in the first one, we will focus on the existence of positive periodic
solutions when we use subquadratic impulse functions, while in the second
part, we will consider the case in which the impulse effects are sublinear (
most frequently used in the published literature ).

Throughout this paper, we make the following assumptions.

(H;) There exist nonnegative constants T;, T}, Fj, F;, R, Rj, Eij, Eij
such that for all x € R", and all t € RT,

Tz <hj(zr)<Tiz, j=1,2,..,n. (4.10)
Fiz < fij(z) < Fjz, j=1,2,...,n. (4.11)
Rz <gj(v) <Rz, j=1,2,..,n. (4.12)
E; < t Di;(t,s)ds < By, 4,5 =1,2,...,n. (4.13)

To simplify our description, we introduce the following notations:

1 [ T [“
f/r\i = —/ TZ'(S)CZS > O, ZL}j = —]/ (lij(S)dS > 07
~ F. (v  RE; (¢
bij = —J/ bij(s)ds > 0, Cij = ——— / ¢ij(s)ds >0,
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fori,j =1,2,...,n, where T}, F; and R;, E;; are given in [4.10-4.13|
To apply Theorem 4.1, we need to define a Banach space C,,, a closed
subset S of C,, and construct one mapping. Thus, we let (C,, ||.]|) = (X, [|.]|)

where

C, = {3: = (w1, x2, ...,xn)T cx € PC(R,R") jz(t +w) = z(t),t € R} ,
(4.14)

with the norm

n

2] = il |y = max lz;(t)],i=1,2,...,n, Ve € C,,.  (4.15)

tel0w
1=1 [

Then, C,, with the norm ||.|| is a Banach space.

Define a cone K in C,, by
K = {x() = (r1,%2, ..., T ) € Cy:ai(t) > olxily,1=1,2,...,n,Vt € R} ,

where o = min {e*”“, 1=1,2,... ,n} .

Use to define the operator ® : C, — C,, by
(D) (t) == [(Prz) (1), (Poz) (1) , ooy (Pr) ()],

where

(®;x) (1) = /t ) i (t,5) (s [Zam (s))

+wa s).fj (x;(s — 735 (5)))

+ Z%’(S) /_ Di(s,p)g; (»’Uj(p))dp] ds
+ > Gt t) T (e i (t)) (4.16)

t<tp<t+w
By [.6] it is easy to check that x € C,, is an w—periodic solution of equation
provided z is a fixed point of ®.
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Lemma 4.2 Assume that (Hy) holds. Then ® : K — K defined by Equa-
tion [{.16] is well defined, namely, PK C K.

Proof. From it is easy to verify that (®z) (-) is continuous in (tx, tgy1),
and (®z) () and (®z) (¢;,) exist, and (®z) (¢,) = (Px) () for k € N*.

Moreover, for any = € K,

(;x) (t + w)

n

= /t . G (t+ w, s) x;(s) [Zaij(s)hj (z;(s))

“+w j=1

Dby (5) (s = 735 ()

3 e0(s) [ Dyt <xj<p>>dp] ds
+ Z G (t,tg) Lig (g, z; (L))

t+w<tp<t+2w

t+w
—/ Gi(t+w,s+w)zi(s +w) X
t

n

X [Zaij(s +w)h; (zi(s +w)) + Zbij(s +w) fj (z;(s +w))

Jj=1

n stw
#Yeuls+w) [ Dils twno)gs (wo)dp]| ds

J=1

+ Z Gi (t,tr) Lik (t, i (tr))

t<t), <t4w
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[T G as lz +zbz] )1 (a3(s = 735 (5)

Jj=1

n Zczﬂs) / " Dy, <xj<p>>dp] s
+ Z t tk Ly, (tka L (tk))

1<t <t+w

— (®) (1), i=1,2,...,n

That is (®;z) (t +w) = (®;x) (1), t € R;i = 1,2,...,n. Thus ®z € C,. It is
easy to see that for s € [t,t + w], thanks to , we have

e—?iw

1
Aii=—— <Git,s) < —— =B, i=12,...n. (4.17)

1—e 7w = S 1w

From and we have for v € K

n

[(®iz)l, < B /Owl"z'(s) [Z%‘(S)hj (z;(s))

+sz‘j(8)fj (zj(s — 7145 (5)))
# 3 ulo) [ Ditos s (e s

q
+BiZIik (i, zi (te)) ,

k=1
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(Pix) > A /Ow zi(s) [ aij(s)h; (23()) + > _bij(s) f; (wj(s — 735 ()

s =1

+ Z%‘(S) Dij<87 P)gj (%’(P))dp ds

j=1 o
a
+A;Y L (g, i (L))
k=1

A;
> B, [(®iz)],
> ol|(®2)|y, 1=1,2,...,n.

