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Abstract

In this memory we study a class of hyperbolic problems in periodically perforated domains
with a homogeneous Newmann condition on the boundary of the holes. We focus on the
homogenezation of these equations. The proof is based on th periodic unfolding method
in perforated domains.

Key words : hyperbolic problem, periodic unfolding, perforated domain, homognisation.

Résumé

Nous considérons dans cette mémoire une class de Probleme hyperbolique dans un
domaine perforé avec des petits trous périodiquement et de condition de Newmann
hmogéne. Nous nous concentrons sur I’homogenisation de ces équation. Lépreuve est
basée sur la méthod d’eclatement periodique dans les domaines perforés.

Mots clés : probléme hyperbolique, éclatement périodique, domaine perforé, homogénéisation.
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INTRODUCTION

An effective mathematical approach to solving complex problems is the theory of homog-
enization. Developed in the late 1960s and early 1970s, this theory has become a cornerstone
in the study of partial differential equations (PDEs) and their numerical approximations.
Homogenization theory provides a framework for approximating problems with highly oscil-

latory coefficients by using problems with simpler, constant coefficients.

The periodic unfolding method was initially introduced by Cioranescu, Damlamian, and
Griso [7] for fixed domains (see [0] for further details). It was subsequently extended to per-
forated domains by Cioranescu, Donato, and Zaki [10]. This method was later adapted for
two-component domains separated by a periodic interface by Donato, Nguyen, and Tardieu
[17]. Recently, Cioranescu, Damlamian, Donato, Griso, and Zaki [5] provided a compre-
hensive overview of the periodic unfolding method for perforated domains, addressing both
cases where the unit hole is compact within the open unit cell and when this compactness

cannot be achieved.

concerning the time-dependent periodic unfolding method for fixed domains, our refer-
ence is Gaveau [19], which provides a list of elementary results without proofs. However, to

address time-dependent problems in perforated domains, we adapt the results from [3] to ac-



commodate time-dependent functions. Specifically, we focus on treating perforated domains

where the unit hole is a compact subset of the open unit cell.

The aim of this work is to study the hyperbolic equation with homogenious Dirichlet-

Newman boundary in the perforated domain €2, and also in the perforated domain €2 5.

This memory is organized as flows:
In the first chapter: we define first the periodic unfolding for one in perforated domains and
some properties.
In the second chapter: we define the time periodic unfolding in perforated domains and some
properties . In the third chapter: we define the periodic unfolding for tow parametres in
perforated domains and some properties.
In the fourth chapter: we study the homoginization of hyperbolic problems in the perforated

domain €2, and also in the perforated domain €2 5.



CHAPTER

THE PERIODIC UNFOLDING METHOD
IN PERFORATED DOMAINS

In this chapter we recall the definition and some properties of the periodic unfolding operators

in perforated domains T, for the classical homogenization.

1.1 The periodic unfolding operator 7.

In this section, we introduce the case of perforated domains introduced by Cioranescu et all

In the following we denote:

Definition 1.1 :[/] Let ¢ € LP(Q2.), p € [1 + oo]. We define the function:

Te(p) (x, y)=¢ (6 m + ey) (1.1)

for everyx € RN andy € Y.



1.1 The periodic unfolding operator 7, 5

Remark 1.1 : Notice that the oscillations due to perforation are shifted into second vari-
able y which belongs to the firde domainY , while the first variable @ belongs to RYN.

One see immediately the interest of the unfolding operator. Indeed, when trying to pass to
the limit in a sequence defined on 2. one needs first, while using standard methods, to extend

it to a fized domain. With T, such extensions are more necessary.

The main properties given in[5] for fixed domains can easily be adapted for the perforated
ones without any major difficulty in the proofs. These properties are listed in the proposition

below. To do so, let us first define the following domain:

Q.=int( |J (€ +Y))

£EA,
where:

A{e € ZN,e(§+Y)NQ #0}.
The set €. is the smallest finite union of €Y cells containing £

Proposition 1.1 [/] The unfolding operator T, has the following properties:

1. 7. is a linear operator.

2. Te(p) (CB, {j}y) = p(x) Ve € LP(Q.) and =z cRY.

8. Te(p) = To(p)Te(¥) Ve, € LP(Q).

4. Let ¢ € LP(Y) or LP(Y) be periodic function set ¢p(x) = go<$> Then
€
T (o) (T, y) = p(y). a.c. in Q..

5. One has the integration formula

1
d:—/ “odady Vo € LY().
/Qcp:c v QXyTCPwy ¢ € L(82)



1.1 The periodic unfolding operator 7. 6

6. For every p € L*(Q.), T2(p) belongs to L2(RN X Y'). It also belongs to L*(Q. X Y).

7. For every ¢ € L*(Q.)

I Te(P)|z2mrxvy = VY lllellz2 .

o)

- VT(e) (@, y) = eTe(Vap) (z, y) for every (z,y) € 2 X Y.

NS

. If o € HY(.), then TZ(p) is in L*(RN, H(Y)).

10. One has the estimate
IV T(P)lz2axy) = eV Y [ Vapll (2200~ -

proof:
1. Let a, B € R and o, € L*(£2.)

xr

€

T (o + ) = o (ale | 2] +ew))) +w (B

+ sy))
= ap + By (e [jy + ey)
= ap (e m + ey) + BY(e m + sy)

= aT(¢) + BT:(¥)

T. is a linear operator.



1.1 The periodic unfolding operator 7. 7

2 7o (o [2)) = e [£] o2 = e ] e ) = v

3. Let p,p € L*(82.), we have by definition 1.1

T-(py) = @i (e m + ey>
o e[+ en) o (o0

= Te(¢)Te(¥)

xr
g

4. by definition for all p. = (m)} @ € L*(Y), we have :
€

te)el relcte)

= w{w} = »(y)

€

Te (¢c) (y) = ¢ (E

5. According the definition 1.1 we have :

1 1
Il_/_l/ﬂxy‘ﬁ(go)(w,y) = m/ixyﬁw)(w,y)dwdy

1

=— Y Te(p)(z, y)dzdy
Y| ¢z,

/(s£+eY)XY
on each set (€€ +€Y) X Y with & € B, ,the function Te(p)(x,y)dxdy = p(e€ + ey) is
constant in x, it is consequence of 1.1. So, for each integral in the sum of the right member,
we have :

To() (@, y)dady = |€ + <Y | (et + ey)dy

/(e{—i—eY)XY (12)

N
= Y/(,Oé' +ey)dy = |Y x)dx
| | (€ y) Yy | | (cbte )9‘:( )

1
we suppose T = €€ + ey, this implies de = eNdy = dy = — by summing in E, the
EN

right member be /~ p(x)dx. so we get
Q.

1
sNY/ - d :/ d
XYL @) de= [ p@)da

§EE.



1.1 The periodic unfolding operator 7.

Now, we replace this expression in 1.2 we get the result.

6. For all € L*(2.)

I7e(e) 2oy = (/m(‘P)'zdwdy); = (1 /nxylwlzdxdyf

- (/ 1dy); </|¢|2dw>é
= 1Y lllell 200

7. For all ¢ € L*(2.)

Vyﬁ(ﬂo) (z,y) = Vyp <€

x
|+
€ly

xXr
+sy>
€ly

= “37::(Vw90) (.’13, y) .

=eV,p <€

8. We apply proposition 1.1, we obtain

IV Te(@)ll(z2axyyy = €T (V) |l 2@xyy)~
= e |Y [ Vel (z2(oy~-



CHAPTER

THE TIME-DEPENDENT UNFOLDING
OPERATOR IN PERFORATED DOMAINS

In this chapter, we adapt the unfolding operator in[5] to time-dependent functions We
present the unfolding operator 7. which maps functions defined on the oscillating domain
Q2 x (0,T) into functions defined on the fixed domaine £ X Y* X (0,T'). This avoids the
use of any extension operator. We also give some properties by extending the previous ones

(see[5] for more details and [6] for the classical unfolding theory).

