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Abstract:

In the context of relativistic quantum mechanics, our work has been organized
into two main parts.

In the first part, we first proposed the formalism of the spin-s (s = 0,1/2)
relativistic wave equation. Then, based on the stationary scattering states of a
relativistic particle governed by the spin-s relativistic wave equation in the

presence of a localized electromagnetic field 4, (x,t) = (Ao(x, t),ff (x, t)), we

constructed the formalism of the one-dimensional scattering matrix S_;.

In the second part, as an application, we studied the scattering of relativistic
spin-s particles interacting with certain scalar potentials with some symmetry and
range properties (Woods-Saxon potential, barrier potential, and periodic
potential). For these potentials, the spin-s relativistic wave equation was first
solved analytically. From the asymptotic behavior, we derived the scattering
matrix. Then, using the scattering matrix formalism, we calculated even and odd
wave phase shifts, scattering amplitudes, transmission and reflection coefficients,
and the total effective cross-section.

Keywords: Relativistic spin-s wave equation (s = 0,1/2), Scattering matrix
formalism, Woods-Saxon potential, Periodic potential.
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Résumé :

Dans le contexte de la mécanique quantique relativiste, notre travail s'est
articulé autour de deux grandes parties.

Dans la premicre partie, nous avons tout abord proposé le formalisme de
I'équation d’onde relativiste spin-s (s = 0,1/2). Ensuite, en se basant sur les états
stationnaires de diffusion d'une particule relativiste gouvernée par I'équation
d’onde relativiste de spin-s en présence d'un champ é€lectromagnétique localisé

A, (x,t) = (Ao(x, t),ff (x, t)), nous avons construit le formalisme de la matrice

de diffusion S_ & une dimension.

Dans la deuxieme partie, comme application, nous avons ¢tudier la diffusion
des particules relativistes de spin-s en interaction avec certains potentiels
scalaires ayant quelques propriétés de symétrie et de portée (potentiel de Woods-
Saxon, potentiel barriére et potentiel périodique). Pour ces potentiels, 1'équation
d’onde relativiste de spin-s a ¢été d'abord résolue analytiquement. Du
Comportement asymptotique, nous avons tiré la matrice de diffusion. Par la suite,
en utilisons le formalisme de la matrice de diffusion, nous avons calculer les
déphasages des ondes paires et impaires, les amplitudes de diffusion, les
coefficients de transmission et de réflexion, ainsi que la section efficace totale.

Mots clés : Equation d’onde relativiste de spin-s (s = 0,1/2), Formalisme de la
matrice de diffusion, Potentiel de Woods-Saxon, Potentiel périodique
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Introduction

Classical mechanics gives a good account of reality as we observe it on a daily basis.
It distinguishes two types of objects: matter and radiation. Matter follows Newton’s laws
of rational mechanics and radiation follows Maxwell’s laws of electromagnetism. After the
emergence of theories such as Newton’s classical mechanics, thermodynamics, electromag-
netism and statistical mechanics, it is believed that all the laws of physics have been found
and all that remains is to refine the precision of measurements. However, there are still
many unanswered questions. Towards the end of the 19th century, certain new phenomena
(black body radiation, the photoelectric effect, the Compton effect, wave-particle duality,
the atomic spectrum, invariance of the speed of light, etc) were unable to be explained by
classical physics. This led to the appearance of new concepts radically different from those
of classical physics. For example, we had to abandon the notion of trajectory and consider
that microscopic particles sometimes behave similary to a wave. All of these new concepts
gave birth to a new physics, “quantum physics.” In this physics, the trajectory no longer
has any meaning and we speak of the probability of presence. In fact, an elementary particle
manifests itself in space as a wave represented by a wave function ¥ (77, ¢), where 7 is the
position of the particle in space and ¢ is time. As with any wave, ¥ (7,t) must satisfy a
wave equation. This is the Schrodinger equation [1, 2, 3], designed by the Austrian physi-
cist Erwin Schrodinger in 1926, which is a fundamental equation in nonrelativistic quantum
physics. It describes the evolution over time of a massive non-relativistic particle, and thus
fulfills the same role as the fundamental relation of dynamics in classical mechanics.

However, quantum mechanics did not satisfy the principles of Einstein’s special relativity
[4, 5], a principle stated at the beginning of the century. It was therefore necessary to
take another step towards a more general and more complete physics that would obey all
experimental evidence. Therefore, to satisfy covariance, a principle arising from Einstein’s
special relativity, physicists have developed new theories. Relativistic quantum mechanics
thus began with the arrival of the Klein-Gordon equation (1926), which allows us to describe
the dynamics of relativistic particles of mass m having a spin-0, with or without charge

[6, 7, 8]. Unfortunately, this equation presents serious difficulties of interpretation within



the framework of original quantum mechanics, a theory supposed to describe a single particle.
The relay taken by the Dirac equation has succeeded in re-establishing this defect. However,
it does so at the cost of adding a sea of particles which gives rise to the antiparticle (particle
having a mass, a spin, and an average life identical to that of the particle, located in the
same state of momentum, position, but opposite charges: electric charge, weak, and other
quantum numbers), but it can only describe phenomena where the number of particles does
not vary. It cannot describe processes in which particles appear or disappear, for example,
matter-antimatter annihilation [6, 8, 9].

In 1948, research continued through important work performed by Julian Schwinger and
Tomonaga, as well as Richard P. Feynman who established a formalism where relativistic
covariance was highlighted, which made it possible to separate the contributions of vacuum
fluctuations into divergent parts and finite terms. The divergent terms were incorporated
into the mass and initial charge of the electron, to give what we take as experimental values.
Consequently, a gigantic but also formidable mathematical arsenal has been developed to
deal with the “infinite” phantom heir to these ambiguities. Sophisticated techniques of
renormalization, non-commutative geometry, Hopf algebras, etc. have not been able to
provide a definitive solution to this problem.

Although we have advanced enormously on the technical level, physics has remained in
an embryonic state on the fundamental level.

A return to wave equations is then justifiable. Firstly, these wave equations are much
closer to the inevitable formal structure of quantum mechanics and secondly, the corrections
made by field theory are only detectable in the presence of strong fields. In the case of these
wave equations, the physical results then only represent the first approximation where the
creation and annihilation of particle-antiparticle pairs are neglected but allow their effect to
be glimpsed via the tunnel effect.

This thesis is structured as follows: the first chapter is devoted to the basic elements used
in this study, such as the Schrédinger equation for non-relativistic particles, the Klein-Gordon
equation for relativistic particles of spin-0 (bosons), and the Dirac equation for relativistic
particles of spin-1/2 (fermions). The second chapter is dedicated to the theoretical study of

scattering theory in classical and quantum mechanics.



The third chapter of this thesis has two parts. The first part will be devoted to unify-
ing the two equations of relativistic quantum mechanics, (Klein-Gordon equation and the
second-order Dirac equation or quadratic Dirac equation), into a single equation called the
relativistic wave equation of spin-s (s = 0,1/2). In the second part of this chapter, we will
construct the scattering matrix formalism for relativistic particles of spin-s in the presence
of a localized electromagnetic field.

The last chapter of this thesis is devoted to the application of the S-matrix formalism to
treat some problems of relativistic quantum mechanics for particles of spin-s, in interaction
with certain scalar potentials having some properties of symmetry and range.

Finally, we conclude with a summary of the main results, then, we present a complete

bibliography mainly on the subjects covered and those related.



Chapter 1

Klein-Gordon and Dirac equations

1.1 Introduction

Until the end of the 19th century, the physical world was explained by Newtonian mechanics
and Maxwell’s electromagnetism. However, at the beginning of the 20th century, physicists
suddenly found themselves confronted with new phenomena for which the predictions of
classical theory are in flagrant disagreement with experience. In order to achieve a coherent
interpretation of these experiments, the old quantum physics was abandoned in favor of
Schrodinger’s wave mechanics (1926) and Heisenberg’s matrix mechanics (1927), two formu-
lations of one and the same physics, quantum mechanics [10]. However, quantum mechanics
does not satisfy Einstein’s principles of special relativity, stated at the beginning of the
century. To satisfy covariance, a principle from Einstein’s special relativity, physicists de-
veloped new theories. Relativistic quantum mechanics thus began with the arrival of the
Klein-Gordon equation for relativistic particles of spin-0. Unfortunately, there were still
some problems related to it. Dirac, in 1928, introduced the equation that bears his name,
which describes in a covariant way the dynamics of a single particle of spin-1/2. It was very
successful in explaining the spin of particles and the existence of antiparticles, but it can
only describe phenomena where the number of particles does not vary.

Before proceeding to the development of the Klein-Gordon and Dirac equations, it is
necessary to first return to the theory of non-relativistic quantum mechanics through the

Schrodinger equation.
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1.2 Schroédinger equation

The Schrodinger equation is one of the cornerstones of quantum mechanics, revolutionizing
our understanding of the microscopic world. Its history and origins are closely linked to the
evolution of physics in the early 20th century, marked by surprising discoveries and paradigm
shifts.

Thus, by the beginning of the 20th century, it had become clear that light exhibited
a wave-particle duality. Louis de Broglie proposed generalizing this duality to all material
particles. He also associated each energy-momentum pair (£, p’) with a vibration charac-

terized by the angular frequency-wavelength pair (w, ?) [2, 3, 11], namely:

(B, 7)=h (w, ?) , (1.1)
where i = h/2m, and h is Planck’s constant.

Inspired by the work of de Broglie, Schrodinger sought to develop a wave theory of
matter. His goal was to find an equation that would describe the behavior of the matter
waves proposed by de Broglie.

The conceptual scheme used by Schriodinger to derive his equation is based on a formal
analogy between optics and mechanics:

Indeed, in physical optics, the propagation equation in a transparent medium of real
index n is characterized by an electric field E (7°,t) and a magnetic field B (7",t). These
fields are deduced from Maxwell’s differential equations, which are written in the absence of
charges and current [2, 11, 12]:

= = 0B = O

— - — — —

¢ and p being the permittivity and permeability. Using the rotational double formula

—

— — — g — N :
VA <V A a) =V (V. a,> — A'd’, we can deduce from (1.2), the general equation that
describes the propagation of the wave in free space, in a homogeneous, linear, and isotropic

medium [2, 11, 12]:

1 0? . = =
{A—%@}\p(?,w:o with ¥ = E or B, (1.3)
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where the operator A = V2 is the Laplacian operator. ve = ¢/n designates the phase
speed in the medium with optical index n = ,/ex and c the speed of light.

If the index n is constant, equation (1.3) admits in particular as a solution ¥ (7, t) =
U (77) e~™*. By injecting this solution into equation (1.3), we find that ¥ (7°) must satisfy

the equation

{A+K}U(7)=0 with k== (1.4)

g

An elementary solution of (1.4) is ¥ (7)) = Wge'* 7. With this result, the solution to
(1.3) takes the form:

U (7,1) = Wye! (F7—1), (1.5)

which represents a vibration of wavelength A\ = 27/k propagating in the direction of its
wave vector ? at constant speed. ¥y, and k are the amplitude and the wave number in the
medium of index n respectively.

On the other hand, for any natural mode of the electromagnetic field in vacuum, the

wave vector k and the angular frequency w define the phase ® by [2, 11, 12]:

(Pt = k.7 —wt, (1.6)
where
- = 310
K =Vo . 1.
ve, w--— (17)

As for the Maupertuis Principle, it can be found from the modern form of the action
principle, a hypothesis according to which the dynamics of a quantity (position, speed,
acceleration, etc.) between two instants can be deduced from a single quantity, noted S,
and called action (For convenience, we will consider a system formed by a single particle of
mass m, identified by the radius vector 7 and immersed in a potential U (7)), defined by

the following equality [13, 14]:
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where L (7,_1."),15/) = T — U(7) (T is the kinetic energy) is called the Lagrange

function, and H (?, 7, t') is the hamiltonian, given by:

i (7.70) =77 L (7)), (19)

and p = OL/O7 is the conjugate moment.
In the absence of time-dependent forces, the Hamiltonian H is a constant of motion, we
can replace it by the energy E of the system, and directly integrate the equation (1.8) to

obtain:

t . My
S(7,t) = / (?? — E) dt' = 7.d7T — Et =S, — FEt, (1.10)
0

Mo
where Sy is the Maupertuis action, determined by the equation:

Mt Mt
S (7) = m?—/ V2m (B —U (7)@,.d7, (1.11)

Mo M

where U, = p'/|p|. Comparing equation (1.11) with Fermat’s least duration equation

led Hamilton to assert that the quantity p = \/2m(E — U (7)) plays the same role in
mechanics as the index n in optics [13, 14, 15]; but Hamilton’s optical-mechanical analogy
goes even further.

Indeed, if we return to equation (1.10), the total derivative with respect to time of action

S (7 ,t) gives,

dS 9Sdr  9S

—_— =4 . 1.12

@ or ot (1.12)
By the very definition of the action Eq. (1.8), we have:

s "

where it was assumed that L does not explicitly depend on time (conservative system

OL/dt = 0).
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Comparing (1.12) with (1.13), we find, on the one hand, that the energy E is equal to
the opposite of the derivative of S with respect to time; on the other hand, the relations
D = 0S/07 can be written with V. In total:

as

— — —
pP=V5=VS8, - =-Fk (1.14)

The first equation shows that the impulse vector p’, which defines the tangent to the
trajectory at every point, is normal to the surfaces of constant action.
Now, replacing in (1.10) £ and P’ by these expressions (1.1), and taking into account

(1.6), we get:

S(7,t)=hd(7,1). (1.15)

Thus, the parallel we have just established shows that the action S (7, ¢) plays exactly
the same role in analytical mechanics as the phase ® (7, ¢) in optics.

The condition S = (7',t) = Cte; this clearly defines a surface > in R® that is para-
meterized by time, i.e., one that moves (and deforms) as time passes. A given point M on
this surface describes a normal line to the surface and moves from M; to M;, 4 between t
and t + dt; for these two points separated by di along the normal to >, the variation of S
is formally:

08 as

dS =V S.d7 dt -
= Vedrt AT

here dl = 7 .d7, and ' = ?S/ | vs | .

a 95

VS
VSt B

(1.16)

By construction, dS is zero (we follow the movement of a surface of constant action),

which gives the speed of movement ve of a point marked on such a surface:

_dr osjot B E
VS| VS| Vem(E-U )
having made this speed appear, Schrodinger makes it play the role of a phase velocity

Vg (1.17)

. . . . . _ . .
in a certain wave equation for a certain function, noted ¥ (7”"), an equation copied from the

wave equation of electromagnetism, in which w must be replaced by E/ki. By including in
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equation (1.4) the phase velocity given by relation (1.17), Schrodinger arrives at the time-

independent form of his matter wave equation,

<A+2m(E_U(?))>\IJ(?):o. (1.18)

72
To obtain the equation that governs the evolution over time, the correspondence principle
of the Hamiltonian formalism of non-relativistic classical mechanics is used, by replacing the
dynamic variables of the system by operators (using the natural units A =c = 1) [1]
0 —
Ewi—, < —iV, (1.19)
ot
we obtain an equation which satisfies these requirements:
OV (7,1 A

zT’ =H(7, ) (7,t) = (—% + U(?)) U (7,1). (1.20)

The Schrodinger equation which describes the evolution over time of a particle of mass

m and charge e subjected to an electromagnetic field A, (7°,t) = (Ao (7,1), A (7, t)), is

obtained from the Schrédinger equation (1.20), using the Fock minimal coupling prescription

[16, 17], which consists of replacing in the fieldless Hamiltonian H (7,t) (with U (77) = 0),
0 0

i i eAo (77,1), iV - —iV —eA (7,1), (1.21)

we recover the familiar expression for the Schréedinger equation of a particle in an

electromagnetic field.

DAy (F t)+i(?+ AT t))2 U (7,t) =0 (1.22)
Z@t eAg (1, ZmZ e r, r,t) =0. .