Hence, ® K C K. This completes the proof of Lemma 4.2. m
Before establishing the main result, we first introduce the following no-

tation:

M
— /
@ tggg]{w( )y

where ¢ is a continuous and w—periodic function.

4.4.1 The case of subquadratic impulses.

In this section we consider subquadratic impulse functions.

Lemma 4.3 In addition to hypothesis (H,), we further assume the following

one:

(Hy) There exist nonnegative functions Ay, Ay, € C (RT,R*) such that
for all x € RT,

Air () 2? < L (t2) < A () 2%, kEN, i =1,2,....n.

Then ® : K — K defined by equation 1s completely continuous.
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Proof. Set

n n

Li(t, @) (1) = 24(t) Z@z‘j(t)hj (a5 (£)) + ) by (0) f5 (it — 735 (1))

]:]_ 7=1

+ > et [T Dt p)g; (zi(p))dp| . t € R
- (4.18)
We first show that ® is continuous. Since h;, f;, g; and I are continuous
in z, it follows that, for any Lo > 0 and € > 0, there exists p; > 0 such that
for ||z|| < Lo, ||y]| < Lo, and ||z — y|| < p, it follows

3

ITi (s,2) (s) = L (s,9) (s)] < 5By

seRT i=1,2,...,n, (4.19)

where B = max B;. For any Ly > 0 and € > 0, there exists u, > 0 such that

for ||| < Lo, [lyll < Lo, and [lz — y|| < p

| Lk (te, i () — Lik (tes vi ()] L, qEZTi=1,2,..,n. (4.20)

<=
2qBn
Therefore, if x,y € C, with ||z|| < Lo, ||y|| < Lo, and ||z — y|| < p, where
p = min (q, py) then, from [4.16}14.174.19 and [4.20}

(@) — (D), < B / I8 (s,2) () — T (s5,9) (5)] ds

+BZ | Lir. (te, i (tr)) — Lin (e, yi ()]

k=1
we
< B Bqg——
- ZnBquL q2an
< S =12 .n
n

This yields
|®x — Dy|| = Z [(@iz) — (Piy)], <,
i=1

which implies that ® is continuous on K.

We let

S={e()=(21(),22(), () €Cur [fall S L},
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where L is a non-negative constant. For any x € S, it follows from [£.16] and

417 that
(ix) ()

IN

n

/t : G (t,s) z;(s) [Zaw( )+ wa s)fi(x;(s

=1

+Z%@[IMMMWMW4@
+ Z ttk ik tkaxz(tk))

t<tp<t4w
> Tjai(s) + > Fibi(s) + ZRjEijCij(S)] ds
p j=1

B;L* /

+BiL* > Ak ()
0<tp<w

* -
B, 1=1,2,..n,

and, consequently,

@] =) " |[(®ix)l, <) Bf, VreS.
=1 =1

This shows that ® () is uniformly bounded.

To show that @ (S) is equicontinuous, let z € S, we calculate

=75 (5)))

d
o (@) ()

and show that it is uniformly bounded. Indeed, by taking derivative in (4.16)

we have

(i)' ()] <

n

n@@mwﬂm42%wmmm

7=1

+wa )fj (@it =745 (1))

+ ZCU / ij(tp)gj (z(p))dp

IN

rM B+ 12Y  (Tialf + Fiblf + ERycl)
j=1
i = 1,2,...n,
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and

n

rM B+ L*Y " (Tjalf + FjbY + Ej;Rcl))

JYg 119

(@) | <

Jj=1

j=1
Hence, &S C C,, is a family of uniformly bounded and equi-continuous func-
tions. By the Ascoli-Arzela Theorem, the operator ® is compact, and there-
fore completely continuous. The proof is complete. m

Throughout the next steps, we denote § = min (64, 05, 03, 0,), where

T. F.
0, = min (=), 0, = min (=2,
= min ()02 min ()

. . Eii\ R; . ) ik (tr)
G, = L) 2| 6, = . (4.21
s = min {;55; (E) Rj] 1 = min {fﬂiiﬁ <A )] 4

We can now state and prove our main result in this paper.