For any z € R", we use [2], to denote the, unique integer combinatio Zj:l k;b; of the

period such that z — [z]y € Y Set:

{z}y =2z—[2]y €Y a.e. For zéeR" (2.1)
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Then for each € R", we have:
T

a:zs( —|—{}> a.e. For x € R".
Y €

Let us first recall the unfolding operator T for the fixed domain € X (0,T) introduced

xr

€

in[14], where the properties of T¢, are shown without proofs.

Definition 2.1 : For p € [1,4+00) and g € [1,+00], let ¢ be in L9(0,T; LP(Q)).
The unfolding operator T.:L(0,T; LP(Q2)) — L(0,T; LP(2 X Y')) is defined as follows:

x N
¢le|—| +ey,t a.e. For(x,y,t) € Q. xY x (0,7),
Te(@)(z,y,t) = ( {E] )
0 a.e. For(x,y,t) € A. XY x (0,T).

(2.2)

In a similar way, we extend the unfolding operator for the perforated domain €I to the

foillowing unfolding operator T_* for the perforated domain Q2 x (0, T).

Definition 2.2 : Forp € [1,400) and q € [1,+0o0] let ¢ be € L9(0;T; LP(Q)) the
unfolding operator T*:L*(0,T; LP(2)) — L%(0,T; LPQ X Y') is defined as follows:

¢ (E [:L T ey’t> a.e. for(z,y,t) € Q. x Y* x (0,T),

7;*(¢)(£L‘,y,t) = {
0 a.e. for(z,y,t) € A. XYY" x (0,T).

From this definition, the following properties are immediate:

(4) T2 (vw) = T2 (0) T (w), Vw, v € L(0, T; LP(7)),
(1) T (o) = T (0)T1(¥), ¥ € LU(Q) and ¢ € L(0,T),  (23)
(i11) V(T2 (9)) = €T (V), Vo € LU0, T; W (7).

Remark 2.1 : Concerning Tz, and T* , we have the following:

(’L) 7;*(w|;)s><(0,T)) = 7;(‘*))|Q><Y*><(O,T)7
(“) 7;*(’7[)) = 7;(1/;)|Q><Y*><(O,T)a

where w and, ¥ are defined on Q@ X (0,T) and QX x (0,T), respectiuely.
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In Definitions 2.1 and 2.2, if ¢ is independent of t, then Tc and T are the classical unfo-
liding operators defined in [7] and [2] ,respectiuely.

For simplicity, we always write T (¢) instead of T (@|azxo,ry) for any function ¢ de-
fined in @ x (0,T) .

Next we list some properties of the unfolding operator T_* used in this paper. The proofs

are essentially the same as those in [5] and [0].

Proposition 2.1 : For p € [1,400) and g € [1,+400] the operator T linear and
continuos L1(0,T, L?(Q*)) to L%0,T,LP(2 X Y*) let ¢ € L0, T, L* () and
w,v € L0, T, LI(}))

For a.e. t € (0,T) we have :

1

/QXY T*(¢) (CB, ¥ t)dmdy - /ﬂ; ¢(iB, t)dm - /Q; ¢(CU, t)dm_/A: ¢(m, t)d937

o (i) ||TZ()lee = [Y[*||@ll oy < [YT7]]w]|rz)-

Proposition 2.2 : For g € [1,+0o0], let ¢. be in LU0, T; L*(Q*)) and satisfy

T
/ /A |pe|daxdt — 0,

then

T 1 [T
/ b.dwdt — — T () dzdydt — 0.
o Jox Y| Jo Jaxy=

As usual,this convergence is denoted by

T 1 /T
dadt = — [ [ *(¢e)dzdydt.
/0 Q;¢ ¥ Y| Jo an*'E(d))my
Moreover,we have the following convergences

Proposition 2.3 :
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e (i) For p,q € (1,400] let ¢. € LU0, T;LP(X)) and ¥» € LY (0,T; L7 (X))
1 1 1 1
(—+—=1,— 4+ — = 1) such that
p P q q

[|@ellzaorirrr) < € and  |[Y||pe orr (@) < O,

then
/oT /n; Ppdwdt ~ |Y1| /OT /an* T ()T (¢)dxdydt.

e (ii) For p,q € (1,+oo]lel ¢ € LP(OaT; LP(Q:)) and 9. € L(0,T; LpO(Q:))
1 1 1
(* + —< 17 -
p po q

1
4+ — = 1) such that
q/
[|@ellzao,r,rary) < C  and  ||¢be|| 1o o 1,Lr0@r)) < C,

then
T 1 T
/0 /ﬂz Q,)E,lpgdwdt =~ m/o ,/QxY* 7; (¢€)7; (zps)dwdydt.

Proposition 2.4 (some convergence properties )

e (i) Forp,q € [1,00), let we L0,T;LP()). Then:
T (w) =+ w strongly in L%0,T;LP(Q X Y™)).

For

e (ii) p,q € [1,00),let {w.}be sequence in LI(0,T;LP(Q)) such that:
w. = w strongly in L70,T;LP(Q2)).

then
T (we) = w strongly in L0, T;LP(2 X Y™)).

e (iii) Forp,€ [1,00) and q € (1,00],let {w.} be sequence a in
L0,T; LP(Q2)) such that:

l|lwellLago,rszr(0z)) < C
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T*(we) &> & weakly in L90,T; LY (2 x Y*)),
then we have
@, = OM. () weakly in LI(0,T;LP(Q)).
For q = oo, the weak convergence above are replaced by the weak™ convergence,
respectively.
proof: using proposition 2.1 and remark 2.1 we have
|72 (w) — wl|zago,rszr@xy+y) = [|TS(w — ¢p) + T (dp) — dp + P — wl|Lao;Lr(2x7*))

1 .
< 2|Y |7 ||pp — wl|Laqo,rszr)) + (T (@) — @) l|Laorir@xy=))

For any ¢ € D(2) and ¢ € D(0,T). Since
T (¢) = ¢ strongly in LP(Q X Y™),

then
(T2 (¢) — &)ellLa.rszr@xy+)) — O.

Consequently,we have
. X 1
ll_r% sup|| T (w) — w||Lao,rszrx=v)) < 2|Y |?||pp — w||Lao,m;27(02)) >

which implies statement (i) due to the density of D(0,T) ® D(RQ) in L1(0,T; LP(2)).

(ii) From proposition 2.1 we have:

1
[|(T7 (w) — w)||zao.mszraxy=)) < |Y|P||we — w)||Lao.miz0(02))-

Hence statement(ii) followes from statement (i)
/ / 1 1 1 1
(iti) Let ¢p € LT (0,T; L” (2))(= + — = 1, — + — = 1) from proposition 2.3(i)
b p q gq

. T N . T X 1 T * . N
lim /O /Q @pdxdt = lim /O [ wetpdadt = liny o /O /Q T w) T () dedydt.
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Since statement (i) gives
T*(¢) — ¢ strongly in L7(o,T;(LPQ x Y™)),

then we get

lim /OT/QGJd;dwdt — /OT/Q {qu B c?;dy} Ydwdt = B/OT/QMY*(&)W;cdydt,

which implies the desired result.
Now we complete this subsection with a convergence result related to the space LI(0, T, WP (§2}))

this proof can be directly obtained from that of Theorem 2.1 in [5].

Proposition 2.5 [i6, 15]Letp €)1, +oo[ and {¢.} be a sequence in the space L™ (0, T; WyP)
such that

IV ellre©or;Lr ) < C.

Then there exist ¢ € L=(0,T; WyP(Q)) and ¢ € L=(0,T; WEP(Q)) such that up to a

per

subsequence,
o (i) To(p:) = ¢ weakly* in  L>(0,T; LP(Q; WP(Y)))

o (i))T:(Vyp:) = Voo + V@ weakly” in L0, T; LP(2 X Y))

Theorem 2.1 For p € (1,+00), let {u.} be a sequence in LP(0,T; Wy P(;RY))

such that
ou,

<cC, (2.17)
LP(0,T;W ()

|lwe || zeo,752r(2)) < C and H

. 1 . Ow N 1
Then there exists w € LP(0,T; WyP(Q)) with B = 0 andw € L*°(0,T; LP(2; W_°F))

per

with My« () = 0 such that, up to a subsequence,
(i) we — w weakly* in LP(0, T; L? (2; WP (R2))),

(i) T (Vw) = Vw + Vb weakly™ in LP (0, T; LP(Q X RMY),

w, 0
Pe) L2 weakly* in LP (0, T; LP(2 x RY)),
ot ot

i) 72
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(iv) T (we) — w strongly in L9(0,T; LI(; W~1P(£2))),
(v) ||we — w”Lp(o,T;W(}’p(Q)) — 0.
where g any nimber in (1, 4+00).