It describes the evolution over time of a non-relativistic particle of mass m and charge
e subjected to an electromagnetic field A, (77,t), and thus fulfills the same role as the
fundamental relation of dynamics in classical mechanics or the equations of Maxwell in
electromagnetism.

One way of getting the continuity equation is to take the Schréedinger equation (1.22)
multiplied by the complex conjugate U* and subtract the complex conjugate equation mul-

tiplied by ¥. One finds
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oI —=—
il = 1.2
5 +VJ =0, (1.23)
where
— 1 — — —
S, T = o [(@*V@—@V@*) 2 AUy | (1.24)
m

This equation has all the invariance properties of the Hamiltonian from which it comes.
It is also invariant with respect to Galileo’s transformations, but it does not have the property
of invariance concerning changes in the Lorentz frame of reference required by the principle
of relativity (dissymmetry between space and temporal coordinates) and ignores the spins
of particles.

To satisfy covariance, a principle arising from Einstein’s special relativity, physicists
have developed new theories. Relativistic quantum mechanics thus began with the arrival
of the Klein-Gordon equation (1926), which describes the dynamics of relativistic particles

having a spin-0.

1.3 Klein-Gordon equation

To find the wave equation for relativistic spin-0 particles, we proceed empirically, using the
correspondence principle, which consists of replacing classical observables with operators
acting on the wave functions. Indeed, according to special relativity, if we take the case
without interaction as a starting point, the relativistic equation giving the energy E of a

particle of mass m with momentum p’ is written [6, 7, 8]:

E =+/p?>+m2. (1.25)

Afterwards, the same postulates of correspondence as in non-relativistic quantum mech-
anics are adopted. By replacing the relation (1.19) with a relation between energy and

momentum conforming to the theory of relativity, we obtain:

i% =/ =V2 4 m2. (1.26)
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Taking into account (1.26), the relativistic Schrodinger equation which describes the
evolution over time of the wave function W (7,t) of a free particle, eigenfunctions of the

operator H associated with the total energy FE, is written:

i% - (\/—A n m2> V(7,1 (1.27)

This approach leads to an equation that is not local since it involves arbitrary powers of
the Laplacian A. Furthermore, space-time symmetry (7, ) is not manifest. To circumvent
this difficulty, let’s start from the relativistic invariant giving the energy of an isolated particle

such that:

E? =% +m? (1.28)

If we accept the correspondence principle of quantum mechanics (1.19), which consists

of replacing the previous expression with:

82

2
—oF = (—A+m?), (1.29)
and applying this relation to a wave function ¥ (7, ), which leads to the Klein-Gordon
equation,
0 = 2 —

We write equation (1.30) again in a simpler form. For this purpose, we will introduce

the four-vector energy impulse p*, defined by [6, 7, 8]:

= idh = (B, ) =i (%, —?) , (1.31)

next, consider the relativistic invariant (1.28), which is written in the form:

P, =E*—Tp?=m’ (1.32)

By a direct calculation, and using the definition of the scalar product of two quadrivectors

a" = (a°, @) and b* = (bo, ?), represented by:
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a'b, = a’by — @b, (1.33)
we can write equation (1.30) in the form:
{00, + m*} ¥ (7,1) =0, (1.34)

usually called the covariant Klein-Gordon equation, since the operator 0*0,, is an invari-

ant and the field ¥ (7, ¢) is a scalar.

1.3.1 Klein-Gordon particle in an electromagnetic field

The wave equations of free particles only express those properties that are related to the
general requirements of space-time symmetry. However, the physical processes in which
particles participate depend on the properties of their interactions.

We would now like to be able to generalize the free Klein-Gordon equation (1.34) that
we initially presented above, by introducing the interaction of the Klein-Gordon field with
a given external electromagnetic field, composed of a scalar potential Ay (7,t) and a vec-
tor potential A (7,t), which forms a quadrivector that we will designate by A, (7,t) =
(AO (7,1), A (7, t)).

To advance in this approach, we first analyze the structure of the Hamiltonian interaction
between a classical particle of charge e and the electromagnetic field. Then, we will adopt
the same postulates (1.31) and (1.32), as in relativistic quantum mechanics of a free particle
to calculate the Hamiltonian of the Klein-Gordon spin-0 particle in an electromagnetic field
A,. The only difference is that we instead use the classical relativistic energy equation for a
particle in the presence of an electromagnetic field as a starting point.

As we know from classical electrodynamics, in the presence of electric fields E (7,1)
and magnetic fields B (7°,t), a particle of electric charge e which moves with a speed 7)

experiences a force given by the Lorentz formula [12],

—

m7 =e|E (T, )+ 7 ()AL (T.1)] . (1.35)



Klein-Gordon and Dirac equations

The potentials Ay (77,¢) and A (7', t) are linked to the electric fields £ and magnetic
fields B by:

ﬁ
0A
where V? = J/07 . Substituting the previous expression into equation (1.35), we

obtain the following equation

.
m¥ = e |-Vrar— ST A (T A

- . (1.37)

To aim for a Lagrangian formulation, we introduce the derivative of the vector potential

A with respect to t, we have:

a4 N Z+a7f (1.38)
—=7.V% e :
dt " ot’
therefore, we can rewrite (1.37), in the form:
d ' . .
(7 d) = [ Foas PIA 4T A (T T) . 0
Afterwards, we develop the double vector product,
7 (TAT) =T (77) - (79)7 (1.40)
and insert (1.40) into (1.39), we find the following equation
d . .
7 (m?> + eZ) = 6? (—eAO + e?.Z) . (1.41)

The potentials Ay and A are only functions of 7 and ¢, and therefore must be inde-

pendent of . Therefore, we can rewrite:
z:vxfz) ra A i (1.42)

where ?Q = 0/07 . Then, by inserting this last expression into (1.41), we can write
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2
d | = mT
dt r

I B (_6A0+e—;>.z) | (1.43)

By adding to the first member of the equation (1.43) a constant with respect to 7
therefore arbitrary function g (77), and to the second member by adding a constant relating

to 7 therefore arbitrary function f 7) , we can write

d - . . .
- v. % veT Avg@) | | =Y+ (—er YeT A (?)) L (144)
If we take

L2
—
mr

o(7) = eao(T0. (7)) = "1

the two expressions in parentheses of equation (1.44) are identical. With this choice, we

(1.45)

can directly verify that the equation (1.44) is written

d . o
4 (6@ (7,?,15)) _V.L (7" ,m) , (1.46)

where L (7, _7.‘>, t) is the Lagrangian of a classical particle of mass m and charge e

evolving in an electromagnetic field, given by:

L2

. H .
L (7,7,25) _nT [AO -7 A (?,o} | (1.47)

The transition between the Lagrangian formulation and the Hamiltonian formulation is

executed by a change of variable of the form | 7, 7,15) — (7, 7,t), where 7 is a new

independent variable called conjugate moment of 7, defined by the relation:

7= =7 e (1.48)
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The passage to these new variables introduces the Hamiltonian H (', 7, t) of the system

by Legendre transform with respect to the generalized speed 7) [13],
H(P, 7 )=7.7 L <7, ?,t) . (1.49)

According to the definition (1.48) of P’ and equation (1.47), we will express 7 as a
function of ', and transfer the result to (1.49), we obtain
1

2
H=o- (7= ¢4) + e, (1.50)

Note that the classical Hamiltonian of a relativistic particle of mass m and charge e,

é
in the presence of an external electromagnetic field A, = (AO, A) , is obtained by the
standard minimal coupling prescription in the same way as that used in non-relativistic

quantum mechanics. This requires

H— (H—eA), 7 — (W—Jf). (1.51)

In such a case, the relativistic relation (Einstein’s dispersion relation) between energy

and momentum (1.28), in the presence of an electromagnetic field is written [6, 7, 8, 9, 10]

(E — eAp)? = <7 - eZ)2+m2. (1.52)

Analogously, the description of electromagnetic interactions of particles in relativistic
quantum theory is made possible by the generalization of the correspondence principle used
in classical theory and non-relativistic quantum theory. Thus, we start from the classical
Hamiltonian (1.52), and admit the minimal coupling principle of Fock [6, 18], which con-
sists of replacing the derivatives 0, by a covariant derivative (covariant with respect to the

transformations gauge)

ot
and we replace (1.53) in (1.34), we obtain the Klein-Gordon equation which applies

0, — D, =0,+ieA, == +iedy, V —ieA |, (1.53)

to a spinless particle of mass m and charge e moving in an external electromagnetic field
A, (7 ,1),
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(D"Dy +m*) ¥ (7, t) = 0. (1.54)

This equation is very similar to the ordinary wave equation, except for an additional
term involving mass. It applies to a scalar wave function W (7”,) describing all particles
of integer spin, the bosons. However, it does not apply with particles with half-integer spin
(fermions). This relativistic wave equation must converge to the Schrodinger equation in the
non-relativistic limit.

Now, it remains to be seen whether this equation has a physical meaning. We know that
quantum mechanics interprets the results of a measurement of a state as a probability. Using
the same method as used in non-relativistic quantum mechanics (Schrodinger equation), i.e.
multiplying U* by the wave equation and subtracting ¥ multiplied by the conjugate wave

equation, we obtain:

8, [U* (0"T) — W (9*T*) + 2ie APT*T] = 0 (1.55)

The continuity equation is satisfied by taking J* proportional to the bracket of equa-
tion (1.55). We fix the constant of proportionality to find the usual definition in the non-
relativistic limit:

1 . ﬁ
= S (WO — WO+ 2ie AN = (p, J) . (1.56)
im

We introduced the factor 1/2im in these definitions to compensate for the additional

dimensions introduced by the derivatives of ¢t and ?

The Lorentz-invariant scalar product of two scalar wave functions ¥; and ¥, of Klein-

Gordon, is defined on the hyperplane 2° = const as follows [19, 20]

(U, W,) = / [\p; (55’0 - 26A0> \IIQ] &, (1.57)

— — «—
where 0 o= 09— 0 and d®r = dxdydz.
The Klein-Gordon equation (1.54) presents two main interpretation difficulties. The

first one concerns the appearance of states with negative energy. Indeed, if we look for plane
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wave solutions ¥ (77, ¢) = e (PT=F) {6 the field-free equation, the energy levels which follow
from (1.32), are solutions of E? = p? + m? with both signs E = 4+/p? + m?2.

The existence of negative energy levels not lower bound, therefore arbitrarily low, is a
major problem, which seems to indicate an instability of the theory.

There is another difficulty in interpreting the Klein-Gordon equation, the density p (7, t) =
J° (7, t) defined in (1.56) has no reason to be positive. This is linked to the fact that the
Klein-Gordon equation contains a second time derivative. The density must be manufac-
tured from ¥ and 0¥ /0t. One can explicitly test this statement by evaluating J° on plane
waves, then we find that the probability density J° becomes:

E

p(7,t) = E\If* (7, )W (7, 1). (1.58)

Therefore sign (p) = sign (F). This means that p may be both negative as well as
positive and thus can no longer be consistently interpreted as a probability density.

To deal with all these difficulties, Pauli and Weisskopf modified the interpretation of the
four-vector J* [21]. Following this reinterpretation of the theory, eJ* designates the density
four-vector; in particular ep is the electric charge density. As a result equation (1.55) is a

charge conservation equation.

1.4 Dirac equation

In 1928, Dirac succeeded in writing a wave equation for relativistic spin-1/2 particles. This
equation, applied to the electron, provided an explanation within the framework of modern
quantum theory of the fine structure of the hydrogen atom’s spectrum. Furthermore, it
allowed Dirac to postulate the existence of positrons, antiparticles associated with electrons,

discovered in the study of cosmic radiation as early as 1933 [22].

1.4.1 Construction of the Dirac equation

In an attempt to linearize the Klein-Gordon equation, and to resolve other conceptual prob-
lems encountered in the interpretation of this equation (such as that of negative probability

density), Dirac hypothesizes that in relativistic quantum mechanics the dynamical state of
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the system is determined not by a scalar function but by a spinor ¥ forming a vector with

n components in a Hilbert space [6, 8, 9]:

¥y

v=| |, (1.59)

where ¥ is a function of the classical spatial variables 7 and t of a Hilbert space &,
and of the intrinsic variable or spin variable in a space ;. The complete Hilbert space of the
particle is thus €5, = €9 ® €5, where ® is the tensor product.

To construct this equation, Dirac follows the historical approach, which is the quickest.
He is looking for an equation analogous to Schrodinger’s equation (1.20). Applying the

correspondence principle (1.26) leads to the following Schrédinger equation:

(@% — HD> U (7,t) =0, (1.60)

where the symbol Hp denotes a linear operator and self adjoint, acting on both spatial
and internal variables.

Having established this, we will first consider the free case. The Dirac Hamiltonian Hp
must be invariant under spatial translation, therefore independent of 7. It must be linear in
7 and m since it is its square which makes p’? and m? appear. As p is a vector operator and

m a number, the simplest solution leading to a scalar operator consists of putting [6, 8, 9]:

Hp (7,t) = a.p + Bm, (1.61)

where the operator 7" has the meaning indicated by the correspondence rule (1.19), i.e.
P = —i?. @ = (¥, k =1,2,3) and j are respectively vector and scalar operators acting
on internal variables.

To derive from (1.60) a first member resembling the Klein-Gordon equation, it is neces-
sary to manufacture second derivatives in time and space, however without making space-

time crossed derivatives appear. Due to these constraints, it is necessary to introduce the
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operator (i% + Hp), and make it act on the first member of (1.60), proceeding in this way,
it becomes
0 0 —
— + H — — Hp | U t)=0. 1.62

After some calculation process that is recommended to do for training, the equation

above is written:

{E2 B % Z([O‘l’akh i [Oéljak}_)plpk —m (Z [ak76]+pk>

— B2PmA (7,t) =0, (1.63)

where [al, a"“}i is defined as [al, O/ﬂi = olaf £ aoFal, and [ak,ﬁh = a*B 4+ Bak. To fix

@ and B3, we require that the solutions of eq. (1.63) obey the Klein-Gordon equation (1.30),
ie.:

(B> =2 —m?) ¥ (7,t) =0, (1.64)

which, after expansion, leads to the following algebraic constraints

[a",a], = 26", [o",p], =0, (1.65)

and

(ah)’ =4 =1, (1.66)

where I, is the identity matrix n x n. Moreover, to guarantee the self-adjoint character

of the operator H, these matrices must be hermitic,

af = (o/“)T, 8 =gt (1.67)

Furthermore, from equation (1.65), and from the relation,

tr (AB) =tr (BA), (1.68)
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we can show that the matrices o and 3 are of zero trace. Indeed, we have

tr (ozk) =Tr (Bzak) = —tr (Bozkﬁ) = —tr (ak) =0, (1.69)

and in the same way, we find

tr(B) =tr ((ak)25) = —tr (a*Ba”) = —tr (B) = 0. (1.70)

From eq. (1.66) and (1.70), the eigenvalues of these matrices are +1. Since their trace
is 0, they must have as many times the eigenvalue 1 as —1, so in total, an even number of

eigenvalues, therefore:

dim o* = dim 3 = 2n, (1.71)

where n is an integer other than 0. Relations (1.65), (1.66), (1.67), (1.69), and (1.70)
being admitted, it is not difficult to show that there exists a representation where o and 3

are represented by the following 4 x 4 Hermitic matrices, written in the form of 2 x 2 blocks

[6]:

a = , B= : (1.72)
T 0 0 —I

where the @ = (0,,0,,0,) are the Pauli matrices. The set of matrices given by (1.72)
is called the standard representation, given that there exists an infinity of pairs (@, 3)
verifying (1.65), (1.66), (1.67), (1.69), and (1.70), deducible from (1.72) by any unitary
transformation. In any case, in this representation, the Dirac Hamiltonian Hp, for a free

particle, has the matrix expression:

mll ?? — —
Hp = =a.p + fm. (1.73)

— —
o.p —mly

1.4.2 Covariant form of the Dirac equation

Having found a relativistic generalization of the Schrédinger equation of first order in space

and time, we still have to show that this equation has the same form in all inertial systems,
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in accordance with the principle of relativity. Due to the symmetry between t and 7 for the
covariant formulation, we introduce four matrices v*, defined by 7° = 3 and v* = 8a*, where

T

7° is Hermitian [i.e. (70)T = 7°] and 7* is anti-Hermitian [i.e. (7*)' = —~*]- We will also

note 7, = guy”. The properties of the matrices o and (3 (hermiticity, anticommutation,

square ;) become for the 7 [6, 8, 9]:

{7y =t =20 () =20 (1.74)

where g"” denotes the contravariant components of the metric tensor

g =diag (1,—1,—-1,-1). (1.75)

By multiplying equation (1.60) on the left by 3, we obtain the so-called covariant form

of the Dirac equation:
(iv"0, — m) ¥ (7, t) = 0. (1.76)

1.4.3 Dirac equation in an electromagnetic field

The form of the Dirac equation that we have used so far is only applicable to free particles.
We now want to study the interactions of a Dirac particle with an external electromagnetic
field characterized by its four-potential A, = <A0, X) :

In classical mechanics, the Hamiltonian of a particle of charge e, in the presence of an
external electromagnetic field, given by its four-potential A, is obtained by using the minimal
coupling prescription. By replacing in the free Hamiltonian, the energy F by F — eAg, and

the spatial momentum p by p — 6—A>, then, the four-momentum is substituted by [6, 18]:

Pu = Pu — €Ay (1.77)

Dirac kept this ansatz for quantum mechanics. Since Schridinger’s correspondence rule

requires that p, becomes the differential operator i0,, we obtain:

D, =, +ieA,. (1.78)
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Thus, the ordinary derivation d, is replaced by the covariant derivation D,. In the

presence of an electromagnetic field, the Dirac equation (1.76) then becomes

(iv"D, —m) ¥ = 0. (1.79)

This wave equation appears sufficient to account for the phenomenon of doubling. Since
the matrices v* contain four rows and four columns, it will have four times as many solutions
as the non-relativistic wave equation, and twice as many as the previous relativistic wave
equation (1.30). Given that half of the solutions must be rejected since they assign a charge
+e to the particle of Dirac, we will still have a correct number to account for the splitting
phenomenon.