Theorem 4.1  Assume hypothesis (Hy) and the next one:(Hs) The linear

system
Z (ZL\U +E¢j +/C\Z]) &€y + szxz - 5“\1', k€ N*,Z = 1, 2, ey N, (422)
j=1

where

B = D e (1) (O (1) £0),
k=1

possesses a unique positive solution. Then, system (4.5) possesses at least one

positive w—pertodic solution.

Proof. Let

= (x7, x5, x*)T

aey n

with 2 > 0,7 = 1,2, ...,n, be a positive solution of (4.22). Set

mo = min {FA},

MO = Imnax {ﬁBZ} .

1<i<n
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1
Then 0 < mg < My < +o0. Choose a constant M > M, such that o < 1.
w

1
Let a1 = m a]_’]d
0, = {x(t) = (21 (1), 22 (1), oy 0 ()T € Oy ¢ |y < c1zlyi = 1,2, n} .
If € KN Oy, then
olz;|y < (t) < |wilg = anx},i=1,2,...,n,

and
(1) (t) < B, / " i(s) [Zams)hj (2,(5))

=1

Db (8); (s = 75 (5))

+ Zcz‘j(s) / S Dij(s, p)g; (%(p))dp] ds
+B; Z Ly, (tg, i (tr))

0<tp<w

Bz/ |£EZ|0 ZT}GU(S) |J}j|0 dS—f-BZ/ |fL’Z|0 ZFij(S) |ZL‘]|0d8

IN

+Bz’/ wilo Y RiEycii(s) |xjlgds + Bilaily Y i (k) |l
0

j=1 0<t)<w

n n
olez-w |I2|0 Zaml’; + oleZw |IZ|O wafﬁj

j=1 j=1

IN

n
+a1 Biw |z, Zaﬂ; + oy Biw || By
=1

= a1Bw |z, [Z (aij +3ij + EU) T+ szx;‘]

J=1

(BiTi) aqw |wg,

IN

oleOw ’l’l|0

IN

zily, i=1,2,..,n.
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Hence for any x € K N 0$y

@l =) [(@wi)ly < D lailo = llz]l.
i=1 =1

On the other hand, choose 0 < m < mg such that
1

o2mbw

5 > 1. Let ay =
o?mbw

and
D ={zeC,: |z, < ax],i=1,2,...,n}.

If v € K N0y, then o], < 2;(t) < |z, = aoxf,i = 1,2,...,n, and,

consequently

(Piz) (1) > A /Ow i(s) [Z%’(S)hy’ (2;(s)) +sz‘j(5)fj (zj(s — 7135 ()
+ZCU(5) /_ S Dij(s, p)g; (%(ﬂ))dp] ds
+A; > T (tr, i (1)

(V4
Q
=
S
=
NE
€
S
.
=
23
<
ﬂ‘ —
3‘5
7N
Kl
~__
| S
s
Y
=
QL
N

£ Aoy 0 [ (R10)

k=1

<
I

n

n
2 2 :A 2 2 :’\

> 91 X O Aiwag |ZL‘Z|O (lijl'; + 92 X O Aiwag |£L‘Z|O bwl';

=1 j=1

n
405 x 02 A;was |z, Z/C\Z]ZL‘; + 60, x 02 Ajwas \zi|o Bl
j=1
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n n
> 0 x O-QAZ'(.UOZQ |l’l‘0 E Zl\lj.fll'; + 6 % UZAiWQQ ’mz‘g E wa;
=1 j=1
n