We end this section by recalling the definition of the mean value operator My and that of
the local average operator MS, and give some of their properties that will be useful in the

sequel.
Definition 2.3 : let p € [1,4+00] and q € [1,400].The mean value operator

My LU0, T; LP(2 X Y)) — L9(0,T; LP(K2)), is defined by:

MY(SO)(wvt) = |Yv1|/Yu(m7y9t)dya

For every uw € LP(0,T; LP(2 X Y))
Definition 2.4 : Let p € [1,4+00] and q € [1,+o0], the local average operator

M3 L0, T; LP(Q X Y')) — L(0,T; LP(Q2)) is defined by:

M (w)(,t) = o [ Telo) (@ w, )y,

For every uw € L1(0,T; LP(2)).

Remark 2.2 : In connection, some of the properties of Te (in the case of dependence on
time) can be derived directly for those of the unfolding operator for fixed domains from [8]
with the time t as a mere parameter.

As a consequence, we have the following result.

Proposition 2.6 Letp € [1,00[ and q € [1,00]
for ¢ € L0, T; LP(R2)), one has

TeM3 (@) (2,95 t) = My (Te(p)) (2, t) = My (o) (2, t) in QX [0,].
Let {w.} be a sequence in LY(0, T, L¥(Q)) such that

w. > w strongly in L70,T,L"(Q2)).
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Then
M (w.) > My(w) =w strongly in L%0,T,LP(Q2)).

For any ¢ € L1(0,T; LP(2))

|| My (0)||zao,rsz00)) < Y77 |||l zao,rsze)-



CHAPTER

UNFOLDING OPERATOR IN DOMAINS
DEPENDING ON TWO PARAMETERS

In this chapter we recall the definition and some of its properties of the unfolding operator

T-,s depending on two mall parameters € and 6, as introduced in [9].

Definition 3.1 [9] Letp € [1,+oo[. For ¢ € LP(2) the unfolding operator T. s is the
function T, 5 : LP(2) — LP(2 x RY)defined by

; A 1
Tes(9)(z, 2) = T(¢) if (z,2) €L x <Y

0 otherwise,

where is T the operator for fixred domains as introduced in [5]. To go further, let us introduce

what is called a perforated domain with small holes denoted here Q:’J. Let B CCY and
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Y
denote Yy = —=. Then S ; is defined as
6B &
T
Qs ={xreQ suchthat {-}y €Y}
’ €

, where & — 0. This definition means that Q:’é, is a domain e-periodically perforated by
holes €0 B,

Remark 3.1 As shown in [9], it turns out that the operator T. s is well-adapted for do-
mains with small holes when dealing with functions which vanish on the boundary of Qz_‘ﬁ.
It is precisely the case we treat in this work. We will deal with functions belonging in par-
ticular, to HS(Q:’J). The extensions of these functions by zero to the whole of €2, belong to
H} (). Consequently in the sequel, we will not distinguish the elements of H} (27 5) and

their extensions from HJ ().

Proposition 3.1 /9]
1. For any v,w € LP(Q), Tcs(vw) = T 5(v)Tes(w).

2. For any u € L*(Q),
o /Mw 1 Tes(u)| da dz < /ﬂ ul da.
3. For any u € L*(£2),
176 (lz2@xmm) < spllellza)-
4. For any uw € L*(Q),
‘/Qud:c — &Y /anN Tes(u) dx dz‘ < /As |u| dx.
5. Letu € H'(Q2). Then

1 1
ﬁ,&(vmu) = gvz(ﬁ,ﬁ(u))a in 2 X EY
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6. Suppose N > 3 and let w C RY be open and bounded. The following estimates hold:

2
g
IV=(Tes (@) l2@x1v) < szl Vullzz)

2
||7:-,5(u - MeY(u))”i%ﬂ;Lf(RN)) < SN-2 ”Vu”iz(ﬂ)’

Ce?
1726 (W) 172 (2xe) < SN2 WP NIV ul|F ) + 2lwlllullfq)

where C' is the Sobolev-Poincaré-Wirtinger constant for H*(Y).

7. Suppose N > 3 and let {w.s} be a sequence in H* () which is uniformly bounded
as both € and & approach 0. Then there exists W in L*(Q; L2(RY)) with V.W in
L*(Q x RY) such that, up to a subsequence,

5N/2—1

Teo(wes) — Mey(wes) = W weakly in Lz(ﬂ; Lf(]RN)),
€

and
5N/2—1

V. (Tes(wes)) = V. W weakly in L*(2 x RY).

Furthermore, if
5N/2— 1

lim sup < o0,

(e,0)—(0t0t) €

then one can choose the subsequence above and some U € L*(Q; L? (R™)) such that

loc

5N/2—1
Tes(we.5) — U weakly in L*(Q; L2 (RY)).

loc

Definition 3.2 A sequence {v.s} in L'() satisfies the unfolding criterion for inte-

grals(u.c.i) if
/ Ves — 5N/ Te5(ves)dxdz — 0,
Q QxRN

for every sequence (e,8) — (01, 07T) this property is denoted

Te,0
/vs,,;dw = 5N/ Te5(ves)dadz.
Q QxRN
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Proposition 3.2 (/9]u.c.i) If v is a sequence in L*(§2) satisfying
/ |uc|de — 0,
A

then it satisfies wu.c.i..

corollary 3.1 [9] Let{u.} be bounded inL*(2) and {v.} be bounded in LP(2) with p >
2. Then {uc,ve} satisfies u.c.i

Remark 3.2 As observed in [9], for any 1p € D(§2), one has

||7;,5(¢)—¢||L°°(Q><%Y) — 0.

3.1 Time-dependent unfolding operator in domains with
two parameters

In this section, we extend the operator T 5, defined in the previous section to time-dependent
functions by adapting what is done in [16]. We start by defining the unfolding operator for
time-dependent functions in the domain €27 ;x]0, T'[, depending on & and §

In what follows, we have(e,d) — (0,0) through any sequence and subsequence

Definition 3.3 Let p € [1,+oo[ and ¢ € L(0,T; L*()) The unfolding operator
T.s : LU0, T; LP(?)) — L0, T; LP(S2)) is definded as

: L1
Tes(e)(x,2) = To(¢)(@,02,1) if (2,21) € 2 X SYX]0,TY,

0 otherwsise.

that is,
(o) | 2] tebet) if (m21) € Qo x ¥ x]0,T]
(p)(e|— €dz ) T,z e X =YX
Tes(e) (@, 2, 1) = ely - o 6 T
0 otherwzise.
As mentioned above, for 8 = 1 we are in presence of the unfolding operator for fized

domains introduced in [7].
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Remark 3.3 From now on, if a function does not depend on t, by T.s we simply mean
the operator introduced in Definition 3.1.
Being defined by means of the operator Tc, the unfolding operator Tc s, inherits most of the

general properties of it. In particular, the following proposition is straightforward:
Proposition 3.3 Let p € [1,+o00[ and q € [1,+o0].

e T.s is linear and continuous from L(0,T; LP(2)) to L(0,T; L (Q2 x RY)).

o T.s5(vw) = T 5(v)Te5(w) for every vyw € L(0,T; LP(S2)).

o V.(Tos(p) =67 5(Vep) in Q X ;YX]O,T[ for allp € L9(0,T; H} (2)).
Theorem 3.1 Letp € [1,+oo[ and q € [1,+oo].

o Let p € LI(0, T, LP())

5N
m QXR

= /ﬂcp(w,t)dsc — /Ae p(x, t)dx.

N7Z,6(-’B,Z,t)dwdz:/ o(x,t)dw
Q.

For a.e. t €]0,T.