We will define a current density and demonstrate that the current defined with the
solutions of the Dirac equation obeys a continuity equation. Starting from the covariant

form of the Dirac equation (1.79), the conjugate hermetic of this equation is

(10, + eA,) UiyrT 4 mUt =0, (1.80)

where ¥ = (\Il*)T is the hermetic conjugate of W, written as a row matrix.
Allowing for the relations 7°(7#)17° = 4# and (7°)* = I, and after multiplication on
the right by 7°, equation (1.80) then becomes,

(i0, + eA,) Uy* + m¥ = 0. (1.81)

This equation is obviously equivalent to equation (1.79). ¥ = W0 is called the adjoint
of ¥ and equation (1.81) is called the adjoint equation.
Multiplying Eq. (1.79) on the left by ¥ and Eq. (1.81) on the right by ¥, and adding
the results together, leads to a continuity equation of the form
dp =— _ N
Ol =S4V T =0 for J* =Ty = <p,J>, (1.82)
where p and 7 are the density and the current for the Dirac equation respectively,

namely



Klein-Gordon and Dirac equations

p=J0=0tw, T =T7U. (1.83)

The scalar product of any two bispinors¥; and ¥, is defined in a Lorentz-invariant form

0

on the hyperplane z° = const, as follows [19, 20]

(T, ) = / U~ W,dr = / UIWydr® = / pdr®, (1.84)

is independent of time ¢, is therefore constant. This allows us to interpret |¥|* = Ui
as a probability density in space, and e |¥|* as a charge density.

In Dirac’s theory, we define a positive density p, which was not the case for the Klein-
Gordon equation. However, we will see that the difficulty of negative energies, the inter-
pretation proposed by Dirac is schematically the following and confirms the idea that, in
any relativistic theory, the number of particles cannot be fixed because of the possibility of
creation and annihilation of particles. This scheme allowed Dirac to predict the existence of
the positron, antiparticle of the electron (same mass, same spin, opposite charge), discovered

a few years later (in 1933) by C. D. Anderson [22].

1.4.4 2nd order Dirac equation

The solutions of the Dirac equation obey, when the electromagnetic field is different from
zero, a second-order equation different from the Klein-Gordon equation, but consistent with
the correspondence principle.

To form this equation, we start from the covariant form (1.79) and we write that the

action of the operator (iy*D, + m) on the first member gives zero:

(v*4"D,D, + m*) ¥ (7, t) = 0. (1.85)

From the fundamental relations (1.74) between the gamma matrices, we derive:

Y = g" Iy —iot”, (1.86)

However, by a simple change in the naming of the mute indices, we have:
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1
.41 D.D, = =, 7v*] D, D, = 3 Y, Dy, Do) - (1.87)

Now, following the definition of the operator D, Eq. (1.78), we can write

(D, D] = ie {0, A + [A, 8]} = i€ (9,4, — 0,A,) = ieF, (1.88)

where oM = %[7“,7”] represents the spin of the particle. F),, is the electromagnetic
tensor defined by the components F,, = d,A, — 0, A,.
Equations (1.86), (1.87), and (1.88) give:

e
v¥~4*D,D, = ¢"*D,D, + §O-IWF/W' (1.89)

Finally, inserting (1.89) into (1.85), we obtain

{(D“D# +m?) I + SO—WFW} U (7, 1) = 0. (1.90)

We can consider this second-order differential equation with respect to time as the
fundamental equation of the theory of spin-1/2 particles. As desired, this equation is clearly
covariant. If we compare this equation with Eq. (1.54), relating to a particle of spin-0, we
see that there is also the term $o#”F),, which is linked to the interaction of the spin with
the external electromagnetic field. This term has no classical analogue and its contribution
is negligible when one is in the conditions of validity of the classical approximation. The
motion of a Dirac wave packet is then the same as that of a Klein-Gordon wave packet.

We will define a current density and demonstrate that the current defined with the
solutions of the previous Dirac equation obeys a continuity equation. Starting from the
covariant form of the Dirac equation (1.90), taking the conjugate transpose and multiplying

on the right by 7°, we then have

T (7, 1) {<<Q“<Qu+m2> ]LH—%UWFW} — 0, (1.91)

where DF = 9" —ieA". Arrows pointing to the left remind that operators are operating

on their left.
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The following continuity equation can be obtained by multiplying Eq. (1.90) on the
right by ¥ and Eq. (1.91) on the left by ¥, and subtracting the two resulting equations:

9,J" =0, (1.92)

where

1 = - € — —
= 5 {TU — WU} + AT = <p, J> , (1.93)

The term 1/ (2im) is introduced for convenience.



Chapter 2

Scattering theory in classical and

quantum mechanics

2.1 Introduction

The world of molecules, atoms, nuclei, and particles is described by the laws of quantum
physics which implies that many phenomena occurring at these scales seem unintuitive to
our minds formed, by the very nature of our existence, to the macroscopic world and its laws
of classical physics. Collision phenomena are no exception to the rule: even the simplest of
them manifest themselves in surprising forms for those who only have in mind ideal classical
collisions, such as those between billiard balls or celestial bodies.

These phenomena become even more spectacular when we consider more complex col-
lisions, such as inelastic collisions, in which the internal state of the colliding particles is
modified during the collision, or reactions, in which it is the very nature of the particles that
is altered: in fact, these phenomena would sometimes be purely and simply impossible in
classical physics because they would violate the conservation of energy.

This chapter is devoted to the theoretical analysis of scattering experiments. We intro-
duce in the first step the notion of cross-section, which plays a central role in the description
of a collision, both from a classical and quantum viewpoint, and more particularly in the de-
scription of elastic collisions. Then, we will construct the formalism of the scattering matrix

for relativistic particles of spin-s in the presence of a localized electromagnetic field.
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2.2 Cross-section

The cross-section is a definition necessary to interpret the results of collision experiments. It
is related to the fact that in this type of experiment, we cannot send one particle at a time
on the target. The projectile particles are therefore always in a beam. In the same way, the
target also contains many particles. We can never know at what moment which incident
particle interacts at what location with which target particle. Consequently, the results are
of a statistical nature influenced by the details of the beam (the flux) and the target (density
and thickness). The cross-section allows us to remove these geometric effects and to measure
the dynamics of the interaction between a projectile particle and a target particle.

To describe this reality, let us consider a uniform beam of particles all of the same mass
and energy of flux F, i.e., the number of incident particles crossing per unit surface placed
perpendicular to the direction of propagation be incident on a scattering center; particles
are scattered in all direction. If dn be the number of particles scattered per unit time into
the solid angle d2 located in the direction 6 (deviation) and ¢ (azimuth) with respect to
the bombarding direction as polar axis. Under these conditions, the number of particles dn

must be proportional to the incident flux and the solid angle taken [23, 24, 25, 26]. Thus,

do
=F(—|dQ 2.1
dn <dQ>d : (2.1)

where do (0, ) /dS2 is the proportionality coefficient and it is a function of 6 and .
Consideration of eq. (2.1) shows that do (0, ¢) /d€) has the dimensions of an area. This can
be regarded as the cross-section of the incident beam through which all the particles pass
that are scattered into the solid angle df2 about 6 and ¢. For this reason, the proportionality
constant is known as the differential scattering cross-section.

If eq. (2.1) is integrated over the entire solid angle to give the total flux of particles

scattered by the center, the result defines the total scattering cross-section o.

do d
nscatt:/dn:/(d—g>ndgzn/(d—9> dQ=no =
do 2 T (do\ .

q
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The cross-section ¢ measures the field of action of the scattering center. In physical
cases (elementary particles) the area where the particle undergoes the most significant part
of its deviation is very small compared to the time and distance scales with which we are
dealing. The trajectory of the particle therefore seems to be formed by two branches (one

for t — —oo the other for ¢ — +00) for which the motion seems asymptotically free.

2.3 Scattering theory in classical mechanics

In classical mechanics, particles follow trajectories that can be calculated from the equations
of motion. In the case of diffusion by a potential of finite range, the trajectory must have two
asymptotes that represent the trajectory of the free particle before and after its interaction
with the potential. We can therefore define the scattering angle 6 as the angle between the
two asymptotes of the same trajectory and the impact parameter b as the distance from the
center of the potential to one of the asymptotes. Solving the equations of motion allows us
to express b as a function of 6.

For the sake of simplicity, first, we consider the diffusion processes, which involve an
isolated system consisting of two particles of masses m; and ms, subject only to their mutual
interaction, which is described by a potential V (7°; — 7’3) , depending only on their relative
positions 71 — 75 ; 71 and T 5 being the position vectors of the two particles in an inertial
frame of origin O [23, 24]. It is further assumed that the dynamics of collisions between these
two particles, which initially move at speeds ©'; and 7’5, is governed by an interparticle force.
This force is usually a central force F (7)=F(7) W, (7 =71 —T3), deriving from the
potential V' (77), but this force has a very short range, so that they move freely most of the
time, except when they come very close to each other, they collide.

In the inertial frame, the classical Hamiltonian of the system of two particles is:

H:p—%+p—%+\/(71—?2), (2.3)
2m;  2me

In the center of mass frame, the position and velocity vectors are expressed by the

following relationships:
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— — — —

N My Tri1+mg7 o — mivU1+Ma Vs

rg = s Vg — . (24)
my + Mo my + mgy

By reporting (2.4) in (2.3), and after certain calculation processes that are recommended

to be done for training, we arrive at a
1

1
H:§M73+ywﬂ+VGﬂ, (2.5)

where M = my + my is the total mass of the system, and p = mymsy/ (my + my) is the
mass of the relative particle of position 7, initially moving at speed v = 7’1 — ¥s.
Using the relations:

Mvg=Pa="Dp1+ Do, =——-—, (2.6)

where p'¢ is the total momentum of the system and 7 the relative momentum of the

two particles, the classical Hamiltonian takes the following form:

pe PP N
H=-¢4 = . 2.
2M+2p+v(r) (2.7)

The first term p'%/2M of the above equation represents the kinetic energy of the center
of mass in the inertial frame. This term is zero in the center of mass frame 7' = 0. The
second term p'2 /2y represents the energy of the system of two particles in the center of mass
frame.

Motion in a central field conserves the angular momentum of the system relative to the

center of the field. For a particle this momentum is

L=7TAT. (2.8)

— —>
Since the vectors L and 7 are perpendicular to each other, the constancy of L means
that during the entire motion of the particle its radius vector remains in the same plane,
ﬁ
perpendicular to L. Thus, the trajectory of the motion of a particle in a central field is

contained entirely in a plane.
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To obtain a theory that describes scattering at all angles, the equation of motion of the
particle must be solved exactly. To this end, we introduce the polar coordinates r, 6, the

ﬁ
equations of conservation of energy F, and angular momentum L , are then written [23, 24]:

1 02 ,2} —y r? L? -
E—Zu[rﬁ +r + V(7)) = 5 +2W2+V(r), (2.9)
and
L=|7 AT|=pur? = pvb. (2.10)

After some computational process that is recommended to do for training, from these

equations (2.9) and (2.10), we obtain a first order differential equation, which is written:

. dr 2 — L?
r:az\/;w—vw—w- (21)

Then, by separating the variables and integrating, we find that

d
t= / . — + Cte. (2.12)
2 — L
VEE-V(T) -
The equation (2.10) is written in the form

L
do = —_dt. (2.13)

wr

From expression (2.11), we deduce dt, insert the result obtained in (2.13), and by per-
forming some simple calculations, we find:
n T%dr
V2 (E -V (7)) - &

Since there are no non-conservative forces, the total energy FE is conserved. For a

do = (2.14)

potential V (7°) tends to zero (V (7°) — 0) at infinity, the initial energy E is in kinetic
form FE = pv?/2. Substituting this quantity into (2.14), the relationship between the impact

parameter b and the scattering angle 6 can be written as
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o = +— dr. (2.15)
r \/ o 2V(7)
L

The choice of the sign + must be made according to physical arguments. Assuming

that 7, is the minimum approach distance corresponding to the angle 6 (r,,), then we note

6 > 0 (r,,) the distance r increases with ¢ and the sign + must be used, for § < 0 (r,,) it is

therefore the sign —. This minimum approach distance being an extremum, is written
dr v 2V (T,
(d@) . r2, L2 ’ (2.16)

that is to say

Py = (2.17)
1 — 2V(im)
y7ay

After slight rearrangements, the integral of (2.15) between 6 (r,,) and any angle 0, takes

the form:

H—H(Tm):i/r dr'. (2.18)

Formulas (2.12) and (2.18) give the general solution to the problem posed. The second
defines the relationship between r and 6, that is to say the equation of the trajectory. Formula
(2.12) implicitly determines the distance r of the moving point from the center as a function
of time.

Now consider a beam of identical particles heading towards a scattering center (target)
located at O with the same kinetic energy and different impact parameters b. In this case,
the main differences from the trajectory of a space probe discussed earlier are that each colli-
sion cannot be followed individually and the impact parameters of the microscopic particles
are not experimentally accessible.This is because the precise positions of the particles are
controllable neither in the beam nor in the target.

To describe this experimental reality, we therefore calculate an average over a large

number of collisions, for which we assume that the impact parameters have a uniform prob-
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ability distribution. Let F' be the magnitude of the incident flux, that is, the number of
incident particles crossing in unit time a unit surface placed perpendicular to the direction
of propagation and stationary relative to the target. After having crossed the target, the
deflected particles are recorded by a surface detector dS, placed at a distance r from the
target and in a direction of polar angles (6, ¢). This detector is viewed from the target at a
solid angle d2 = dS/r?. From then on, by following the trajectories, we see that the particles
recorded in the aperture counter df) = sin #dfdp have been isolated from the initial beam
by the angular aperture sector (¢, ¢ + dp) of the circular crown of thickness (b, b + db). The
area of this sector being ds = bdbdyp, it sees a number of particles pass through per unit of

time [23, 24]

dn = Fbdbdep. (2.19)

By comparing (2.1) and (2.19), we deduce the expression for the differential scattering

cross-section.

do b |db
(m) = Snd ‘@ - (220)

It is therefore sufficient to know the relation b (6), that is to say the geometry of the

trajectories, to calculate, in classical mechanics, an effective collision section.