+6 x 02 Awas |74, E CijT;
i=1

+0 x 0 Ajwas ||y Byt

= fAwo’ay |z, (Z (aij _’_Bij + /C\zg) r;+ szx:‘>

=1
(A1) Owoay |24,

v

mebwo?ay |z,

Vv

|zily,i=1,2,...,n,
and thus
1Rz = 1(®iwi)lg = Y laily = ||zl ,Va € K N0y,
i=1 i=1

Obviously, £2; and €2, are open bounded subsets of C,, with 0 € Q; C
Q1 C Q. Hence, ® : K N (Q2\Q;) — K is a completely continuous operator
and satisfies condition (a) in Theorem 2.1. By Krasnoselskii’s Theorem, there
exists a fixed point z* () = (x% (), 25 (), ...,z (-))" € KN(Q,\Q1) such that

z*(+) = (Px*)(+), i.e., * is a positive w— periodic solution of system {4.5| The

proof is completed. m

4.4.2 The case of sublinear impulse functions

In the case of sublinear impulses we can prove similar results for the system

4.5l

Theorem 4.2 . Assume that (Hy) holds, and further assume that:
(Hy) There exist nonnegative functions Cy,,Cy € C (RT,RY) such that for

all v € RT,

Co) e <ILipt,r) <(pt)z,i=1,2,...,n k=12 ..

)
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(Hs) The linear system
3 (aij + by +a-j> g =Ti=1,2..n k=12, . (4.23)
j=1

possesses a unique positive solution. Then, system[{.5 possesses at least one

positive w—periodic solution.

Proof. To prove that ® : K — K is completely continuous is similar to the
corresponding proof in Lemma 4.3. We only need to prove condition (a) in

Theorem 4.1. Let

*

= (x], 25, ..., xn)T ,

with #¥ > 0,i = 1,2,...,n, be a positive solution of 4.22. We denote 0 =

pin [min (2265)]

05 = min
and 01, 04,03 are given in We also set

min (91, 02, 93, (95) s where

B S
Yik = azgik (tk) s (Cir (tk) # 0),
k=1
and
Mo = min {ggilgnn {7iAi}, min {Amk}} ,

My, = max {fg&é}; {riB;}, f;lfgl{Bz%k}} :

—_ 1— M —
Choose a constant M > M, such that 0 < M—w < 1 where 0 < Mw < 1.
N w
1-M
Let m = Tw and
Mw

Q, = {x(t) = (21 (), 22 (t) , oy 0 (1) € Ot |aly < mat,i=1,2, ,n} :
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If 2 € K NSy, then
o |l‘z‘|o < (t) < |$i|0 =mz;,i=1,2,...n,

and

(@) () < B / [xxs) a5 (5)h; (25(5))

J=1

+$i($)zbij(s>fj (zj(s —7ij ()

s el [ Dty <xj<,o>>dp] ds
+Bi > L (b i ()

0<tp<w

< Bi/ wilo Y Thaii(s) |z, ds + Bi/ [wilo > Fibij(s) |51y ds
0 = 0 =
+Bz'/ wilo > RiEijeii(s) jlods + Bi Y ¢ () |l
0 j=1 0<tp<w
n n =
< T]lew ‘xz|0 ZZL\Z]IE; + nlew ‘LCZ|O waﬂfj
=1 j=1
+n Biw |24, Zaj$; + BiwY [zl
=1
= mBw |z, [Z (aij + bij +a’j> 25 | + Biwyy, [wil,
=1
= w(Bii) @il +w (Biva) [zl
<y Mow |z, + Mow |2,

< aily, i=1,2,...,n.

Hence for any z € K N 8@1

Pzl =D [(@)ly < D lailo = llz]l.
i=1 i=1
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1 — ombw

On the other hand, choose 0 < m < mq such that —=5 > 1 where
) = o’mbw
~ — w
0 <ombw < 1. Let n, = ;—m and
o’mbw

If z € KN 3y, then olzly < 2 (t) < |aily = npaf,i = 1,2,...,n, and,
consequently

n

(®x) (t) > / [ Z% (5)) +i(s), bij(s)f; (xj(s — 735 (5)))

+ xi(S)ZCz‘j(S) /s Dij(s, p)g; (%(P))dp] ds
+ Z Gz (t, tk) Iik (tk, Z; (tk))