The continuity of the operator Te s, as follows:

Yy
Tt < (‘o ) lellisomascan.

o Let p € LI(0,T; H'(R2)) and N > 3. Then for a.e. t €]0,T]

elY]\"
IV (Tes (D L vy < ((SN) 1Vl Lor(en-
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Proposition 3.4 Let q € [1,+00] and . € LI(0,T, L*(Q)) satisfying

T
/ / pedxdt — 0
0 JA.

then

7'55 oN T
//goedmdt |Y|/0 /QXRNﬁ,g(goe)dmdzdt.

The proof of the following proposition is essentially the same as that of [15, Proposition 2.6].

Proposition 3.5 Let q, q € [1,+00]. Let {p:}be a sequence in L1(0, T, LP?(Q2)) and
{1} be a sequence in L1(0,t, LPO(S2)) such that

l|PellLao,rzr()) < C  and ||Ye||pe o1,00002)) < Cs

1 1 1 1
where — + — and — + — = 1. Then,
p po q p

Tes
~

T
p.dedtdzdt // - (poth.)dwdzdt.
/()/Qcmbw T IYI ax iy Tes(petpe)dxdz

The next two propositions extend to time-dependent functions some properties given in [[9],

Theorem 2.11].
Proposition 3.6 Let w € LY(0,T; H'(R2)) for q € [1,+00[ one has estimates

C€|Y|
1 7c.6(w — M5 (w))||La(o,rsLo (L0 (mY) < ﬁllVHLq(OT Lr ()

and for w an open and bounded subset of R

2Ce|Y|

| 7e.6(w)||Lago,r;r(@xw)) < |V ul|Lao,r;r(02)) + 20w||Y| 7 “ Nl | zaomsze))s

where C is the Sobolev-Poincare- Wirtinger constant for H*(Y).
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Theorem 3.2 Let p € [1,400[, ¢ € [1,4+00], N > 3, {w.s} be a sequence in
L0, T; H'(Q)) which is uniformly bounded with respect to € and & as (e,8) — (0,0).
Then up to a subsequence, there exists W in L9(0,T; LP(2; LP"(RY))) with V. W in
L9(0,T; LP(2 X RN)) such that

N
§» !

?(7;5(%5) — MY (w.5)11/5y) — W weakly in L9(0, T; LP(Q; LP" (RY))),

and

N
ot

—— V. (Tes(wes)lijsy) = V.W weakly in L%0,T;LP(Q x RY)). (3.1)
13

Furthermore, if

5v

k* = limsup
(576)_>(0+70+) €

< o0, (3.2)

then one can choose the subsequence above and some U in L1(0, T; LP(Q; L (RN))) with

loc

N_4

or

T.5(w.5) — U weakly in LY(0,T; LP(2; LY (RY))). (3.3)

loc



CHAPTER

HOMOGENIZATION OF A CLASS OF
HYPERBOLIC PROBLEMS

4.1 Homogenization of hyperbolic problem in the per-
forated domain €2,

In this section,we use the adapted unfolding method presented in Section 2 to study the
asymptotic behavior of a class of hyperbolic problems in perforated domains.

To introduce the coefficient matrix, we define, for a, 3,2 € R with 0 < o < B, the set
M (e, B,2) of the nen matrix-valued functions in L% (€2) such that

(A(z)A, A) > alA |A(z)A| > B|A|



4.1 Homogenization of hyperbolic problem in the perforated domain (2, 25

For any A € R" and a.e. on .

For any &, we suppose that

AEGM(O":B,Q) <41)

Afsymmetric

Consider the following hyperbolic problem with homogeneous Dirichlet-Neumann boundary

u! — div(A°Vu.) = f. in Qfx (0,T),
'u,€:0 o0 X (O,T),
(P:) = (4.2)
A*Vu.-n. =0 on 0S.x (0,T),
uc(z,0) = u?, ul(z,0) =u! in QF,

where n, is the outward unit normal vector field defined on 9S.

we suppose that

Ve={ve H}(Q), v=0 in 00}

'U,O = Vs’

ui c Lz(QZ), (43)

fe € L*(0, T, L*(2})).
W = {v.|v. € L*(0,T,V*), o' € L*(0,T,LQ))} (4.4)

with the norm defined by
[|vellw. = [|vellezo,mve) + [V ]| L2(0;02(01)) -

4.1.1 wvariational formulation :

we multiply the equation of problem (4.2) by a test function v where v € V*© we get:

/ u;'vdw—/ (divA*Vu,)vde :/ f-vde, (4.5)
Q2 Q2 2z
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we integrate on Q7 we get

—/ div(A*Vu,.)vde :/ AEVUEVvdzc—/ A*Vu.vn.drl,
Q7 Qz 8S.NaN

by Green’s formula for the second integral we get

—/Q div(A*Vu,)vdr = /ﬂ A*Vu . Vodx — A*Vu.on dI’ + o A*Vu.vn.drl,

aS.
(4.6)
then
- /Q div(A*Vu,)vde = /Q A*Vu, Vudz, (4.7)
we replace (4.7) in (4.5) we get
/ u’vdx + A*Vu Vodr = / fevdz.
02z Q2 0z
The variational formulation of problem (4.2) is the following
u"vdw,—l—/ A*Vu . Vuodzx :/ fov dz,
Q2 2 2
in D'(0,T) for all ve V", (4.8)
us(z,0) =u?, ul(xz,0)=ul in Q.

For every fixed e classical provide that problem (4.8) has a unique solution u, such that
u. € C°([0, T]; V) N CH([0, T]; L*(€2))).

In order to study the homoginization of problem (4.2), we suppose that there exists a

matix A = (@;j)1<i,j<n such that
T(A®) — A strogly in (L'(2 x Y*))™*", (4.9)

which implies AeA[(a, 8,2 X Y') (see also [5] and [0]).
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Concerning the initial data, we assume that

|[wllve < C,

@ — 0u’ weakly in L*(),
(4.10)

@) — Ou' weakly in L*(),

f- — 0f weakly in L%*(0,T;L*(Q)),

where ¢ is a constant independent of eunder these assumptions, classical results showthat

problem (4.2) has a unique solution w” with the following uniform estimate
[|w||Loe (0.5 (02)) + |9 || Lo 01322 (02)) < Cs (4.11)

where the constant C' does not depend on €.

Now we state the main theorem of this section.

Theorem 4.1 LetA°® satisfy (4.1) and, (4.9) Suppose that u. is the solution of prob-
lem (4.2 ) with (4.3) and (4.10).Then there existe u € L*(0,T;H} () with v €
L>(0,T; L*(Q2)) and 4 € L*(0.T; H;e'r(Y*)) with M3, (@) = 0, such that

T*(u.) = u weakly* in L>(0,T;L*(Q, H(Y™)),

Tr(ul) = v weakly* in L>*(0,T;L*(2 X Y*)),

T (Vu.) = Vu+ V4 weakly* in L®(0,T;L2(Q x Y*))), (4.12)

T*(uc) — u stongly in L0,T;L*(2, H'(Y™))),

[lue — ul|Lago,r,L2(22)) — 0,

where g is any number in (1,4o00). The pair (u, @) with My« (@) = 0 is the unique
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solution of the following Problem

B/OT/Qu\Ilgo dz + |Y|/ /ﬂxy A(Vu + V,2)(VP + V&)drdydt = 0/ / FUpdrdt

for any Ve H;(Q),® e L*(QH., (Y*) and ¢ € D(0,T),

per

u=0 on Qx(0,T),

u(z,0) = u’, u'(x,0) =u' in Q.

(4.13)
We have also
" OJu
Z 87 X; (4.14)
with X; € L*™(€; H;er(Y*))(j = 1, ..n) begin the solution of the cell problem
—divy (AV, (X +y,;)) =0 in Y~
(AV, (X 4+ y;))m1 =0 on OS (4.15)
My .(X)(z,.) =0 X|(x,.) Y — periodic
Moreover,
(i)t — Ou weakly* in L>*(0,T;L*(Q)),
(4.16)

(1)) A°Vi, — 0A°Vu weakly* in L>*(0,T;L*(Q)),

Proof of Theorem 4.1. In view of ((4.11)) and Theorem 2.1, we get that there exist u €
L>(0,T; Hy(2)) and w' € L>*(0,T; L*(Q))and @ € L=(0,,TH,,, (Y™)) withM} ()

such that, up to a subsequence (still denoted by &), (4.12) holds. From Proposition (2.4)(iii),

we further get that

(i)a — OMS, (u) weakly* in L*(o,T;L*(Q)), (4.17)
1
(i1) A*Vu, — OMy-[A(Vu + V,4)]  weakly* in L>®(o,T;L*(Q)).