2.4 Scattering theory in quantum mechanics

2.4.1 Introduction

From the perspective of quantum theory, the differences in behavior between classical and
quantum objects must necessarily be reflected in the concepts that describe them. There
is no proof, a priori, that the concepts of trajectory, and that of impact parameter, which
allow us to theoretically treat diffusion processes in classical mechanics, remain adequate for
a quantum description. Indeed, in a quantum description and according to the Heisenberg
uncertainty principle, the particle cannot have a definite momentum when its position is well

defined, because during a movement of a determined speed, the notion of trajectory, and
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that of impact parameter, loses its meaning. This is why, even from an experimental point
of view, at the quantum level, it is necessary to introduce the concept of cross-section, which

represents a performed average over this impact parameter [25, 27, 28|.

2.4.2 Scattering amplitude and cross-section

Historically, two different yet equivalent ways of doing this have been developed to solve the
scattering problems in quantum mechanics. The first approach, dynamic, is more physical:
it represents the target particle interaction by a time-dependent perturbation, simulating the
passage of a particle coming from infinity and leaving there after collision. This way of doing
things is technically cumbersome. The second approach consists in considering exclusively
stationary states (static approach), which physically means that at times ¢ — 400, the
particles do not interact. In other words in this limit, the fields evolve only according to the
free Hamiltonian Hy. We will choose this approach to derive the scattering equations.
Moving on to the quantum description of the diffusion of a particle of mass m and energy
E by a static potential V(7"), which decreases rapidly (r?V (77) "= 0 in all directions).
Under these conditions, far from the zone of action of the potential, the incident particle

is considered free; it can therefore be represented by the eigenstates of the unperturbed

Hamiltonian Hy = ?Q/Qm (h = 1), the free kets |¥), solutions of the equation [25, 27, 28]

Ho |Wo) = E[¥). (2.21)

In the action zone of the potential V(7), the eigenstates of H = Hy + V(7)) will
differ from the free states. However, if we assume that the diffusion process is elastic, the
eigenstates of H will have the same energy as those of Hy. The eigenvalue equation that we

wish to solve is then:

HI|W) = (Hy+ V) |¥) = E|¥) (2.22)

Furthermore, when V' — 0, we must have |¥V) — |¥y) and equation (2.22) reduces to

equation (2.21) with the same proper energy E. The solution to (2.22) is of the form:
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1

V) = |V V). 2.23

W) = o) + eV [9) (223)

In representation of positions | 7°), the wave function is denoted W (7”), which, by defin-
ition, corresponds to (7" |¥) = W (7). The scalar product and the closure relation are

written as:

=1. (2.24)

T =s(7-7). [ |7

By making use of the definition of ¥ (77), and from the previous expression, equation

(2.23) is transformed into an integral equation of scattering [25, 27, 28]:

1
E— Hy

where Uy (77) is the general solution of the homogeneous equation (2.21), given by:

iﬂ?ﬁ:@ﬁ?ﬁ+/ﬁ%w?| 7T Vi), (2.25)

R d

o (7)) = (7 |¥p) =€'* 7. (2.26)

The resulting equation (2.25) is an integral equation which determining the wave function
of the scattering problem.

In equation (2.25), the kernel of the integral equation:

/ 1
G<—>—>>:—>

corresponds to the Green function of the Helmholtz equation [27, 29, 30, 31]:

7¥>, (2.27)

(A+1)G (?, 7) = §® (7 - ?) . (2.28)

To solve this equation, we will use the Fourier transform of the variable £, defined by

27, 29, 30, 31]:

(?(?{?)::(g%)i/g<zveﬁx7‘?vf§ (2.29)

- . . . . — —
where ¢ ( & ) is the inverse Fourier transform of the function GG ( r—r )
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In this spirit, we submit the differential equation for GG (7, 7') to the Fourier transform.
To do this, we report the previous expression in (2.28); after some manipulations, we easily

—
verify that the inverse Fourier transform g ( 13 ), is given by the following equation:

9(€) = k?#—? (2.30)

By carrying this last expression into (2.29), we arrive at the following integral equation

G (?,?’) - (%)3/%&”5. (2.31)

The potential V (7°) depends only on the distance r to the origin, in this case, the z
axis is an axis of revolution, these are the spherical coordinates &, § and ¢, which are best
suited to the problem. With these coordinates, by setting ‘7) — 7/| = p, y = cosf and
?. (7 — 7}’) = {py, and let us insert these expressions in (2.31), after some computational

processes, we obtain

3 2 0o 2 1
G (? ?) (L do | de—S Py, (2.32)
’ 2w ) Jo o k2—6"J,

After integration over the variables ¢ and y, the previous expression is written

(7.7 = /0 e F (e = eigp)] . (2.33)

T din%p k2 — €2
After the change £ — —¢ in the second integral of the previous expression, we can easily

see that equation (2.33) transforms as

— =\ 1 oo Seigp
G(r, v ) - —4m2p/ Rl (2.34)

If we wish to integrate over the variable &, we are faced with the problem: what should
we do with the simple poles on the real axis of the integrand at & = +k. We can avoid this
difficulty by considering ¢ as a complex variable. To illustrate this point, we can consider
the term 1/ (k* — £?) as the limit, when ¢ — 0 (¢ being a positive real quantity).

Either, by making the change of variable £ — k + ie, we easily verify that equation
(2.34), is written
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— =\ L. oo Seigp
G(T’T>__Ml%/oo € ke Erhtm (2:35)

We see that the real poles k are replaced by the complex poles k + ic. We now move
on to the calculation of the integral (2.35). To illustrate this, we apply Cauchy’s integral
formula [29, 32]

(2) d +27if (a) if @ is inside C,
Z =

c*c—a 0 if a is outside C.

(2.36)

Here, f (z) is an analytic function inside a closed curve C' and on C. We have (+) if the
contour is traveled counterclockwise and (—) otherwise. Curve C' is the contour composed
of the part of the real axis between —R and + R, indented by two half-circumferences with

centers (+k,0) and radius ¢ infinitely small, closed by a semi-circle, as shown in figure-2.1.

4 Im({) Tlm )

" Re(§)
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k

|
|
|
|
| R
i.; | m e (§)
U o +k

(a) G*'(F¥) (b) G~ (r,7)

|
|
|
|
|
|
O

Fig-2.1: Integration contours for Green’s functions G* and G~

Our physical intuition tells us that the wave propagating to the right from point 7
should not influence the response at point 7 to the left of 7. Thus, for > r', the contour
must go around the pole & = —k — ie from above and the pole £ = k + ic from below, so
that only the contour in fig-(2.1.a) contributes. For 7 < r’ the contour is closed downwards
and only the contribution of the pole ¢ = —k — i is desired. As shown in fig-(2.1.b).

At this point, we therefore have the following two expressions for the Green function,
each expression being associated with a given interval for r.

!
For r > r, we have:
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G*(?j?j::——L—Mn/%m——ii@l—dﬁz

4im2pe—=0 | (€ — k — ie)
L S8
_4m2p£‘5ﬁamd€ : (2.37)

where ft(£) = &e%?/ (€ + k + ig) , is an analytic and uniform function inside the simple
closed curve C, and on C,. Applying Cauchy’s integral formula (2.36), we get

ik‘?’—?/‘

1l e
mF -

, 1
G (?’, 7 ) = g (ko ie) = - (2.38)
Moving to the other region r < r'. We now consider the contour of fig-(2.1.b). The
function f~ (&) = £e®?/ (€ — k — i), is an analytic and uniform function inside the simple

closed curve C, and on Cj. Applying Cauchy’s integral formula (2.36), we get

GV f~ (&) _
¢ <T’ " )—_4i7r2p£1—r%7€bmd£_

1 1 e—ik‘?—?’/
—— limf (—k—ig) = —— 2.39
27rpali%f ( i) 4 |7 =7 (2:39)

Finally, the solutions (2.38) and (2.39) can be grouped together to be written in a single

equation including solutions relating to the outgoing (or incoming) waves

, 1 eiik‘7’f?,
G* (?, ?) =TT (2.40)
These two functions have outgoing spherical wave behavior for G* (7), 7/) and incoming
spherical wave behavior for G~ (77, 7") [29, 33).
By carrying this last expression into (2.25), we arrive at
U (F) =T 4 / Gt (7?) v (7) e (7) & (2.41)

The resulting equation (2.41) is the Lippmann-Schwinger equation [27, 29, 34|, which
is an integral equation determining the wave function of the scattering problem. The first

term in this equation can be considered the incident wave, describing the free motion of the
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particle. The second term describes the scattered wave, which, depending on the choice of
the Green’s function, can be either outgoing or incoming.
Asymptotically, for large values of 7 (r >> '), by a direct calculation, we see immediately

that

o (7 =277 ,
‘ =ri{/l1+ ~ 7 —1 cosf, (2.42)

r2

where 6 is the angle between ' and , r being the direction along which we are calculating
- .
the scattered wave k , i.e.,

!

ik ‘7 — 7/‘ ~ ikr — ikr cosO = ikr —ik .7 (2.43)

By carrying this last expression into (2.40), we arrive at

, e:l:ik'r =1
G (7,7 ) = =St T (2.44)
4mr

7. . . = —
where the vector &k is directed along r and is defined by & = k7" /r.
Taking into account the previous expression, for r >> 7, asymptotically, the wave

function (2.41) can be approximated by the expression

+ = e 1 ik 7= g (=) 3,
U (r)~e + e V(r)q/ <T>d7“. (2.45)

ro\ d4r
Identifying f* (0, ) as the coefficient of the outgoing wave [25, 27, 28], we find the

integral expression for the scattering amplitude

1
f:t(e,gp) :_E

The above equation is not a straight-forward formula to calculate f* (0, ¢). Because

Tk Ty (?) v (?) & (2.46)

U (77) which appears in the integral is still not known. However, it provides a very beneficial
approximation called the Born approximation to be discussed in the next section [25, 34, 35].

To obtain the differential scattering cross-section do/dS), let us start by relating the
flux vector J to the wave functions of equation (2.45). In fact, the plane wave term ¢k
represents the incident wave. In the absence of the vector potential Z = 0, the flux Fj,. can

be calculated by inserting the plane wave ¢ F7 into (1.24),
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_k (2.47)

m

—

Finc:’Jmc

The flux Fi.. of particles passing through an area d? in the direction specified by
6 and ¢, is related to the second term of equation (2.45) and therefore to the scattering

amplitude f* (6, ). This is given by F=,,, = ‘7i ds , Where d? = r2dQ, and JE

scatt scatt scatt

is the scattered current, whose expression is given by the equation

1 * *
T = g (Ve () VUL, (F) = 0, (F) VUL, (7)), (248)

scatt — sz scatt

where UE_,, (77) is the scattered wave being expressed in formula (2.45), by

N . oK T
\Ilscatt ( r ) - f (97 90) - (249)

r

To calculate the probability current of the scattered wave, it is convenient to use spherical

coordinates. The gradient of a scalar function W%, ,, (7') is given by:

N 100E,, (7 1 OV (7
(7}) _ a scatt ( T )77‘ + _GLMUG + a scatt ( " )7@ (2.50)

v
or r 00 rsin 6 op

scatt

Inserting (2.49) into (2.48), and taking into account the previous expression, the com-
ﬁ
ponents of the scattered current .J ... on the local axes defined by this coordinate system,

in the asymptotic region are given by:

k1 2 11 1 L OfE
(Jsicatt)T = :I:Eﬁ ‘fi| ) (Js(::att)g = Eﬁ Re {; (fi) W} 7
N 1wy OFF
(Jsmtt)@ ~ mr3sinf fe L (%) dp | (2:51)

At large distances the gradient contribution on f* (6, ¢) /r is proportional to 1/, which
is negligible for large r. So, only the exponential contributes to the flux. Then (Juu), and

(Jscatt) , are negligible compared to (Jscqt),, and the flux of particles scattered is practically

scatt

FE. = ‘7i .d?‘ - % £ (0,0)| do. (2.52)
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The results of an experiment are usually expressed in terms of a differential cross-section
(do*/dQ) that is defined as the flux of particles scattered in direction (6, ) per unit solid
angle per unit incident flux. Hence, referring to (2.47) and (2.52), the simple and remarkable

relationship between scattering amplitude and differential cross-section:

do-:t Fs:Eatt + 2
(%) = 72 = 1 w0l (2.53)

The differential cross-section is therefore simply given by the square of the modulus
of the scattering amplitude. We see that this expression is completely analogous to the

empirical definition of the scattering cross-section of a classical wave.

2.4.3 Born approximation

The preceding description is very general and applies to any potential V (7)) which decreases
for r — oo but arbitrary near the origin. In general, it is very difficult to calculate the solu-
tions of the integral equation of scattering (2.41), and in particular the scattering amplitude
= (0, ¢). However, if the interaction can be treated as a small perturbation (weak scattering
field), the integral equation (2.41) can be solved by the method of successive approximations.
One of the approximate calculation methods is the one developed by Max Born, in which
the cross-section is very simply related to the Fourier transform [36, 37].

By solving the Lippmann-Schwinger equation (2.41) by iteration, starting from the in-
cident plane wave W, (7°) as the zeroth-order approximation. Indeed, a simple change of

notations (77 — 7, 7 — 7 ) allows us to write equation (2.41) in the form:

v (7)) =TTy / ot (7 T (7 ) e (7). (2.54)

Inserting this expression into (2.41) and expanding, we obtain

d
[#'e (7 7) v (7)e (77 ) () (7)) e
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On the right side of (2.55), the first two terms are known, only the third contains the

. — . — —1 —7
unknown function ¥+ (r ) We can repeat this process: we change 7" to " and " to

"

7 in (2.41), resulting in U (?H>, which we insert again in equation (2.55), we lead to

UE(T) = BT / Pt (7 )V (F) T / i / ' o (7.7) x
v(?) G* (7”,7’") V( )e’ R4 /d3 /d3 /d3r Gi 7’,?’) X
V(e (77 (7 e (v (7 ) e (R) e
We thus construct step by step what is called the Born development of the scattering

stationary wave function, where each nth expansion term is proportional to the potential

raised to the nth power. Successive iteration yields
UE (7)) = Vo (7) + UF (7)) + U5 (7) + U5 (7)) + ...y (2.57)

where

W (7) = e

Ut () = b T +/d3r’Gi (7’, ?’) v ( ) ot (—’) . (2.58)

If we carry this expansion of U* (7”) into expression (2.46), we obtain the Born expansion
of the scattering amplitude. However, if the scattering potential is small, then the difference
between the operators Hy and H = Hy + V is small, and hence the difference between
their eigenfunctions, ¥y (7') and ¥* (7') should also be small. Therefore, from (2.46),
we obtain an approximation of the scattering amplitude by replacing U+ ( ) by the plane

wave ¢ %7 . Tn this approximation we obtain

) = =g [TV (7@ (2.5
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which is known as the scattering amplitude in the first Born approximation.

The scattering amplitude (2.59) appears proportional to the matrix element of the scat-
tering potential between the two plane waves, ¢F 7 and ejFi?'?,, representing the free
particle before and after the scattering. This is just a Fourier transform of the potential
using the momentum transfer +7¢ = ? F ?', sometimes called the collision vector, has a

magnitude equal to

0
q=|7] = 2ksin 5, (2.60)

- - . .
where 6 is the angle between the vectors k and k ,i.e. scattering angle. Recall that the
— - o .
vector k is directed along the incident beam, and the vector k£ along the position vector

drawn from the scattering center to the point of observation of the scattered particles.