0<tp<w

(T,
> aA|xZ|OZ [ st [min ()] il
+o? Ay |74 Z in F— bi;(s)|x;|, ds
ilo A E ij ilo
23 7,
oA, |xz|oz/ Fa, H i (£2)] < ()] o oty
(G (tk))]
+oA; a (1 [mm( : x; (t
;Ck( g i=tn \ G (tr) e (i)l
> 91 X 02Aiw772 ’$Z‘O Zawl'j + 92 X O'ZAi(.U?”]2 ‘1'1’0 Z/I;UIE;

Jj=1 J=1

n
2 =k ~
+03 x 0° Ajwn, |z, E Cijr; + 05 X o Aiw [Tl Yy,
j=1
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n n
) 2 -~ * n 2 N
> 0 x o Ajwny |z, g aijx; + 0 X 0" Ajwn, |z E :bijxj
j=1 J=1
n

n 2 -~ *
+0 x o Ajwny |74, E CijT;

j=1
+0 X 0 Aiw |2y Vi
= QAwo’n, |z, Z <5¢j —i—gij + a-j) 5
j=1
+0 x o (AFu) w il

(Airs) 5“)02772 |xi’0 + (A7) who |xi|0

v

moOwany |z:|, + Mobwo |24,

> |zily,i=1,2,...,n,
and therefore

|Pall = Y [(Rix)lg > D lailo = llall, Yz € K 100y,
i=1 i=1

Hence, ® : KN (52\61) — K is a completely continuous operator and
satisfies condition (@) in Theorem 4.1. Consequently, there exists a fixed
point * (-) = (21 (-), 25 (), ...zt ()T € KN (Q\Q) such that 2*(-) =

(®2*)(-). Therefore, system 4.5 has a positive w-periodic solution. The proof

is completed. m

Remark 4.1 The method applied in this paper can be used to treat a more
general nonlinear impulse function. For instance, assuming that [ (-, x)

satisfies

(Hg) There exist nonnegative functions ¢, ¢, € C (R RY) and f €
C (R’_ﬁ,R’}r) such that for all z € R},
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Note that (H,) and (H,) are special cases of condition (Hg) which has been
used in [29],[30].

Remark 4.2 Notice that when a;; = 0 in the second term on the right hand
side of [l.B], Iy, (ty, z (tx)) = 0, fj (x;) = z;, and g; (x;) = 0, we can easily
derive the corresponding results in [?]. Therefore, the results presented in

this paper improve and extend the main results in Ref.[64] .

4.5 An example

To illustrate how our main results can be used in practice, we present an

example.

Example 4.1 4.1 Let us consider the following system:

zi(t) = @ (t) [7%' (t) — sz’j(f)fj (zi(t —7i; (1))

Jj=1

2

(1) / Dis(t, p)g; (5(p))dp|

1
t 7’é tkzﬁk’ﬂ',k’GN*,

() —xi(ty) = Lip (tr,mi (t)), t =ty i=1,2.

1
Corresponding to system , we let n = 2w =27, r(t) = 5 (1 +sin2t),

1 2(1 2t
ra(t) = 5 (L+ cos2t), buu(t) = % bia(t) = 1+ sin2¢, boy(t) = 0,
1 in 2t
bao(t) = cos (48), c11(t) = 0, cia(t) = (1+ cosdt), ex(t) = w
(1 4 sin 2t)

1
Co2(t) = 9 ;and Dya (¢, 5) = 563% (cost +3), Doy (L, s) = 2e5~* (eleosti=1),

Dll (t, 8) = 63(S_t) (63(|Sm2t‘_1)) s D22 (t, 8) = %es_t (sint + 2) y Where T11,T125721, 722 €

80



Chapter 4. Positive periodic solutions for n-species Lotka-Volterra competitive
systems with variable delays and impulses

C (R,RT) are 2m-periodic functions. Also assume that

fi(z) = ze(sm)ﬂa fa(7) = %UCOW\ +1),

2
X € .
gi(@) = Z(leosz|+1),  g:(z) =7 (sinz|+1),
1
Li(tz) = %x2(0052t—|—1)(|cosm|+1), I (t,2) = 2o (jsin 2| + 7).

Thanks to straightforward computations, we obtain

Ao /w == [ (1t simorydr = |
o= —/r = — sin =
! w g 47 J, 2’