Since w is independent of y, then convergence ((4.17))(i) holds true for the above subse-

quence.



4.1 Homogenization of hyperbolic problem in the perforated domain (2, 29

Let ¥,¢p € D and ¢ € H!

per

(Y™). set

v = (@) +ep@)y(a), with ¥ (@) =v(5), (4.18)
then

Vv = W(2) + ep(2)$(x)
Vv, = Va (¥(@) + ()i (@)
Vv, = V¥ (@) + eVig@)y (- ))

Vave = VoW (@) + eV () + e x ~o@ vy (2)

Vov. = Vol (@) + 07V, + (V) (£ ).
by proposition 2.4(ii) we have
T*(ve) > ¥ strongly in L*(2 X Y*),

T (¢y°) = @ strongly in L*(Q x Y*)with & = ¢(x)y(x), (4.19)

T (Vv.) > V¥ +V,® strongly in L*(Q2 X Y™).

Let ¢ € D(0,T). From (4.12) and (4.19) and proposition 4.10 we deduce
T T
/ / ulv.pdrdt — 0/ / uW"dzxdt. (4.20)
o Jor 0o Ja

T 1 T
/ A*Vu, Vo pdedt — — / / A(Vu + V,a) (VP + V,®)pdedydt.
o Jax Y| Jo Jaxy=

(4.21)
T T
/ / fov.pdzdt — 0 / / FUpdadt. (4.22)
o Jar o Ja
Now choossing v.¢ as test function in the variational formulation we obtain
T T T
/ u"v.pdxdt — / A*Vu Vu.pdrdt = / / fevepdx. (4.23)
o Jor o Jor o Jar

Passing to the limit in this exepression term by term we start by the first term we applay
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here the operator T, we obtain

T T
/0 /ﬂ , ulvepdads = lim / /Q , ubvepdadt

= lim — // u.v. " dxdt 4.24
|Y| (4.24)

e—0

= yggm /0 [ T () Ta(¢") dadydt
by (4.12) and (4.19) we have

T(ue)T('ve)T(tp")dwdydt_llm— / W " daedydt,

e—>0 |Y| / QxY* 0Y|
(4.25)

now by Fubini’s theorem we get

Y*| T T
/ / u\Ilgo"dacdt d | |/ / u¥ " dxdt = 0/ / u¥ " dzxdt,
s—>0 |Y| |Y| o Jo o Ja

then

T T
lim/ / ulv.pdrdt = 0/ / uW " dzdt, (4.26)
e—=0Jo Jar 0o Ja

then
T T
/ / uv.pdrdt — 9/ /Qu\Ilcp"dzcdt. (4.27)
o Jor 0

e—0 Jo

T T
/ AV, Vu.pdedt = lim / / AV, Vu.pdedt
0o Jax QxY*

. 1L T A
=lim o L A T(Vu) TV Te () dedt,
(4.28)
by (4.12) and (4.19) and also (4.9) we have :

T (Vu.) =& Vu+ V4 weakly* in L>(0,T;L*(R2, L*(Q X Y))),
T (Vve) - V¥ +V® strongly in L*(0,T; L*(Q, L*(Q2 x Y*))),
TF(A°) - A srongly in L'(2XY"),



4.1 Homogenization of hyperbolic problem in the perforated domain €2

31

we have

ggém / / T (A T2 (Vu) To (Vo) To () dedydt

lim m /0 /Qxy* A(Vu + V,a) (VP + V,®)pdedydt,

T
lig | [, ATVu:Voepdadt = lim o I/ /ﬂxY A(Vu + V,a)(V + V,®)pdzdydt,
(4.29)
this imply

T
/ A*Vu Vu.pdxdt - — / A(Vu+ V,4) (V¥ + V,®)pdxdydt.
0o Jor |Y| QxY*

(4.30)

/ / fevepdxdt = llm/ oy fevepdadt = llm Y o / / 7;(f€)72(v€)7:-(go)da:dydt,
(4.31)
by (4.19) we get

1T .
ling 51 L T T Tolp)dadydt = hmﬁ / | . f¥edzdt, (432)

now by Fubini’s theorem we get

li 1/T/f\Ilddt/d =i |Y|*/T/f1,bddt—9/T/f\Ilddt
€l—r>%|Y|OQ L Y*y_el—r%|Y|on PAPEE=T Jo Jot ZFOTE

T T
lim / / fov.pdedt = 6 / / FUpdrdt, (4.33)
e—=0Jo Jax 0o Ja
then
T T
/ / fov.pdadt — 6 / / FUpdedt, (4.34)
0 ﬂ; 0 Q

Thus, combining (4.26) with (4.29) and (4.33), we get

T
n”
0/0 /QuelIlgo dzdt + —|Y| / /M* A(Vu + V,a@)(VE + V,®)pdedydt

T (4.35)
—9 /0 /ﬂ FUpdadt.

Now, in order to check the initial condition let v, be given by (4.18 ) and ¢ € C*°[0,T]

with ¢(0) = 1 and ¢(T") = 0. choosing v, as test function in the variational formulation



4.1 Homogenization of hyperbolic problem in the perforated domain (2, 32

(4.8).

Using the initial conditions in (4.2) and by integration by parts, we have
/Q* uvepdr — /ﬂ* A*Vu Vo.pdr = /n* fevepdx

— A*Vu . Vv.pdx :/ fevepdx :/ ulv.pdx
Q Q

2

— AEVUEVUEQde—I—/ fevepdx :/ uv.pde
Qz Qr Q

T
— A*Vu Vu.pdx +/ fevepdx = / ulv.p |(1; dx —/ / u v, dedt
o Qx Q. o Ja.

T
— AEVuQV'vEgodw—l—/ fevepdx :/ u' (0, x)v.dx —/ / veul @ dedt
Qx Qe 0o Ja.

02z

Passing to the limit and making use of (4.20)-(4.22), we get

1

r ~ T
_|Y|/0 /Qxy* A(Vu + V,a) (VP + V,®)pdrdydt + 0/0 /ﬂ fodrdt

T
= —9/ u'Udx — 0/ / u”" Updzdt,
Q 0o Ja

T
by integration by parts the them / / u”" Wpdzrdt we get
0o Ja

1 T T
— A(Vu+ V,a) (V¥ + V,®)pdedydt 0// dzdt
|Y|/0/M* (Vu+ V,8)(V¥ + V,®)pdadydt + 0 | | fyede
T
=0 [ w'Wde+0 [ WO|ldzdt -0 [ | Su'pdudt
Q Q 0 Q
T
— 0 / W Udz + 0 / o' (0, z)Udadt — 0 / / Yo' pdxdt,
Q Q 0 Q
we have
1

T A 0 T
v 7} v ()]
|Y|/o | A(Vu+V,@) (V¥ + V,@)pdadydt + 60 | [ fppdadt

(4.36)
T

_ 1 ’ 7

— 0/Qu \Ilda:—l—H/ﬂu (O,zc)\Ildmdt—l—G/o /Q'u, Wopdadt,
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Combining (4.13) with (4.36 )we obtian

1
Y|
T T
16 / u'Wdx — 0 / ' (0, z)Udadt + 6 / / W Wpdrdt — 6 / / u" U pdadt
Q Q 0 Q 0 Q
L1
Y|

r ~ T
/0 /QxY* A(Vu + V,a) (V¥ + V, @) pdxdydt + 0/0 /ﬂ fOpdrdt

r T
- B - -
0 /Qxy* A(Vu + V,a)(V¥ + V, @) pdrdydt 9/0 /Q f¥edxdt

Then we obtain

u'(x,0) = u'. (4.37)
Choosing ¢ € C*([0,T]) with ¢(0) = @(T') = ¢'(T) = 0,p(0) = 1,and taking v.¢p

as test function in the variational forrnulation (4.10).