2.5 Asymptotic states in classical and quantum mech-

anics

In classical mechanics, particles follow trajectories that can be calculated from the equations
of motion. In the case of scattering by a finite-range field, the trajectory must have two
asymptotes that represent the trajectory of the free particle, before and after its interaction
with the potential. We can therefore define the scattering angle 6 as the angle between the
two asymptotes of the same trajectory and the impact parameter b as the distance from the
center of the potential to one of the asymptotes. Solving the equations of motion allows us
to express b as a function of 6 [23, 24].

At the quantum level, it is then generally not possible to predict with certainty which
final state will result from a given collision; we therefore only seek to predict the probabilities
for a certain final state. To do this, we will study the evolution of the wave function ¥ (7, )
associated with the incident particle interacting with a localized field. As the classical traject-
ory tends toward free trajectories, the wave function W (7”,t) tends toward free wave func-
tions, U (7°,t) and W% (77,¢). The latter are solutions of the free Schrodinger equation,

and satisfy the asymptotic conditions [38, 39, 40] tlim U — 0| = tliin | U — pout| = (.
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2.5.1 Asymptotic states in classical mechanics

In classical mechanics, the trajectory of the particle can be described by a three-dimensional
vector function 7 (t), which is geometrically a three-dimensional curve. If the particle under-
goes the type of motion that has been described above as typical in a scattering experiment,
then the trajectory 7 (t) should have as characteristics the main qualitative features of the

curve in figure-2.2.

target

=
)V’i

)

Fig-2.2: Asymptotic states in classical mechanics

Out of the reach of interactions at an initial time in the distant past { — —oo, the

particle’s motion should be nearly free, i.e. nearly along a straight line T () at a uniform

velocity 7 (t). Then, for a relatively short period, during which the particle interacts with
the scattering center, the motion in general is very complex. Finally, at the end, t — +o0,

of the experiment and for some time before that, the motion of the particle should be again
out

along a straight line 7" (t) and at uniform speed 7 (t).

In classical mechanics a particle is said to be in free motion if its state is of the form

T(t) = To+ Tt (2.61)

so that 7 = 0. Hence, at times t — —oo, we expect that

‘?@—(?m+?t)

Similar considerations for ¢ — +o00, lead to the following corresponding requirements:

lim T o) =T
t——o0

=0, lim =0, (2.62)

t——o0
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, out , out , out
Jim T (t) — (?W%? t) =0, lim T -7 |=0. (2.63)

The conditions (2.62) and (2.63) define the asymptotic states of the particle in a precise
. tn,out

way. The vectors 7™ (t) and 7 (t) characterize a free state of the particle, which is

called the incoming or outgoing asymptotic state.

2.5.2 Asymptotic states in quantum mechanics

Now, we will come to the quantum description. The behavior over time of the wave packet

that represents the state of the particle of mass m and charge e in the presence of an external

field, is described by a complex wave function ¥ (7, ), solution of the Schrédinger equation
OV (7, 1)

ZT:H\I}<T,t), (264)

where H = Hy + V (7,t) is the Hamiltonian, time-dependent in general, the observ-
able corresponding to the total energy of the system. V (7,t) is the Hamiltonian of the
interactions, and Hy = p?/2m is a self-adjoint operator, called the free Hamiltonian.

To use the S-matrix formalism in scattering processes, it is necessary to assume that
the interactions are short-range, so that the initial and final states, in which the particles
are well separated from each other, consist of free particle states. For this, we consider the
case where the interacting potential V (7,t) is to be understood as a perturbation of H,
whose effects are negligible in the asymptotic regions of space. Intuitively, one expects that
the solutions of (2.64) in the asymptotic regions (|7 (t)| — +00), can be approximated by
solutions of the free equation

QUmeut (7 )

T = Hg e (T 2.
? 8t 0 (7”, )7 ( 65)

where W™ (77, t) is the initial wave function characterizing the motion of the particle
at time t — —oo, and W (7, t) the final wave function describing the particle after the
collision at time ¢ — +o0.

To describe scattering processes and reactions in quantum mechanics, it is convenient

to introduce the scattering operator S, the matrix elements of which form the scattering
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matrix. If we know the S-matrix, we can determine the final state U2 (77, ¢) from any

initial state W™ (77, ). Therefore, We can write [38, 39, 40]

T (7 ) = ST (T 1) (2.66)

We introduce eigenfunctions of the operator Hy:

Hopl!' = Eopl',  Hop§" = Eggl", (2.67)

where E,, and Ej are eigenvalues of Hy. The sets of functions ¢ and go"“t form complete

orthonormalized systems satisfying the conditions

(G =, () b .
where (2.68) is the scalar product. We expand the wave functions ¥ and ¥°“ of the

initial and final states in terms of the eigenfunctions of the operator H

= Zaagofxn and U = Zb 03" (2.69)

The problem is to find the coefficients bs if the set of coefficients a,, is known. For this

purpose, inserting (2.69) into (2.66), by a direct calculation, we have

Yot — Z ba" = S Z agp™ = Z a0 S (2.70)

«

t

Afterwards, multiplying the last equation on the left by gp"“ after some simple compu-

tational processes, we obtain

Z bﬁ(POUt out Z aagom‘t ) (271)

By using Eq. (2.68), the relation (2.71), can be written in the form

Zbﬂgpm out Zbﬁaﬂﬁl = by —ZaaS/ (2.72)
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where the coefficient S 5 o is a quantum-mechanical transition amplitude from the state

©™ to the state gz);%‘t, given by
Sy = @gﬁf, &p;”) . (2.73)
Thus, the coefficients bg to find the scattered state W after the collision, if initially

the system was in the state ¥, are the following

bs = aaSpa (2.74)

Equation (2.74) solves the problem: It expresses the coefficients bs for the scattered wave
function in terms of the coeflicients a, for the incident wave function. It is convenient to
treat the quantities, Ss,, of Eq. (2.74) a, the elements of some matrix, S, which is referred
to as the scattering matrix [38, 39, 40].

If the coefficients a, and bg are collected into vector columns

bl ay
. b a
S B B B (2.75)
the corresponding relation simplify to
b= Sa. (2.76)

As we already mentioned, the scattering matrix elements, S’ﬁa, are quantum-mechanical
amplitudes for a particle in the state U to be scattered into the state U°“. The order
of indices is important. We use the convention that the first index for the element Sj,

corresponds to a scattered state while the second index corresponds to an incident state.
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Fig-2.3: Asymptotic states in quantum mechanics



Chapter 3

S-matrix formalism in 1D for

relativistic particles of spin-s

(s=0,1/2)

3.1 Introduction

The study of one-dimensional scattering problems also has its importance. Indeed, if in
physics realistic cases are generally three-dimensional, the one-dimensional case fits into the
framework of a model or approximation representing this reality. In what follows, we will
adapt the formalism of the diffusion matrix to the one-dimensional case. This matrix finds
its physical interpretation by linking it to the transmission and reflection coefficients.

This chapter is devoted to the one-dimensional formalism of the scattering matrix for
relativistic particles of spin-s (s = 0,1/2). First, we will try to find a way to gather in a
unified writing the two equations of relativistic quantum mechanics, in a single equation
that is the so-called wave equation for relativistic particles of spin-s. Then, we will construct
the formalism of the scattering matrix S_, for particles governed by the relativistic wave

equation of spin-s in the presence of a localized electromagnetic field.
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3.2 Relativistic wave equation of spin-s (s =0,1/2)

Remember that the relativistic wave equations which generalize the Schrédinger equation are
the Klein-Gordon equation (1.54) ; which allows among other things to describe the dynamics

of relativistic particles having a spin-0.

(D*D, +m?) g (2,t) = 0, (3.1)

and the Dirac equation (1.90), which is used to describe massive particles of spin-1/2,

which obey the Pauli exclusion principle,

(&
{(D" Dyt m?) L+ 50" By} W1ja (2,1) = 0. (3.2)

Note that eq. (3.1) differs from (3.2) by the presence of an additional term $o""F),,,
which represents the interaction of the spin with the external electromagnetic field. In the
case of zero field, the Dirac equation reduces to the Klein-Gordon equation.

By adopting for any matrix A the following notation:

1 f -0,
(A = > ’ (3.3)
A for s=1/2.

In this case, equations (3.1) and (3.2) can be expressed by a single relation, called the

spin-s relativistic wave equation (s = 0.1/2) [38, 41]

{

Here, ¥, (z,t) is a wave function with 22° (2s + 1) components, and I, is the unit matrix

(% + z'er)2 — <€ — z'e_A>>2 + m?

H22s(25+1) + se (UF)2S} \I/s (.T, t) =0. (34)

of dimension d and o F = o"F),,,.

For s = 0, eq. (3.4) reduces to the Klein-Gordon equation (3.1), and for s = 1/2, we
thus obtain the Dirac equation (3.2).

We will define a current density and demonstrate that the current defined with the
solutions of the relativistic wave equation of spin-s obeys a continuity equation. To do this,

starting from equation (3.4), which can be written:
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{ [(5“ + z'eA”) (5# + z'eAH) + mﬂ Lpoe(ass1) + S€ (UF)QS} U, (z,1) = 0, (3.5)

—
where O* is the right derivative. Then, taking the hermetic conjugate of the previous

equation, multiplying the result on the left by (70)25, and using the fact that

((Um,)zs)T _ (U,“,)%, (70)25 (U#y)% _ (a“”)QS (fyo)Qs, (3.6)

we then get

T, (x,1) { [(3# - ieA“) (E - z‘eAu> + m2] I2e(2as1) + S€ (JF)QS} — 0, (3.7)

where U, = U (4°)**. Multiplying (3.5) on the left by ¥, and (3.7) on the right by ¥,,

then subtracting the equations thus obtained, we get:

I ==
- Js= 3.8
5 TV (3.8)
the density J? and the current 7, are given by:
1 (= [0V o e a—
0= — (U, (=2 ) - ) — A" :
b))t oo
— T (= (= == € ——
7. = (\y (vws> - (vqfs) @) + CAT,Y,, (3.10)
2m m

the term 1/(2im) is introduced for convenience.
Similarly, it should be noted that the Lorentz invariant scalar product is defined as

[15, 16],
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3.2.1 Weyl!’s representation

For the Dirac v* matrices, we select the Weyl representation (also called the chiral repres-

entation). In this representation the v* matrices have the following form [6, 42]

0 I . 0 —0;
70 — 2 s ’yl = y Z — 1,2,3 (312)
I, 0 o, 0

where o = (01, 09, 03) are the usual Pauli matrices.
Due to this choice of representation, the matrices o** are block diagonal, we find for

(1,7, k) cyclic

a0 g o 0
% — , 0 =gy, , (3.13)
0 —of 0 o*
where &;;, = 1 (i — j) (j — k) (k — 4) is the Levi-Civita tensor. If we write
U (z,t
U, ()= ° (1) (3.14)
Ul (z,t)

Then, inserting the previous expression in eq. (3.4), explicitly developed in the Weyl

representation, we get:

H_ (z,1) 0 U (z,1)

° =0, (3.15)
0 HS (1) Ut (z,1)

here, U, (z,t) and U] (z,t) are spinors with 22¢ components, and the Hamiltonians HF

are given by:

HI =

Ipse + 2ise ()% (ﬁﬂﬁ) . (3.16)

o -\ (= -\, o
<§+26A0> —(V—zeA) +m

— —
E and B are the electric and magnetic fields.

In the case of spin-1/2, Eq. (3.15) can split into two two-component equations as
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I TR B (3.17)
0 H1/2 \111/2 (z,t)

where W, (z,t) and \1/1“/2 (x,t) are two-component wave functions which permute under

spatial inversion, and

0 ? 2
H, = (& n ieA0> - <€> . z’eZ’> v m?| L +ied (ﬁii?) : (3.18)
For the spin-0, Eq. (3.15) reduces to
H,y 0 U, (x,t
0 o (@) ) _ 0, (3.19)
0 H U (z,1)

where W, (7,t) and U7 (7, t) are one-component wave functions, and,

0 2 2

Note that there is redundancy because H, = H, and consequently the equations of the

system (3.19) are identical.

3.3 S-matrix formalism in 1D for particles of spin-s

We begin by considering a relativistic particle of mass m, energy E, charge e, and spin-s,
evolving in a one-dimensional world. The particle, incident on a scattering center, evolves
freely before reaching the region where it will undergo the effects of a localized electromag-

netic field A, (z,t). We consider the case where A, (x,t) has the same limit when  — 400,

and following custom we adopt this value (A, (z,t 0). In this case, the evolution

equation (3.15) is written as [38, 41]

]1225

{ (2 ey (i, t))2 —(V—ied (x,t)>2 b2

ot

+se (o F (z,1)*Y0, (z,t) = 0, (3.21)
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here V = ?x = (d/dx) . At large distance (Jx| — o0), the field A, (x,t) — 0.
Under these conditions, the Hamiltonian HJ can be approximated by the Hamiltonian of
a free particle, HF* = p'2/2m. Therefore, the equation that governs the evolution of the
relativistic particle of spin-s has a special class of solutions, called stationary states, where
the time and space variables are separated. More precisely, the stationary solution of the

time-dependent equation (3.14) has the following form

v (x)

U, (z,t) = U, (z) e = \Ifi @)

e (3.22)

Far from the action zone of the scattering center, the field A, (z,¢) must be understood
as a perturbation of H;° whose effects are negligible in the asymptotic regions of space.
Asymptotically, the particle is considered free, the stationary solution W, (z) is a linear
combination of plane waves e*** (k = /E2 —m2? > 0). More precisely, the wave function
U7, (z) (arrival of —oo) and W7y (x) (arrival of +oc) behave as follows [38, 39, 43]:

- 1Tethe 4 R;fLe_ik$ T — —00,
\I]S,L (l’) = T ike
Tie T — 400,
. 1Fe ™ 4 RT peihe T — +00,
\I]s,R (x) = — ’ (3.23)
T re T — —00.

Here, 7, p, RT} p and 17 are vectors with 2** components. (Tj 1 RY .) ,and (Tj R RIR)

represent the transmission and reflection coefficients left and right respectively, given by:

( Toonl + |T;L,R|2> <‘R;L,R|2 T ‘RIL,RF)
T, = R, = il (3.24)
1517+ 1] 1517+ 1]

For the spin-0, H, = H; the equations of the system (3.19) are identical, and con-

sequently, T, p = To°, gy Ry = Ry pand 15 = 17
we examine now the general problem. The solution can be written as
v

:F
Ui(x)=9q 4 .
UF (in, —00) e*® + UF (out, —00) e™™* 1 — —o0,

(out, +00) € + UF (in, +oo) e **  x — +o0,
(3.25)
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where UT (in, out, +00) are vectors of dimension 22*. We can say that the vectors
(UF (in, —o0), UF (in,+00)) are the incoming amplitudes (from the left and from the right
respectively), and the vectors (VT (out, +00), UF (out, —00)) are the outgoing amplitudes
(to the right and to the left respectively).