1 [~ 1 [ 1
Ty = — t)dt = — 1 2t) dt = —.
T W/o o(t) or (1 + cos2t) 3

A simple calculation shows that A; < G; (t,s) < B;, for i = 1,2, where

1 S
G (t,s) = o7 &P (—/ ri(z)dz), i=1,2,
¢

and
e T e " e 2w e %
Al : = _= = _m) A2 = ™~ = 27 )
l—emw 1—e 1l—e™v 1 _e %
1 1 1 1
Bl .= — = — B2 = — = -
l—emw 1—e l—emw 1 _e %

Since |sinz| <1 and |cosz| < 1 for z € R, we have

Fioz < fj(x) < Fu, j=1,2,

&
5
IN

9j (ﬁ) < ijv j = 1727

Az < L(ta) <N (e i=1,2,

and
¢
E;; < D;;(t,s)ds < Ej;, 1,5 =1,2,
_ 1 e _ 1 1 — 1 2 — 1
here F' F — Fy=~- F,=—- R - R - R - R
w ire 1 27.(7 1 27 2 4) 2_ 27 1 37 1 éa 2 27 2
L, M (t) = 57 FEi9=1 E;py=2 FEy =2 Ey =2 FEyy=¢3 FE;; =
S
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™ ™

— 2 — —
1, EQQ = g, E22 = 1, )\1 (t) = 1 (C082t+ ].), )\1 (t) = 5 (COS2t+ 1), )\2 (t) =

T 1
—, A (t) = — (2t .
g () =3 )
For the above parameters, it is easy to verify that
~ o 1~ T 1
by = — b ds = = = — b ds = =
11 o/, 11(5) S 3’ 12 o/, 12(5) S 9
R F w R F w
b21 = —1 bgl(S)dS == 0, 29 — —2 bgg(S)dS == 0,
w Jo W Jo
and
- R E @ - RyE @
Cc11 = Lt / Cll(S)dS = 07 C1o2 = 2712 / Clg(S)dS = 2,
w 0 W 0
~ R E v N Ry FE @ 1
Cy1 = Lha / CQl(S)dS = 1,022 = 2722 / CQQ(S)dS = —.
w 0 w 0 2

Choosing ¢ = 4, we have t;, = t)+w, Ti(ktq) (tk+q7 Z; (tk+q)) = Ly, (tg, s (th)),
1=1,2, and

-~ 1 1 -
Pu. = w Z )\m(tk):—k §(COSth+1):1

2
0<t<w =1
~ 1 1 < 1
= = Aop (1) = — 2t =,
Bok - E ok (tr) T (2t + ) 5
0<t<w k=1

Moreover, it is easy to verify that the corresponding system of nonlinear

equation [4.5]
2

Z (61]' + /C\1j> Tj+ Blk% =T

J

Il
-

M-

(sz + CZj) Tj + Bopa = T,

7j=1

6 1
has a unique positive solution x = (1, x2) = ORI A It is straightforward
to show that all conditions of Theorem 4.2 are fulfilled. Hence, we conclude

that this system possesses at least one positive 2r—periodic solution.
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l Conclusion

This dissertation studies the positivity of periodic solution of Lotka - Volterra
differential equations with distributed delays and impulses. The approach
used in our project is based on the fixed point technique, particularly, using
the Krasnoselskii fixed point theorem. This approach relies mainly on neces-
sary arguments: an elementary variation of parameters formula, a non-empty
cone subset of a Banach space, and a fixed point application. The benefit
of this approach is that the fixed point arguments can yield existence and
positive periodic solutions for an equation in one step. The main difficulty of
this approach is to define a cone K of a Banach space and a suitable mapping
when the mapping is compact on K. The results in this work extend and
improve some existing results in the literature in some ways. Recently, Ben-
hadri et al [10] have addressed this technique to investigate the periodicity of
another class of delay differential equations with variable delays. However,
there are many problems to be solved for fractional differential equations and

other variants, persistence, and so on. We leave these for our -future work.
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