Using the initial conditions in (4.2) and by integration by parts, we have

/ u"v.pdr — A*Vu . Vv.pdx :/Q f-v.pdx (4.38)
Q; :

2

— A€Vu€Vvscpd:c—|—/ fevepdx :/ u"v.pdx
Q7 Q

2

T
— A*Vu . Vv.pdx —l—/ f-vepdx = / uv. |g dx —/ / u'v.p'dxdt
o Qx Q. o Ja.

T
— AEVUEVvsgodw—k/ fevepdx = —/ uE(O)vsdw—/ / uv. " dxdt (4.39)
o Qx Q. o Ja.

Passing to the limit and making use of (4.20) - (4.22) we get

1
Y]

T
— —0/ w0 — 9/ / "V pdzdt
Q 0 Q

' A i o [ o
/0 /Q L A(Tu+ V,@)(VE + V, @) pdedydt + /0 /Q FUpdedt
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by integration by parts we get

|Y| / /ﬂxy* A(Vu + V, @) (V¥ + V,®)pdrdydt + 0/ / fUpdadt

:—0/ uO\If—I—O/ ulIl|§d:I:—|—0/ /u”lIlgodmdt
Q Jo o Ja

T
= —0/ ulW —I—H/ Yu(x, O)dwdt—l—H/ / u”" Wodrdt
Q Q o Jo
we have

Y| o / /Qxy,, A(Vu + V,a) (VP + V,®)pdrdydt + 0/ / fOodrdt
(4.40)

= —0/ ulW + 9/ Yu (0, z)dxdt + 0/ / u”"Wpdzrdt.
Q Q o Ja

Combining (4.40) with (4.13 ) we get
|Y| / /Qxy A(Vu + V,a) (V¥ + V,@)pdrdydt + 9/ / fodrdt
- 9/ wOUdz — 9/ (0, x)dzdt — 9/ / u" U pdxdt + 9/ / T pdadt
|Y| / /Qxy,, A(Vu+ V,a)(V¥ + V,®)pdrdydt — 9/ / fodzdt.
Then we get

u(xz,0) = u’. (4.41)

4.2 Homogenization of hyperbolic problem in the per-
forated domain €2, 5

In this section, we suppose that N > 3, and that € and § = d(e) are such that (3.2) holds,

that is, there exists the following limit and is finite

N
* 2t
k* = lim
e—0 g

< +oo. (4.42)

We also denote by M (a, B, 2) the set of N X N matrices A = (ay;)1<ij<n in (L°(£2))V*N
such that

(i) (A(@)A,A) > afA,
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(i) [A(z)A] < BIA],

for any A € RY and almost everywhere on €, where a, 8 € R such that 0 < a < 8. We

want to study the asymptotic behavior as € — , of the problem

uls(z, t) — div(A®(x)Vues(z, t)) = fes(x,t) in  Q;x]0, T,

ucs(z,t) =0 on 9N ,;x]0,T], (4.43)

Ues(x,0) = ug,d(w)’ u;,é(wv 0) = u;,é(w) in Q:,é’
We suppose that the data satisfy the following assumptions

A* € M(a,pB,0),
Afsymmetric,

fes € L*(0,T; L* (2 ), (4.44)

ug,& S H(} (Q:,é)?

u:’ s € L*(2).
Moreover, we assume that

ugﬁ—\uo weakly in L*(Q),

ue’é—\ul weakly in L*(Q), (4.45)

f-5 — f weakly in L?*(0,T;L*(Q)).

The Set
Wes = {ve|lve € L*(0,T,V®), o' € L*(0,T,LQ))},

is equipped with the norm

||Ue,6||ws,5 = ||v€,5||L2(0,T,H3(Q:,5) + ||U;,5||L2(0;L2(ﬂ:,5)) (4.46)
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4.2.1 variational formulation :

we multiply (4.43) by a test function v where v € V© we get

/ uvdx —/
Q*.5 Q

we integrate on 7 ; and by Green’s formula we get

J(di'vA€Vu€,5)'vda: = /Q* feovdx

* *
e e?

— / div(A*Vu,)vde = A*Vu,;Vvdr — A*Vu,svnesdl’ (4.47)
Qr, Qr, 0.5
—/ div(A*Vu,s)vdx = / A*Vu, sVvdzr — A*Vu, svn,sdI’
25 s 9% s
then:
—/ div(A*Vu,s)vdx = A*Vu,;Vvdr (4.48)
2 Qs

we replace (4.48 )in (4.47) we get

/ u'vde — | A°Vu.;Vode = / fesvdx (4.49)
Q Qr,

* *
€,0 ﬂs £,

The variational formulation of problem (4.43) is: Find u.s € W, s such that for all v €
H}(Qe, 5)

Ja

u"'vd:c—i—/ A*Vu,sVude :/ fevdxe in D(0,T),
Qs Qs

i (4.50)
ue5(x,0) = ul 5(x), uls(x,0) =ul(x) in Q.
Classical results [22, 13] provide for every fixed € and § the existence and uniqueness of a

solution of problem (4.43) such that
ue,s € C°([0, T]; Hy (27) N CH([0, T]; L* (2 5)),
and satisfies the estimate

||ue,6||L°°(0,T;L2(9)) + ||u::,6||L2(O,T;H3(Q)) <C, (4-51)
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where C is independent of € and 4.

Remark 4.1 : In the following, we identify functions in Hg(ﬂ:,é) with their zero exten-
sion to Hy () so that we can write (4.51) as

||u5,5||L°°(O,T,H(}(Q;’5)) + ||U;,,;||Loo(o,T;L2(n)) < C, (4.52)

where C is independent of € and 4.
We adapt here for the evolution problem some arguments introduced in [9]. Let us introduce

the functional space

Kp = {<I> € L*(0,T; L*(RN)) : V® € L*(0,T; L*(RN)),® is constant on B} .
(4.53)

We also need the following lemmas from [9] in order to pass to the limit in equation(4.50)

Lemma 4.1 (/9]) Let N > 3.Then for every 8y the set
Uo<s<do {a’) €H, (Y):¢=0 on JB} ,

is dense in H' (Y).

per

Lemma 4.2 (/6]) Let v € D(RY) N Kp (i.e,v = v(B) is constant on B) and set

wes =v(B) — v <(15 {:}Y> for x € R,

Then
w.s — v(B) weakly in H'() (4.54)

Remark 4.2 : (1) From definition of wes above one has

—

Tes(wes)(x,2) = v(B) —v(z) in X 5

and consequently (see []),

1 1 A 1
Tes(Vwes)(x, 2)) = - (V. Tos(wes)) = —E—dvz'v in QX —. (4.55)

=]
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(2) Let {wes} be a sequence satisfying (4.54). We have,

T (w.,5) — v(B) strongly in L*(Q2 X Y). (4.56)

Indeed, it was shown in [9] that {w. s} is bounded in H'(€2) so that together with (4.54)

and the Rellich compactness theorem, one has w, s — v(B) strongly in L*(); that is,

||'w€’5 — 'U(B)HLz(Q) — 0.
We state now a homogenization theorem for system (4.43)

Theorem 4.2 Under assumptions ({.44) and (4.45), suppose that as € — 0, there is a
matrix field A such that

T-(A)(z,y) — A(x,y) ae inQ XY, (4.57)
and as both €,8 — 0, there exists a matriz field A® such that
T.5(A) (2, 2) = A°(z,2) a.e. in Q2 x (RN \ B). (4.58)

Let ucs be the solution of (4.50). Then there exists w in L>(0,T; H) () and @ in
L>(0,T; L*(Q; H: (Y))) such that

per

(D)ues = u weakly*in L>(0,T; H,(R2)),

(t8)u. s — v weakly” in L>(0,T; L*(Q)),

(143) Tz (ue5) — u  weakly* in L*(0,T; L*(2; HY(Y))), (4.59)
(iv)Te(uls) = u' weakly* in  L%(0,T;L*(Q2 xY)),

(V)T:(Vues) = Vou + Vi weakly® in L*(0,T;L*(Q X Y)).