We can see that the spinner UF (z) can be further written in the form

UF (z) = U5 (2) + UFU (1), (3.26)

S

where U (z) and W% (z) are respectively the incident and outgoing parts, given

by:

UFHn (z) = UF (in, —00) €0 (—z) + T (in, +00) e~*0 (x) (3.27)
UFout (1) = UF (out, —o0) e "0 (—x) + VT (out, +00) 0 (z),
where 6 (x) is the usual Heaviside function (6 (zr < 0) =0, § (x > 0) = 1).
A suitable way to describe scattering and reactions is to introduce the scattering op-
erator S_g, whose matrix elements form the scattering matrix S_,. According to (2.66),

this operator connects the initial state U (z) with the final state U2 () by means of the

relation [38, 39, 41],

Tt (1) = S_yU' (z). (3.28)
Or in matrix form, the S-matrix relates the outgoing wave to the incoming wave by the
relation,
\IJS_ (OUt, +OO) S11 S12 813 Sia \Ifs_ (ZTL, —OO)
\Ijj (out, +OO) _ <§21 §22 §23 §24 \I[;_ (m, —OO) ’ (329)
\II; (OUt, —OO) 831 833 833 834 \I’; (m, +OO)
\I/;r (out, —OO) §41 §42 §43 §44 \I/j (m, +OO)
where the elements §;; are block-matrices (2% x 22%). In the case of spin-0 Hy; = H,
the system (3.29) reduces to
Uy (out, +00) S11 813 Uy (in, —o0)
= , (3.30)

Uy (out, —o00) S31 833 Uy (in, +00)
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where ¥ (in, out, £00) and s;; (7,5 = 1,2) are coefficients. In the case of a free particle
A, (z,t) = 0, the state vectors UT (out,+00) — WT (in, Foo). In this case, the S-matrix
then becomes the unit matrix Iyes+1) (g4 1)-

Combining (3.23) and (3.25), and taking into account (3.29), we have

a & s s f—— gt —— —+
S11 S12 S13 S14 Ts,L Ts,L s,R s,R
2 a s s f+— g pt— Pt
N S21 S22 823 S24 TS,L TS,L RS,R Rs,R
S—S = p— o o + - o + 9 (3.31)
531 532 533 S34 RS,L RS,L Ts,R Ts,R
a a a s P+— P+ pt— o+
S41 S42 S43 Saa Rs L Rs,L TS,R Ts,R

where (TSTL:F, TFE 17, T55 ) and (RTF, R;Ff, Rﬁg, R¥3) are blocks of matrices (2% x 2%),
representing the transmission and reflection coefficients left and right respectively, relative

to the wave equation of relativistic particles of spin-s.

3.3.1 Calculation of the S-matrix

In quantum mechanics, particles are described by wave functions. Wave functions depend
on the space-time coordinates and the variable related to the spin of the particles. Each of
the wave functions that describe particles of given spin satisfies a definite equation that is
covariant (does not change form) with respect to the Lorentz transformations.

Let us elucidate how the wave function is transformed in discrete Lorentz transformations
when equation (3.21) must respect the covariance condition. More precisely, we will study
a very important symmetry in particle physics, the CsPT, symmetry [6, 44, 45], which is
the "product" of three fundamental symmetries: C is the transformation that associates its
antiparticle with any particle, P; is the one that associates its image in a mirror and 7} is
the one that reverses the direction of time.

We begin the study of discrete Lorentz transformations with the operation of reversing
the coordinates of space, that is, the parity transformation P;. When reflecting space (z,t) —
(—m,t), 0/t — /0t = 0/0t, VoV = —?, and consequently, the electromagnetic field
A, (x,t), the coupling term (0F') and the wave function (0F') are transformed as follows

[6, 44, 45]
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’ —
A, — A, = (Ag,—A), U, (z,t) = Uy (—x,t),
(0F) = (0F) = —0"Fy + 07 F;, i,j=1-3 (3.32)

By inserting these expressions into Eq. (3.21), multiply the result on the left by P;, and

using P, ' Py = Ip2s(55+1), one finds:

9 2
PS{ ((a + ieAO) — (6) — ieZ)Q + m2> H225(25+1)+
+se (—UOiFOi + JijFij)%}Ps_l\IfPs (x,t) =0, (3.33)

where

Ul (2,1) = PO, (—a,1). (3.34)

Starting from the fact that due to the invariance with respect to the reflection of space,
equations (3.21) and (3.33) must coincide. Comparing these two equations, we find that the

operator P; must satisfy the following conditions:

P, (6" P = (o™, P, (") PY = (0Y)™. (3.35)

The condition (3.35) is satisfied by the operator P, = 7, (%)%, where 1, is an arbitrary
complex number. We will subsequently take 7, = i. With this phase choice, using the
relations (3.25), (3.29), and (3.34), we can easily ensure that ¥’ (z,t) is obtained from
U, (x,t) by substituting

UF (out, +00) < iV (out, —00), UT (in,+00) « iU (in, —oc0). (3.36)

In matrix form, by inserting this last expression in (3.29), we obtain the expression

(01 ® P,) (s_) (@ P) " =5, (3.37)

The symbol ® is the Kronecker product of the matrices. From (3.37), by a simple

calculation, we deduce
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§11 = Sa4, S22 = 833, 813 = Sa2, 831 = So4, S12 = 543,
S21 = 834, S23 = 832, S14 = Sa1. (3.38)
Let’s now change (z,t) — (x,—t). This transformation does not change the spatial
coordinates, they remain invariable under these conditions:  — 2" = x, but changes the sign
of the velocities and, consequently, that of the impulses and the kinetic moment T - —fj
and 5 — — 5. In this operation the electromagnetic field A, (x,t), the coupling term

between the spin of the particle and the electromagnetic field (0 F'), and the wave function

U, (z,t) are transformed as [6, 44, 45]

A, — A, = (AO, —7f> W (2, 1) — U, (2, 1),

(0F) — (oF) = " Fy — 0" Fy;. (3.39)

If we change t — —t, and taking into account (3.39), equation (3.21) transforms into:

a 2
{ <<—a + ier) — (? + 7:62)2 -+ m2> H22.s(25+1)+
+se (0% Fy, — 0 Fy) YW, (2, —t) = 0. (3.40)

Furthermore, if there is invariance when changing ¢t — —t, a particle and a "reflected"
particle in time must be described symmetrically by the same theory, i.e., the wave functions
of the particle and the "reflected" particle in time must satisfy the same equation. To obtain
Eq. (3.21) again, take the complex conjugate of Eq. (3.40) and multiply the result on the

left by the time reversal operator Ty, and taking into account 7, T, = Iy2s(25+1), We obtain

a 2
THq ((a + ier) — (6 - ie_ff)Q + m2) I2s (2541)+

se ((0") Fo (o) By) YT 0 (2,) =0 (3.41)
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where

UL (2,t) = T,UF (2, —t). (3.42)

We want the function ¥T* (z,¢) to satisfy the same equation as WU, (z,t). Comparing
(3.21) to (3.41), they coincide if the operator T that changes (x,t) — (x, —t) satisfies the

relations:

) 28 s i\ %\ 28 i\ 28
T (")) Tt = (0", T ((07)) T = (—07)” (3.43)
To find the form of the operator Tj, let us use the properties of the matrices o”:
—o% if k£ 2 —0Uif £ 2and j#2

o) = , o) = . 3.44
( ) o2 if k=2 ( ) o if =2 where j =2 (3.44)

Considering the relations (3.44), then conditions (3.43) are verified by the operator
T, = n, (v*+43)* , with the arbitrary constant 7, = i.

On the other hand, using (3.25), (3.29), and (3.42), one can easily ensure that passing
from U, (x,t) to U= (z,t) gives

UT (out, +00) < —0o¥T (in,+00), VT (out,—o0) < —o2¥T (in, —0). (3.45)

Further, by using

ot (3 4) = S_ 0T (2, 1) = (s ® T,) U0 (2, —1)
\If?’m (ZE, t) = (I[QQS & Ts) \I[:’m (:E, _t) ’ (3'46)

and

\P:’Out (:L‘, —t) _ S*Dfs\p?m (:IJ, —t) (347)

In matrix form, with (3.29), (3.45), (3.46) and (3.47), we arrive at the expression
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(S_s) (1 @ Ty) (S%,) (01 @ To) ™" = Izeri (g 41y (3.48)

The charge conjugation operation will now be performed. This operation transforms a
particle into its antiparticle of identical mass and spin, carrying the same momentum but
changing the sign of all other additive quantum numbers: electric charge, baryon number,
strangeness, leptonic numbers, etc.

By charge conjugation e — —e, the electromagnetic field A, (z,t) and the coupling term

(0 F) are transformed as follows [6, 44, 45]

A, — A, =—A, (oF)— (cF) = —0"F,, (3.49)

To understand how the wave function ¥, (z,t) is transformed during the charge conjug-
ation operation, In equation (3.21), we do the substitution e — —e, then, taking the hermitic

conjugate, and taking into account (3.49), the result is:

9 2
Ul (z,1) { ((E + ieA0> - (? — ieZ)Q + m2> I2s (2541
2s

—se ((JOZ)T Fo + (aij)T F,) }=0. (3.50)

After multiplying both sides of equation (3.50) on the right by (7°)*°, and taking into

account the relations

(O_ij)2s (’}/0)28 _ (70)23 (O’i‘j)zs, (O_Ol)Zs (70)23 _ (70)25 (O_Ol)Qs
(@) === ((09)) = )" .50

equation (3.50) becomes:

= 0 SR —
U, (x,t){ ((a + ieAg) —(V —ieA)* + m2> I52s (2541)+

—se ((JOZ)Jr Fo + (Jij)T Ej>2s} =0, (3.52)
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where U, = Ul (7°)* and Ut = (¥*)”. This last equation differs from (3.21) by the
change of sign in front of (¢F)*. To establish the form of the operator Cj, let us take the
transpose of both members of equation (3.52), multiply the result on the left by C and with

C;1Cs = Iy2s(2541), we obtain

9 2
Cs{ ((a + iEAO) - (? - Z'€Z>)2 + m2) H22S(28+1)
—se (UOI)TF " g "V o1y O =
w+ (09) Fy) 10710 (2,t) =0, (3.53)
Under these conditions, we see that if W, (x,t) is a solution of (3.21), the function

WY (z,t) such that

U9 (2,8) = C, 0. (z,1), (3.54)

is another one. For equation (3.53) to be reduced to (3.21), the operator Cs must satisfy

the following conditions

2s . 2s N
C (™)) et == (™™, G ((0M)") et == (o)™ (3.55)
Then the conditions (3.55) are verified by the operator Cs = 7¢. (v24°)** with the

arbitrary constant 7., = 4. Furthermore, with (3.25), (3.29), and (3.54), we can easily

ensure that the transition from W, (z,t) to ¢ (x,t) is obtained by changing

UF (out, +00) < Fioy (VT (in,+00))",
UF (out, —o0) < Fioy (VE (in, —00))". (3.56)

In matrix form, by using

WO (1, 1) = (I ® C) Ty ™" (1), W3 (1) = 87 W5 (1),
WEt (2, 1) = S_WC (2, 1) = (I © C) T, ™ (1), (3:57)
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then, by combining the previous expression with (3.25), (3.29), and (3.57), we get the

expression

<5Ls>(01§§CL)<SfS>(JlébCL)_lzﬂb%+q%+D. (3.58)

Furthermore, the charge conservation allows to write:

(Do) = (U w") (3.59)
By making the substitution
T = ()8 (e (10)) W = (0) (1 @ (57))). (3.60)

in (3.59), we easily verify that the matrix S_, satisfies:

(11223 ® (70)%) (Si) (]1225 ® (70)23) (S,) — Tyansn(gep1)- (3.61)

By combining the relations deduced from the conservation of current, the invariances
with respect to the reflection operations of the space Ps (parity), the time reversal T, and

the charge conjugation (s, we obtain:

N _ A o + N _ A . J— A _ A . + N _ A . —
811—844—T5,822—333—T5,513—842—RS, 324—531—RS

S12 = 891 = 893 = 839 = S14 = S41 = 534 = 543 = 0. (3.62)

By inserting (3.62) into (3.31), we obtain the scattering matrix of a relativistic particle

of mass m, energy E, charge e, and spin-s (s = 0.1/2) by a localized electromagnetic field
A, (x,t).

- 0 R: 0
R 0 77 0 R;
So=1 . ) : (3.63)
R;, 0 T; 0O
0 R+ o TF

where T* and RF are blocks of matrices (2% x 22°), which represent the transmission

and reflection coefficients left and right respectively, given by
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T* , Rf= . (3.64)
Twy +p, 71

ts, 75,0, and w, are functions of F, A,, and m. For s = 0, we have p, = wo = 0. The
matrix S_ is symmetric because T = Ty and Rf = R, . It is pseudo-symmetric for s = 1/2
because we have 037 17203 =T 1/2 and 03}?;?203 = Rl_/Q. This last property is specific to the
spin of the particles.

On the other hand, by comparing (3.63) with (3.31), we can easily extract

nt _ pFF . optt Pt _ pEt _ pPFF
T, _Ts,L _TS,R’ RS - RS,L - RS,R

S

7 =T7; = RI; = RI; =0. (3.65)

The previous expression predicts that the probabilities of transmission or reflection for
a particle coming from the left are similar to those for a particle coming from the right.

Using the charge conservation condition (3.59), we find

4 (R R =T (3.66)

—~
M~
+
~

-
3«

3.3.2 S_,—matrix in the partial waves base

In quantum mechanics, the special mathematical nature of kinetic momentum operator 75
(78 -7 + ?), has several very special consequences. On one side, the eigenvalues of the
observables that are its components and modulus, are quantized. On the other side, only
the square of its modulus 7? and its component J,_, form, with the Hamiltonian Hy, a
complete set of commuting observables. The eigenstates corresponding to these operators
form a basis of the space of states. They are called spherical harmonics or partial waves
(25, 27].

We now want to express the S_,—matrix in the partial-waves representation (even and

odd waves), in which S_, becomes diagonal. To illustrate this point, we apply a unitary
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transformation on S_; so as to obtain a new M_,—matrix. This can be done by introducing

the hermetic operator Uy, defined by (38, 39, 41]:

2 (x) = U0 (), 30 (x) = U, 09 (z), (3.67)

S S

where MUt (1) = (s mout () | schimeut (1)) are 22¢ (25 + 1) component wave func-

tions. Uj is the square matrix (22541 (25 + 1) x 22541 (25 + 1)), given by:

]1223 0 ]1223 0
. 1 0 I 0 Iy2s
U, = — > = . (3.68)
V2 [ il 0 —ilpe 0
0 i]I22s O _7:]1225
After some manipulations of expressions (3.25), (3.29), (3.67) and (3.68), we find
20U (1) = U S_Ulse™ () = M_y»™ () . (3.69)

s

where M_, is the scattering matrix in the representation of partial waves, given by:

—+ —~—
T, 0 1R, 0
—+ -
R 0 T, 0 —iR,
M_, = — — , (3.70)
1R, 0 T, 0
—+ ~—
0 —iR, 0 T,
and
—+ ts £ 0 —+ 0 o T W,
T. = R = P . (3.71)
0 ts 7, ps £ ws 0

Equation (3.69) can be written in matrix form:

s, (out, +00) > (in, —0)
> (out, +00 - x! (in, —oo
Houtroo) | o | o in =0 -
»; (out, —00) 7 (in, +00)
» (out, —00) ! (in, +00)
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Using the current conservation property (3.59), and introducing the phase shifts relative
to even waves J° and odd waves §:, we can finally express (3.70) in a more explicit form

38, 39, 41]

)
62155 0

~

M_s = Lyreeary ® , (3.73)

6215;
where 6%, [ = 0,1, represents respectively the phase shifts of the even and odd wave

functions and they are given explicitly by:

e2i<SlS —t 4+ (_1)1 /wg +r2— p2. (3.74)

3.3.3 Phase shift method

The idea of the phase shift method consists in considering the minimal changes in the exact
asymptotic development of the free case. The simplest is to add a phase shift. In other
words, we assume a priori that the effect of the scattering field is reduced to giving a specific
phase shift to each partial wave of the free particle.

To illustrate this point, let’s combine the equations (3.27), (3.29), and (3.68), and use
UUl = UlU, = et (9541), We express the vectors WT (in, Foo) and T (out, +00) as a

function of s (in, Foo) and s (out, £00), it becomes:

UT (out, +00,) = (5¢F (out, +00) F 5] (out, —0)) ,

Sl

U7 (in, 400, ) — % (52 (in, —00) & isF (in, +00)) . (3.75)

And taking the result obtained in (3.27), the incident and transmitted waves are then

written:

UHn(r) = %@ (5cF (in, —o0) + st (in, +00)) e el

| (3.76)
UFout (1) = L (57 (out, +00) — iescl (out, —00)) elel,
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where € = + (—) for z > 0 (z < 0) . Then, carrying the previous expression into equation
(3.26), we obtain the asymptotic form (|z| — o0) of the standing wave function W7 (z), which

leads to the asymptotic development (3.25). Is written as:

s} (in, —00) Wy () + 37 (in, +00) ¥} ()], (3.77)

with

P (2) = (ie) e ™l (—1) 20k giklel), (3.78)

s

This additional phase shift (5i (I = 0,1) therefore has the following physical interpret-
ation: it is the only visible trace which indicates the presence of a short-range interaction

term.