and U € L*(0,T; L%, (R")) such that

521
S Tis(ues) — U weakly in L2(0, T; L2(€2; L2 (RV))), (4.60)

loc
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with U vanishing on 2 X Bx]0,T[ and U — k*u € L*(0,T, L*(2; Kg)) k; begin defined
by(4.53) The couple (u, @) satisfies the limit equation

/Y A(z,y)(Veu(z,t) + Vya(z,y,1t)) Vyody = 0. (4.61)
For a.e. @ € Q a.e. t €]0, T[ and for ¢ € H;er while the function U obeys
/ B A@ (VU (@, 2,0) + Vv(z)dz = 0. (4.62)
RN\B

For a.e. @ € Q a.e. t €]0,T| and for all v € Kp with vg = 0.
The ordered triplet (u, 4, U) satisfies the limit equation

<'U,”(', t)a ¢>(H&(Q))’,H&(Q) + /QxY A(w7 y)(ku(w, t) + Vyﬁ(wv Y, t))v¢(w) dx dy
 L* 0
k /ﬂxaB A°(x, z)V, U (x, z,t)vpyp(x) de do,

= /Q F(z, t)p(x) dx, for ae. t €]0,T[ and for all ¢ € H} (),
(4.63)

with

u(xz,0) = ug, u'(x,0) = u,y in £,

where vp is the inward normal to @B and do ., its surface measure.

In what follows, we will use the notation my (-) for the average over Y defined as

my (v) = Dl,'./y o(y) dy, Wo € LMY).

The result below describes now the homogenized problem in the variable (x, t) in Q2x]0, T'[.
To this aim, let us consider the correctors x;, 7 = 1,..., N solutions of the cell problem;

they are the same for domains without holes (see [1, 13])

X; € L=( H, (Y)),

per

LAv(yj —y;)Vedy =0 ac. xc€QVeocH: (Y),
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my (X;) = 0,

where A is given by (4.57).
We consider also the cell problem corresponding to the holes B defining the corrector 6 for

small holes, introduced in [9],

0 € L~*(Q; Kg), O6(x,B)=1,
/]RN\B Ay(z,2)V.0(x, 2)V.¥(2) dz = 0. (4.64)
a.e. forx € Q, V¥ € Kg with ¥(B) = 0.

Proof of Theorem We prove the results in several steps.

Step 1. The existence of u € L>(0, T; H; (2)) such that up to subsequences, convergences

(4.59))(i)-(ii) hold, follows from estimate (4.51) while the existence of & € L (0, T'; L*(2;
1

H, . (Y))) and such that convergences (4.59)(iii)-(v) hold, (see also Remark 4.1).

On the other hand, from (4.52) and Theorem 3.2 there exists a function W in L*(0, T; L*(;
L*(RY))) with VW € L?*(0,T; L*(©2 x RY)) such that (up to a subsequence)

N_1

&2

e

(Te5(tes) — MLy (ues)) — W weakly in L?(0, T; L?(Q; L**(RY))).  (4.65)

Moreover, in view of (3.2), again by Theorem 3.2 there exists U such that (up to a subse-
quence) (4.60) holds.

Step 2. Let us check the properties of the function U. From (i) and (ii) of (4.59) we have
by compactness,

u.s — u strongly in L?(0,T; L*(Q)), (4.66)

so that from (3.2),

N_1

2

M;Y(ue,,;)%y — k*u strongly in L?(0, T; L*(€; L2 (RY))). (4.67)
Thus, from (4.60), (4.65) and (4.67) we conclude that

U=W+k'u and V,U =V_,W.
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Moreover, by using (3.1) of Theorem 3.2, we have

0% Te5(Vites) = 62 V(T 5(te )1y — V.U weakly in L2(0, T; L*(Q x RV)).

(4.68)
Also, from Definition 3.3,
T:s(ucs) = 0in Q X Bx]0,TY,
and thus from (4.60) and (4.67),
U=u=0inQ x Bx]0,T]|. (4.69)

This means that
W =U — k*u € L*(0,T; L*(Q; Kg)).

Step 3. Let us prove the first limit equation. Let ¢p € D(€2) and ¢ € C*

per

(Y) vanishing

in a neighborhood of y = 0, and set :

v.(@) = ep(@)¢*(2) with ¢*(2)=¢ (). (4.70)
then:
Vue(z) = V(ep(x)d*(x) ()
Vo (x) = eVp(x)d®(x) + ¥ () Vo (x),
then
T:(Vve) = ¥V, ¢ strongly in L*(QxY). (4.72)

Taking v, as a test function in (4.50), multiplying by ¢ € D(0,T), and integrating over
10, T'[, we get

T , T
/0 /92,5 Ue (T, t)ve(x) " (t)dxdt + /0 /9:,5 A () Vues(z, t) Vo (x)p(t) dx dt

= [ [ Festw,tyou(@)p(t)dedt.
” (4.73)
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we have v, defined in(4.70 ) by: v.(x) = e¢d®(z)Y(x) with Y = (:) ,
then we get
T ,
[ ] ueaes (e @) (0 dodr
T5,5
+ [ AT@) Vues(z, ) Vo (@) (t) da dt

= [ [ Festw,t)(eo* @) (@) (t) da db.

Not that this equation can be rewritten as

e[ wealas D@ @) (@) 1) da de
[ | A@)Vetea(2,0) Vo () (1) dadt (4.74)

= [ [ Feslm, 9" @)b () o (D) ddr.

We first use the unfolding operato 7 to pass to the limit in the second term of the left-hand
side of this equation. Using (4.71) and (4.72), we have

Te(pe) = ¢ weakly* in L=(0,T, L (2 W'P(Y))).
Te(Vve) — 9V, ¢ strongly in L*(Q2 X Y).
T:(A%) > A(z,y) a.e, in QXY.

T-(Vu.s) — Veou+ Vit weakly* in L™(0,T; L*(2 X Y)).

then we get

T
lim /0 /Q  AT(@) Vs (@, ) Voo (@) (t)dadt
. 1 T €
= 1€1£>n|Y|/0 /ﬂxyA (x)Vues(x, t) Vo (x)p(t) dedydt
0 E (4.75)
=lim L] T T (Vueo) (Vo) Te () dadydt

1 T
Ty /o /w Az, y)(Vou + V)V, (y)e(t)dedydt
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On the other hand, the first term on the left-hand side of (4.74) as well as the term on the

right-hand side goes to zero as € — 0, which implies

T
||, Ac@)Vues(@, ) Vo (@)p(t) dedt = o0,
0 ﬂ;é

so that
e A(x V.u+ V,4)pV,¢(y)e(t)dedydt = 0
T = 0.
|Y|/0 /QXY ( ’y)( m Y yPY y

By Lemma 4.1, we obtain (4.61) which describes the asymptotic behavior of the problem
based on the oscillations in the coefficients of (4.43).
Now, to take into account the effect of the perforations, let us use w. 59 as a test function
in (4.51), where w, s is the function defined in Lemma 4.2 and for ¢ € D(£2) and also
@ € D(0,T) and integrat over |0, T'[ Thus we have:

/oT / .5 ul 5 (x, t)we s (x)h(x) p(t)dadt

+/0T /ﬂ* Af(x)Vues(x, t) Vwe s(x)p(x)p(t)dedt
v (4.76)
+_/0 /* Ae(w)vue,delta(m, t)ws,cs(m)v",b(w)QO(t)dwdt

— /T / Foi (@, ) we s () (x)dzdt
0 Jaxes

For the first term on the left-hand side of this equation, we apply the operator 7. Thus,
from Definition 3.3 together with Remark 4.2 and (4.59)(iii), we get

/oT /Q:,,; ul 5(x, t)we 5(x)P(x) p(t)dzdt

— lim /0 ! /Q  tes(@, wea(2) 9 (@)¢" () dadt

e—0

1 T
=ling o L] Teotes) Tes(wes) Tea ()¢ () dadydt

e—0
_v(B)
Y|

(4.77)

/oT /nxy u(z, t)y(z)o" (t)dzdydt.
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For the second term on the left-hand side of equation (4.76), we use the operator T¢ 5. Then,
Remark 3.2, together with (3.2), (4.58), (4.68), (4.69)and Remark 4.2, yield
T
/ / A% (2) Vue(z, t) - Vw.(2)(x)o(t)dedt
0 5
T
= l%/ /ﬂ N Af(x)Vu.s(x,t) - Vw s5(x)p(x)p(t)dedt
— lim m / /Q o Tea (AT (Ve ) Te s (Ve s) Tea ($) o () dd zdt

= 5._>0 |Y| / /Q RN T5(A€)T5(Vus 5)( 1/€6V 'U)T 5(’1/))¢(t)d33d2dt

:li—%< s|Y|/ /Q . 5(A5)(6 Tes(Vues)(V, v)Tg(?,b)go(t)d:cdzdt)
= |Y|/ /.QXRN A%z, 2) V. U(x, 2,t) V. v(2))(x)p(t)drdzdt
= |Y|/ /Qx(]RN\B) A%(z, 2) V. U(x, 2, 1)V, v(2)p(x)p(t)drdzdt
(4.78)
so that
li_r}r(} OT o YAs(a:)Vug,g(a:,t)V'we,(;(w)@b(m)qb(t)dazdt
5 (4.79)

T
= _|Y|/0 /QX(RN\B) A%(z, 2) V. U(x, 2,t) V. v(2)(x)p(t)drdzdt.

For the third term on the left-hand side of (4.76), we use 7. From Definition 3.3 together

with Remark 4.2], (4.58), passing to the limit gives

/OT/* Af(2) Ve s(x, t)we,s(2) Vip (z) o (t)dedt

— lim / ’ / | AT@) Va2, s (@) T @)p (D) dudt

e—0 Jo

L (4.80)
=l oo L] T A T Tues) Te (o) T (V) o (£) daedyat

e—0
_v(B)
Y|

/OT /Qxy Az, y)(Vou(z, t) + Vya(z,y,t)) Vip(x)p(t)dedydt.
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For the term on the right-hand side of equation (4.76), we also apply Te, Definition 3.3,
Remark 4.2, and (4.45)(iii) and passing to the limit, yields

/oT /g; , fes(@, t)wes(x)Y(x)p(t)dxdt

T
=tim [ [ foa(@ Dwes(@)v(@)p(t) dadt

1T
=t o [y T Te(wed) () 60 dedydt

— "’l(fl) / ' | #@ 9@t dedydt.

(4.81)

Thus, combining (4.77)-(4.81), the limit equation of (4.76) is

oB) [ [ ule,ty(a)e" (t)dwdydt

— K /0 /Q - Ay(x, 2)V. U (x, 2, t) V. 0(2)(x)p(t)dedzdt )
+ v(B) /0 /Q A@ ) (Vou(@,t) + V,a(2,y, 1)) Vi(2)¢(t)dedydt

=o(B) [ [ f(@ 09 @)¢(dedyd.

which is true for all ¢ € D(0,T), ¥ € Hy(2) and v € Kp. So, we obtain (4.62) for

v € Kp such that v(B) = 0. If v(B) # 0, by applying Stokes’ formula and (4.62), we
have

/T/ o Ag(w, 2)V.U(w, 2, 1) V.0 (2) () p(t) de dz dt
o (4.83)

T
= v(B) / / A%z, 2) V. U(x, z,t)vp(x)p(t) de do, dt,
0 JQxoB
which used in (4.82) gives the first equation of problem (4.63).
Step 4. It remains now to check the limit initial conditions. Let v. = w, 5% where

w5 is given by Lemma 4.2 and ¢ € D(£2). Let ¢ € C*([0,T]) with ¢(0) = 1 and
p(T) = 0. Take v.¢p as a test function in (4.51).

/OT /Q;,; Feo(zy t)ve(x)(t)dedt — /OT /9;5 A + e(x) Ve s(x, t) Vo (z) o (t)dzdt
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T
= / / u! s(x,t), v.(x)p(t)dedt
0 Q5 ’

Using the initial condition in (4.43) and by integration by parts of this term
T
/0 /Q 6 ul 5(x, 1), ve(x)p(t)dzdt, we have

T
/ / u! ;(x,t), v.(x)p(t)dxdt
0 Q5 ’
T

= | (@ te®)iv@ de— [ [l (@, t)v.(2)¢/ () do at

A 0 Ji;

T

= —/ u. s(x,0)v.(x) dex —/ / u s(x, t)v.(x)p(t) dxdt

s 0 Jazs 7

T
== u; 5(x)ve(x) de — / /* u, 5(x, t)ve(z)p(t) dz dt.
€,0 0 ns,&

In view of (4.77)-(4.81) and (4.45), passing to the limit in this equation yields

oB) [ [ e, typ(@)e(t) dedydt

+ ok /0 ' /Q oy AC@ D) VLU (@ 2, ) V.o(2) (@) p () dardzdt
—oB) [ [ Al y)(Vau(, 1) + Vi, y, 1) Vi @)p(t) do dy de
= —o(B) [ w'@)p(@) dr —v(B) [ [ (@, t)p(e)e(¢) da di

= —o(B) | u!(@)w(@) do + v(B) [ w'(2,0)%(x) du

+o(B) [ [ w(e,1),%(@)p(t)dadt

Combining (4.84) with (4.82) yields

_ /ﬂul(m)1/;(;p) dx + /ﬂu’(w,O)ip(a:) dr =0, Vi € D(R2),

which implies u'(z,0) = u'(x).

(4.84)
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For the first initial condition, let us now choose ¢ € C*°([0, T]) with ¢(0) = @(T') =
@'(T) = 0 and ¢’(0) = 1. Let us take again v, as a test function in (4.43).

T T
fy fop, Fea@vvee e®dudt = [0 [ A(@) Vues(e,t) Vou (e, 2)p(t)dudt

T
- /0 /* u;/,é(m’ t)a ve(ma Z)cp(t)d:cdt
€,8
Using the initial conditions in (4.43) and by integration by parts, we have

/OT /Q:& ul s(z,t), v(z, 2)p(t)dxdt
_ /ﬂ :é(u;’a(m,t)cp(t))’jvs(w) de — /OT /Q 5, )ve(@)! () dr
_ /Q :5(%5(%t)w'(t))\zvs(m) de — /0 ' /Q | e, t)oc(@) ¢ (1) da dt

T

= —/ Ue5(x, 0)ve(x) do — / / e s5(x, t)ve(x)p” (t)dx dt
s 0 Jaz,

In view of (4.192)-(4.81) and (4.45), passing to the limit in this equation yields

oB) [ [ e, tyi(@)p(t)dudydt

+ K /OT/QX(RN\B) Ao(z, 2) V.U (2, 2, 8)V,0(2)9(x)p(t) dedzdt
—o(B) [ [ AG,y)(Veu(a, 1) + V(@ y, 1) Vib(@) (1) dadydt
= —o(B) [ u’@)p(x) de —v(B) [ [ ule, typ(@)e (1) dedt

= —v(B) [ w’(@)(@)de +v(B) | u(z,0)y()de

+o(B) [ [ w(w,1), () p(t)dedt

(4.85)

combining (4.85) with (4.81) yields:

_/QUO(CB)‘/’(w)da: + /ﬂu(a:,O)v,b(az)daz =0, V¢ € D(Q),

which implies u(x, 0) = u°(x).
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Conclusion in conclusion, we study the homogonenization of the wave equation in the
perforated domains 2. and €2 s by the periodic unfolding methode we get in the domains

(2. the homogenazation wav equation give by the flolowing problem

u” — div(A""Vu) + k*u = f in ©Qx(0,T),
u=20 in Qx(0,T),
u'(x,0) = u' in Q,

where the homogenized matrix field is

hom al 8X-7
A = my | a;; + Z Qi,.—— | - (486)
k=1 ayk
In the domain €2, 5 the homogenazation of the wav equation give by the flolowing problem

Under assumptions (4.44) and (4.45), w € H}(f2) is the unique solution of the limits

problems
u” — div(A""Vu) + (k*)Ou = f in Qx(0,T),
u=0 in Qx (0,T),
u'(x,0) = u' o Q,

where the function © is given by

= 'A°V_.Ovpdo.. (4.87)
0B
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