3.3.4 Transmission and reflection coefficients

In scattering problems, we mainly focus on finding the transmission coefficients T, and
reflection coefficients R, defined respectively as the ratios of the fluxes of transmitted and
reflected particles to the incident flux. With regard to the probabilistic notions of quantum
theory, these fluxes correspond to the fluxes of the associated probability current density
vectors.

In order to express the currents, it is necessary to determine the wave function. For a
particle coming from the left, the presence of the scattering center gives rise on the left, to

+ikz incident and reflected, characterized by their amplitudes. On the right for

two waves e
x — +00, there is only one emergent wave, i.e. U (in, +o00) = 0. For a particle coming from
the right, i.e. there is only one emergent wave for x — —oo, this imposes VT (in, —oo) = 0.

As both cases are similar, consider the case of a particle coming from —oo. With this
choice, according to (3.75), we have

UF (in, +00,) =0, 3T (in, +00) = iscF (in, —o0) . (3.79)

S S

Then, inserting the previous expression in the development (3.77), the wave function of

the steady state is written:



S-matrix formalism in 1D for relativistic particles of spin-s (s = 0,1/2)

71

ﬂ%j (in, —o0) [e““ + fge*ikx} T — —00,

UF, (z) = ’ (3.80)
’ V23¢F (in, —o0) [(1 4 f7) e**] r — +00,
where fF are the scattering amplitudes, given by
1 )
fr=frw s f=g(e-1), =0 (3.81)

Having obtained the asymptotic form of the wave function V7, (x) (arrival of —oc), we
can then calculate the reflection and transmission coefficients R, and T,, as well as the cross
section o®.

With the choice of UT (in, +o0) = 0, if we assume that the incident flux is normalized,
that is W7 (in, —00) = /2 (in, —o0) = 17. In this case, comparing (3.23) and (3.80),
makes it possible to find

T, =17 (1+ 1), RI, =17f7, TJz=RI,=0. (3.82)

The transmission coefficients T, and reflection coefficients R, can be expressed by insert-
ing (3.82) in (3.24), after some calculation process that is recommended to do for training,

and taking into account (3.64) and (3.65), we thus obtain:

—12 2 2
(P + ) i+ £

1P+ (1 4

. o112
e 4 e — 1 (3.83)

and

—2 2 —12
P+ P I?
TP 4

and we have, as expected, the relation

269 621‘5;

(&

(3.84)

2
— 2 2 52
_‘ ws—i_rs ps

T, + R, = 1. (3.85)

One interpretation of these coefficients is as follows: if we make a measurement of the

position of the particle just after it has finished interacting with the scattering field, the
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particle will have a probability R, of appearing on the left, and a probability T, of appearing
on the right.

The differential and total scattering cross-sections o (— for 2 < 0, + for x > 0) and o,

respectively, are given by [38, 46, 47]:

of =177, =+ (3.86)



Chapter 4
Application of the S-matrix formalism

After having given the elements constituting the formalism of the one-dimensional scat-
tering matrix for relativistic particles of spin-s (s = 0,1/2) interacting with a short-range
electromagnetic field A4, <A0 (x,t), A (z, t)), we move on to the practical side, namely the
application of this formalism to study the scattering of a relativistic particle of spin-s by cer-
tain scalar potentials (Woods-Saxon potential, periodic potential) having some properties of
symmetry and range.

We begin by considering a relativistic particle of mass m, energy F, charge e, and spin-
s (s = 0,1/2) evolving in a one-dimensional world. The incident particle is subject to a
localized scattering center, composed of a one-dimensional scalar potential independent of
time Ao (z,t) = V (z) and a vector potential A (x,t) = 0. We consider the case where

V(z) has the same limit when z — +o00, and we adopt this value ( lim V(z) — 0).

|z|—o0

In this case, the Hamiltonian (3.16), namely the electromagnetic potentials Ag and Z,

related to the electric and magnetic fields by:

B a4 0A_ @e 5 97T (a.1)
ot dx
is written:
HS = g +ieV (z) | — 12 +m® | Ipes F 2ise (01) dr (42)
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and by reporting the previous expression in Eq. (3.21), we obtain for the wave function

UT (z,t) the following differential equation:

d 22 )
eV -4 T2
{ (atJrze (a:)) 00 +m? | Ipes F

2ise (1) dvf") VW (2,1) = 0. (4.3)

The phenomenon studied is stationary, its Hamiltonian operator does not depend expli-
citly on time (V' (z) does not depend on time). In this case, the evolution equation has a
class of particular solutions, called stationary states, where the time and space variables are
separated. By putting the wave function U (z,t) associated with an eigenstate of energy

E in the form of a product of a function of space and another function of time,

UF (2,t) = e FOTF (2). (4.4)

If in equation (4.3) we substitute for VT (z,t) its value (4.4), the variation as a func-
tion of time is eliminated, and the time-independent function W7 (z) satisfies the following

stationary equation:

av
{D%(G]IQ% + 2ise (01)% %} Ui (x) =0, (4.5)

we have noted D%, the operator relative to the Klein-Gordon equation of spin-0 inter-

acting with a scattering field, defined by:

d2
da?

In order to decouple equation (4.5), let us introduce the function ®F(z), defined by

D3 = + (B —eV(2))* —m?. (4.6)

TF(2) = {“3 ; "1} - O (1), (4.7)

and reporting this expression in equation (4.5), we obtain for each component of the
wave function ®F(z) a Klein-Gordon type equation that also contains a term describing the

spin-field coupling
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d
{ngﬂps 1 2ies (o)) %} OF(z) = 0. (4.8)
X

The term £2is (03)( 9 d‘;( “) contains the interaction of the spin with the external electro-
magnetic field. If we remove it (s = 0), equation (4.8) reduces to the KLein-Gordon equation
of spin-0. By setting (s = 1/2), we obtain the quadratic Dirac equation of spin-1/2.

Now, we will determine the boundary conditions in the vicinity of unspecified point z

where the function V' (z) presents a jump finite amplitude of the form

Vi(z) for x < Tp,

V(z) = (4.9)

Va(z) for x > xo.
In this hypothesis, the singularity induced on the derivative of the function V'(z) is
naturally more violent in the vicinity of zy. Indeed, in the vicinity of the discontinuity, we

can write [38, 41]

%ﬂgx) if r < Zg,
av(z
dg(v ) =19 [Va(zg) = Va(zg)] 6(z — o) if =z, (4.10)
%{Em) it x> .

The presence of Dirac delta in equation (4.8) implies that the wave function & (z) is

continuous at the point x = =z,

T (2f) = 0 (zg) , (4.11)
but its derivative d®F (x) /dx is not continuous. This can be seen by integrating Eq.

(4.8) from xy — € to xg + € (where € is positive but arbitrarily small), and we let € — 0, we

obtain

lim{/d LA —/ [(E —eV(2)® —m?] ©F (z)dx

e—0 dx?

+2ise [Va(zg) — Vi(zg)] (o3) )2 /5x—a:0)<1> (x)dx} . (4.12)
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According to the definition of the d-Dirac [29, 48], we get
dDF () |0
X . — s
= = +2ise [Va(ag) — Vilzg)] (03)®) @7 (). (4.13)

dx -

Zo

4.1 S-matrix formalism in 1D for particles of spin-s

subject to the Woods-Saxon potential

4.1.1 Introduction

In nuclear physics, many theoretical models, detailed in the literature, describe the properties
of nuclei very well. One of these most used models is the shell model [49]. This model has
made it possible to understand many observables, such as excitation spectra, electromagnetic
transitions, magnetic moments, as well as beta transitions. It considers the nucleon moving
inside the nucleus under the influence of a mean-field created by all the other nucleons. This
mean field consists of a central potential (infinite or finite square well, harmonic oscillator,

Woods-Saxon potential, or many other types).

4.1.2 Study in Woods-Saxon potential

We now move on to solving the stationary equation (4.8) in the presence of a potential

barrier,

Vie)=Ao =V (L—|z|) and A =0, (4.14)

where V and L are two positive constants. 6 (z) is the Heaviside function. The potential
V (z) varies from the value V(x) — 0 for |z| > L to the value V (z) = V; for |z] < L.
The potential V' (z) contains a Heaviside function ; consequently, its derivative intro-

dZ—;w) = V4o (x). The problem of solving the equation (4.8) in the

duces a Dirac function
presence of a d-potential represents a serious and complex situation. To get around this prob-
lem, we take a regular potential, described by the Woods-Saxon potential V,, (x) [50, 51, 52],

whose form is as follows (see fig-4.1).
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Vo () = Yo = Ay and A=0
1+ (‘“*)
P\ Ta

where Vj, o, and L are positive constants.

, (4.15)

Vi(x) T

Fig-4.1: Woods-Saxon Potential (V5 =3, L = 2,a = 0.5)

The wave function, the boundary conditions, and the transmission and reflection coeffi-

cients of the potential barrier are deduced by a limit procedure when oz — 0.

Now move on to solving the steady-state equation (4.8) in the presence of the potential

(4.15). In this case, the equation is written as

2

d2
{ D) + | E— 6‘/0 - m2 H22sj:
dx 1+ exp (m )
d
dise (5)2) L Yo VOF (2) = 0. (4.16)

dx |z|—L
o ()
Since there is an absolute value for the variable x, we distinguish as usual the two regions

< 0and z > 0.

We first look for the solutions in the region z < 0. The differential Eq. (4.16) has no

constant coefficients. The solutions of this equation can be calculated by introducing a new

variable x — y defined by:
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1
v= 14 exp (—"HL)'

[0

(4.17)

So we have for the variation domains = € |—00,0[ — y € ]0,1[. By a direct calculation,

we immediately see that

d dyd d2_<d_y)2d2 4y d

de  dedy’ dx2 \dz) dy? da?2dy’
dy 1 >y 1
dl' ay ( y) I de Oé2y ( y) ( y) ? ( 8)

and by substituting these expressions into (4.16), we obtain for the stationary wave

function ®F(y) relative to the new variable (4.17), the following differential equation:

[D2Lye. + 2iesaVoy (1 — y) (03)*] @7 (y) = 0, (4.19)

where Dz is a second order operator, given by:

2 d
D} =y (1-y)? ap Ty (=2y) oo o® [(E — eVpy)* — m?) (4.20)

To solve equation (4.19), we introduce a new function f; (y) through the relation

T (y) =y 1 —y)" [T W), (4.21)
where p and v are two parameters that we fix later. By a direct calculation, we imme-

diately see that:

AT (y) . W f(d v n .
ay Y (1—vy) {(dy+y —(1_y)) s (y)}, (4.22)
and
POT(y) L . (2w 2\ d
ap TG (y 1—y) dy
—2pv p(p—1) v-1)
(y(l—y) Ao T T )}ff OF (4.23)
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Taking into account equations (4.21), (4.22) and (4.23), after some elementary calcula-

tions, equation (4.19) transforms into the equation

{(D2+ B (1)) I + 2iesal (05)* } 17 (5) = 0, (4.24)
where
2 2 d
Dy:y(l_y)d—zﬂ—i-[(?l/—i—l)—2y(l/—|—u+1)]@
1 ’ 1 2 2772
- ,u—l—u—l—§ +Z—ae%, (4.25)
and
2 2 EQ_ 2 E— 2_ 2
B(y)=<y—+ 2 >+a2 m” B ) —mT) (4.26)
y l-y Y -y

Equation (4.24) reduces to the standard form of a hypergeometric type equation,

{55]1223 + 2iesaV (03)25} FF(y) =0, (4.27)

if B (y) = 0. Under this condition, the parameters p and v have the following values:

p=a? (m?— (B - eVO)2) = —a’k}, v =a’(m? - E?) = -’k (4.28)
In this case, the general solution of the differential equation (4.27) is a linear combination

of two hypergeometric type functions of the form:

ClaFy (aF, 07, c,y) + CTy ™ F (aT+1—c,bF+1—1¢,2—c,y)
S ()= . (4.29)
DTZFl (ai7bi7cvy) +D;Fy72y2Fl (ai+1 _c’bi+1 —0,2—67:1/)

with

1 97 1 97
F = Sy pF = -2
a ,u—l—u—l—2+2, u+1/+2 5

c=1+2v, (07)° =1- 4a?PV? + 8iseaVj. (4.30)
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Now let’s move to the other region x > 0. After the change of variable
1
- 4.31
Y 1+exp (%) ( )
and introduction of a new function gF (y) according to the formula
i (x) =y (1 =9)" g7 (1), (4.32)

then, by following the previous calculations step by step, we obtain a system of equations
that differs from (4.24) only by the sign of the interaction term of the spin with the scattering
field

{ [53 +B (y)} Iy2s F 2iesalp (03)25} g (y) =0. (4.33)

Taking expression (4.28) as a constraint, the previous equation reduces to a hypergeo-

metric type equation:

[53]1223 T 2iesaVp (03)*° | gF (y) = 0, (4.34)

which also has the solution

C;:ZFl (aiabi7cay) +C’Z:y—2V2F1 (ai +1 _C>bi +1- 072 - Cay)
95 (y) = (4.35)
D§2F1 (CL:F,b:F,C,y) +D;1Fy_2V2F1 (a:F +1 _Cab:F +1- C,Z—C,y)

Solutions (4.29) and (4.35) can be grouped together to be written as a single equation

including solutions relative to x < 0 and = > 0:

ne(y) =0(-x) fF(y) +0(x) g (y) with y=—-r—r. (4.36)

l1+ea

Inserting all these relations into (4.7), the stationary solutions at 2% components ¥ (z)

and W1 (z) of the equation (4.5), in the presence of the Woods-Saxon potential are:

o3+ 01

(25)
] . (4.37)

VE) = (10|
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Boundary conditions

Note that the coefficients (C7, DT, j = 1,4) are not independent of each other: they must
be chosen so that expression (4.37) represents the same function in different intervals; this
function is the eigenfunction associated with an eigenvalue F.

By the general discussion, the Woods-Saxon potential is contained, that is to say,
Va(zd) — Vi(zg) = 0. Taking this condition into account, the wave function as well as

its first derivative are continuous at t =0 or y = A = [1 + exp (_TL)] - , that is:

dv¥(07) d¥F(07)
dx N de

which allow the coefficients to be fixed by the following relations:

U (07) = wT(07),

(4.38)

Clr =CiWH+CiWY,  CFf = CTW3, + CFW,
Df = DIWE + DfWE DF = DIWE + DFW, (4.39)

with

R
_H

Wi =W = . (4.40)

and Fy", F57, (FfF)/ , and (F;F)/ are defined by:

(F7) = [y (1 —y)" 2F1 (aF, 0%, cp)]

(F) = [ (1=9)" 2R (0 41— b +1-c2—c)],

/ d
(Ff) = % [yl/ (]‘ - y)ﬂ 2F1 (a¥7b$7cv y)}y:)\v

(Fy) = % [y (1—y)" 2F (aT+1—c,bT+1—c¢,2—cy)] (4.41)

y=A"
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Asymptotic states

In a quantum description, the exact calculation of the scattering cross section requires know-
ledge of the eigenstates of the Hamiltonian. This step is a complex numerical task. To
circumvent the complexity of such a description, we always consider the case of observations
made "at infinity" (|z| — 00). Among all the possible forms of the states that satisfy equa-
tion (4.16), we will choose solutions for a continuous set of values of the energy E; which
correspond to the scattering states (E — eVo)2 —m? > 0. Asymptotically, such solutions
are plane waves since the potential is constant when |z| — oo. By analyzing these solu-
tions correctly, we find that they correspond to the scattering states of asymptotically free

particles, scattered by the potential V (z). Admitting, in the case (E — eVp)?—m?2 ~ E2—m?

= k2 > 0, solutions in the form of plane waves e**®
the left [38, 53, 54].

Now find the asymptotic behavior of the stationary wave function (4.37) , when |z| — oc.

heading towards the right or towards

Under these conditions, we have the following behavior

lim y* = eFFE-0 0 Jim (1 —y)* =1,
|z|—00 |z|—o00

limy =0, k=VE?2—-—m2 (4.42)

|z|—o0
Having in mind that for |x| — oo, the argument y of the hypergeometric function is
zero. Then, by virtue of the known formula of the hypergeometric function o F} (a,b,c,0) = 1
[55, 56], and taking into account the relationship (4.42) , we obtain the asymptotic expression

of the function (4.37)

FWS o3 +01]% =T
U@ = | 222 @), (4.43)
where
3 eik’(sz) + 4 e*ik(fo) T — +OO,
. Df Df
OER SN ' (1.44)
02 6ik(z+L)+ Cl e~ th(@+L) . 5o
D3 Dy
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4.1.3 SWVS_-Matrix formalism

In this section, we construct the scattering matrix formalism relative to the relativistic wave
equation describing the interaction of a particle of mass m, energy FE, charge e and spin-s
(s =0,1/2) with the Woods-Saxon potential, described by equation (4.15).

To calculate the vectors UFWS (out, £00) and TS (in, £00), we insert the expression
(4.44) in (4.43). After some elementary calculations, we compare the result obtained with
the formula (3.25), and by identifying the coefficients from one member to the other, we

obtain the following expressions:

;

@) [ G5 :
UFEWS (out, +00) = [Z52] e kL,
D$
3
o[ CF |
UFWS (out, —o00) = [E7 '2“’1](2) ljF e kL,
D
' (4.45)
of CF\
U (i, —oo) = [2] ) | O ) o,
D¥
2
of CF \ .
WFWS (in, +o0) = [2gr]®) | ) eihe
D$
4

\

|z]—o0
) =

The particle is subjected to a localized potential V (x) (V (z 0), which is inde-
pendent of time. In this case, using the methods developed in Chapter-3, we easily find that
the final state after scattering Wt is according to (3.28), related to the initial state

WinWS by the following relation Wo“tWS = SWSgn WS Or explicitly in matrix form,

VWS (out, +00) VWS (in, —o0)
WS (out, +o0 A WS (in, —oo
£ Gout4) | _ s | 9 (in,—ox) "
U WS (out, —o00) U WS (in, +o00)
UEWS (out, —o00) UHWS (in, +00)

To determine the SW5—matrix, we insert (4.39) into (4.45), then we report the result

in equation (4.46) . After a simple calculation we obtain the following expression:
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TS 0 REWS 0
. o 1" 0o  RSWS
S = 5— WS S - WS s ’ (4.47)
R 0 T 0
0 R;'_’WS 0 T:‘,WS
where
WS ws ws ws
FEWS _ ts +wg REWS — s s (4.48)
R R A N G A
and
]_ _ i ]- — 7
tZVS D) (Wﬂ + W14) e? kLa WZVS ~ 95 (Wﬂ - W14) e? kL;
1 . 1 ;
S = (Wi + Wig) @4F, pl'S = o (W — W) e, (4.49)

Representation in the partial wave base

Let us now express the scattering matrix in the partial waves basis. To illustrate this point,

we apply the unitary transformation (3.68) which transforms WoutWS and WinWs i ;0ut.Ws

in, WS

and s, , given by:

L Out WS (x) _ US\I’;)Ut’WS (QJ) 7 2w (.r) _ US\I/én,WS (x) ) (4_50)

S S

After some manipulations, deduce ¥*4W5 () and WiW9 (7) respectively as a function

in, WS

out W5 (1) and s

of »? (x), and use the property of unitary matrices UU T = Tyeer2511),

we obtain after a simple calculation

S S S

2 0UWS (7)) = <Usgzsﬁg) WS () = NWS 5 n WS (1 (4.51)

where MEZS is scattering matrix in the partial wave representation, given by:
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—+,WSs .—V—,WS
s 0 1R, 0
0 —+,WSs 0 .Ef,WS
. A s —iR,
MKS = USSKVSSUST = —+,WS —— WS ) (4.52)
iR, 0 < 0
—+,WS — WS
0 —iRR, 0 s
where
—+, WS tWS 4 WS 0
T, = , (4.53)
0 tWs £ W9
and
—+, WS 0 \a 4+ (,OWS
= Ps s _ (4.54)
Py W 0

It is easy to show that when we go to the even-odd basis, M‘_KS can be diagonalized in

each case s = 0,1/2. To illustrate this, as usual, we write the eigenvalue equation

det (MEZS _ 5112<2S+1>(28+1)) —0. (4.55)

By a simple calculation, we find the associated eigenvalues which we format as follows:

pr =t £ \/(wE,VS)2 + (rVS)” — (oS, (4.56)

and the diagonal matrix M"WS which represents SV as follows:

eZiéS’WS 0
MZS - H22s(25+1) ® . 1,WS ) (457)
0 62165’
where
25T S (1) (@WS)? 4 (V)2 — (pVSR, (4.58)

this additional phase shift 6>V (I = 0,1) therefore has the following physical interpret-

ation: it is the only trace visible at a long distance in the wave function in the presence of
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a short-range interaction term. This phase shift is a function of the energy E, the mass m,

as well as the parameters V, and .

Transmission and reflection coefficients

To calculate the transmission and reflection coefficients TS and R, consider the usual
physical situation where the particle coming from the left, the presence of the potential gives
rise, on the left, to two waves, incident and reflected, characterized by their amplitudes. On
the right there is only one emergent wave, In this case the incoming amplitude from the
right UFW5 (in, +00) = 0. With this choice, according to (3.75), we have 7" (in, +00) =
ws (

(AN in, —o0) . Under these conditions, equation (3.77) for a relativistic particle of spin-s

placed in the Woods-Saxon potential becomes:

\/E%j,WS (m, —OO) [eik:c 4 fs—,WSe—ik:x] T — —00,

WS
(@)= e e (4.59)
V255WS (in, —00) [(1 + f779) ethe] T — 400,
where fFW5 are the scattering amplitudes, given by
ws 0,Ws LWS Lws _ L[ astWs
FEWS = fIWS [V, where fIVS =2 (e - 1) . 1=0,1. (4.60)

Having obtained the asymptotic form of the wave function @iiws (x) (arrival of —o0),
we can then calculate the transmission and reflection coefficients T, and R,, as well as the
cross-section .

Knowing that the interpretation of the wave function remains the same if it is multiplied
(in,—o0) = 1. In this case, comparing (3.23)

by a constant vector, we can pose /2"

and (4.59), we then easily verify

TV =1F (L+ fFY9), RS =170, TRV = RIS =0 (4.61)

Then, by inserting the previous expression into equation (3.24), after some calculation
process that it is recommended to do for training, and taking into account (4.60) , and (4.61) ,

we thus obtain:
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VWS =| 1+ 775 2= 1 Q28 2y 2
S S 4 Y
RYS =| f-W9 2= 111 | p2i0s S 2isg S 2, (4.62)
and
oS — | fHWS P | S|P = 2 (sin? 80WS 4 sin? 61V (4.63)
and we have, as expected, the relation
TS 4+ RVS = 1. (4.64)

4.1.4 S-matrix formalism in 1D for particles of spin-s subject to

the rectangular barrier potential

Now consider the limiting case when the smooth potential tends towards the rectangular

barrier. The latter is found as a limiting case of the Woods-Saxon potential for o — 0%,

, 1%
VP (z) = lim ——— = Vo0 (L— |z |). (4.65)

=0 ] 4 g

For |z| > L, we have

. 1
lim (1 — A" =¢e 2L Jim —(1—)) =0,

a—0t a—0t (v
. o . v _ _ik(|z|-L) : _
alirlgl+)\ =1, alirgl+y =e , all)n&y =0,
lim y~2 = e 2ke=0) " Jim (1 —y)* =1, (4.66)

a—0t a—0t

where p = —iak;, v = —iak. By using (4.66) and the relations to the hypergeometric

functions, as well as the properties of the functions I' [55, 56]
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d
2F1 (a,b,c,O) = 1, E[2F1 (a,b,c,Z)]

b
Y R+ Lb+let1,2),
C 2
1
2I'(2) =T (2+1), Zlir(r)1+ I'(2)= gt (4.67)

we easily check that

lim W3 = lim W35 = lim Wi = lim Wi = o,,
a—0t a—0t a—0t a—0t

lim W, = 11%1+W;;1 =¢T, (4.68)

a—0t

with

_ (2k1k)
bs = (2k1k) cos (2k1 L) — i (kf + k? — 4s%e?V}) sin (2k1 L)
i (k2 — (k F 2seVp)?) sin (2k, L)

F = ) 4.69
o (2k1k) cos (2k1L) — i (k§ + k? — 4s2e?V?) sin (2k, L) (4.69)
Insert all these expressions into equation (4.37), we obtain
F.b : FWS o3 +0,]% F.b
o) = Im U275 (2) = | —o—1 077 (2). (4.70)
where
FF F F
nszp,b (:U) _ C2 Ss T 04 Os e~ ik(z+L) + C2 eikz+L) \ g (—:U N L)
Di¢y + Dfo, D
(4.71)
F F ot F
+ G0, G etkla=L) 4 Cs e~ k@=L % 0 (z — L)
D3 o, + Di<i Df

For | x |< L, using
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i — ) = p2ika(lzl=L) _ o — —iki(|z]—L)
Jim (1 —y) e , lim (1-y)f=e

: v _ 1 —2v __ : _
ali%l"'y - O}L%LZJ - 1’ alirgl+y - 1’

(4.72)

and the formula relating the hypergeometric functions of arguments z and 1 — z [55, 56],

we find
lim 5 F} (aF+1—cbT+1—c¢2—cy) =B + AT e2iki(al-L),
a—0
lim oF} (CL:F, b, e, y) A _|_§:|:€2ik:1(\x|fL)’
a—0t+
where

+ ki —kF2seVy —=+ ki+kx2sel)
= , B = )
2k31 2kl

These relations reported in (4.37), give the following result:

A

(26)
VEo) = lim 050 = | PR (@) 6L~ o)
where
T (@) = 70 () () + 67 ()6 (2
with

(CFT +CF0,) A" +CFBT
f;F’b (y) _ eik1(m+L)+
(Df<* + Dfo,) A" + DfB*
(CFsT+CFo) B +CF A
e—ikl (z+L)
(D¢t + Dfo,) BT + DF AT

and

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)
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(CFo, + CFst) A" + CF B
9" (y) = ety
(Do, + Df<T) AT+ D{B"
(C5o,+ CFsE) BT + CFAT
etk1@=L) (4.78)

(Dfo, + DF<F) B + DFA™

We can also give the scattering matrices gﬁs and Mfs, the phase shifts (515’b (1 =0,1), the
transmission and reflection coefficients T® and R?, as well as the total scattering cross-section

ol? by a limit case o — 0.

. . 0o T 0 R
SP o= 1lim S"S =1 S ° : (4.79)
a0+ R;Y 0 T:% 0
0 R 0 TH
with
pro— | fOES) g [ 77 (4.80)
) bt ) +p) b )
and

1 , 1 ,
. -\ 2ikL : ~\ ,2ikL
rb:hmrwsz—(q:ngs)e’k, p§:11%1+pZVS:—(§+—<S)e““
oa—

5 a0t 8 2 2 V8
' = lim ¢V% = g e** Wb = lim W% = 0. (4.81)
a—07t a—0t
. ¢0,b
62@55 0

MY = lim MY® = Lo ®
s s 2 S
a—0+ 0 62165’

, (4.82)

where

e = (o, + (1) VeTer ) et (4.83)
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For the coefficients T® and R®, we have

T — L TVS — [g, =
a—0t
24]{;%/{:2 5 , (4.84)
AR3R? + [k} — (k + 2seVp)”] [k — (k — 2seVp)°] sin® (2k1 L)
R) = lim RIS = ¢, (¢F)" =
a—0t
(k2 — (k + 2seVp)?] [k2 — (k — 2seV})?] sin? (2K, L) (4585)
ARR? + [k} — (k + 2seVp)?] [k3 — (k — 2seVp)?] sin? (25, L) '
And for the total scattering cross-section for the barrier, we have
ot = lim oS = | fH0 + | £ = 2 (sin2 600 + sin® 61) . (4.86)

a—0t
Figures (4.2.a) and (4.2.b) respectively represent (To, Ry) and (T2, Ry/2) as a function
of the energy E of the particle.

T {s=0} Lo R_{s=0} 00010
1 0.0008 T
0.9995 -+ 0.0006 T
] 0.0004 T
0.0002 T { 5

0.9990 1
bttt 0.0000

0 5 10 15 20 0 5 10 15 20

E E

Fig-4.2.a: T—g and R_g for V=m=0.1,aa =6
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T =123 ] [\/""—— R {s-1/23 "7
- 0.998 T - 0012+
0.996 + 0010}
0.994 T 0.008 +
0992 T 0.006 +
0.990 0.004 1
0.988 T 0.002 + /\,\
0.936 - ! 0.000 1 j — |
0 65 1o 1S 20 0005 10 13 20

Flg—42b T8=1/2 and Rs:l/Z for V=m= 0]., a=606

4.2 S-matrix formalism in 1D for particles of spin-s

with periodic potential

4.2.1 Introduction

According to the relative arrangement of the atoms, molecules and ions that constitute
them, solid substances are divided into two groups: crystalline substances and amorphous
substances. The difference between these two groups lies in the order in which the constituent
particles are arranged in space. Amorphous substances show a short-range order, i.e. a
definite law of the relative arrangement of neighboring atoms which does not, however,
extend to large parts of the body and does not repeat itself periodically in space. Crystalline
substances are characterized by a long-range order in the arrangement of atoms, i.e. they
have a periodic structure ordered in space, which is preserved over time if the external
conditions remain unchanged, and is known as a crystal lattice. Indeed, this arrangement
is characterized by the periodic and ordered repetition of an identical pattern made up of
ions, atoms, or molecules, which presents interesting symmetry properties in space.

In quantum mechanics, the particle in a one-dimensional lattice is a problem arising in
the periodic crystal lattice model. The typical example of this problem is the behavior of

electrons in a periodic crystal lattice (metal, semiconductor or insulator) which experience
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a periodic regular potential caused by the ions forming the crystal structure, and therefore
arranged in a regular way. Although the actual form of this potential is quite complex, the
new features that appear in this problem can be extracted by considering a simpler model of
the potential due to Kronig and Penney. In the Kronig-Penney model [57, 58|, we consider

the one-dimensional motion of a particle in a periodic potential.

4.2.2 Study in the periodic potential

Let us now consider the scattering of a relativistic particle of mass m, energy E, charge
e, and spin-s by a locally periodic potential: that is, it is periodic over a finite interval
and zero elsewhere. This potential comprises N identical cells, each cell having a length L
(L = 2a + 2b), called the period of the potential, and consists of a rectangular potential
barrier of width 2a and height Vj, separated by a quantum well of size 2b (fig-4.3).

For simplicity, we assume that the unit cell is defined on the interval (—a,a), and zero
elsewhere. The cells are separated by a distance r = 2b > 2a. In this ordered system, the

scattering potential in which the particle moves is given by

V() VW if —a<zx<a, (4.87)
x) = .
0 if lz] > a.

Here, Vi, a and b are positive constants.

V(x)4 | |
v | L |
0 |
«— T
Wo,5(x) ¥y . (x) coces Wy (x)
L @ o » X
—a a —a+r a+r —a+(N-1)r a4+ (N-1r

Fig-4.3: A periodic potential V' (z) in one dimension

The particle is subjected to a potential V' (z) which does not depend on time. In this
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case, the evolution equation can be simplified by writing the wave function associated with an
eigenstate of energy F in the form UF(z,t) = e *F*UTF(x). Then, by carrying this expression

into (4.3), and making the variable change

O'3+O'1

(2s)
5 } dFFr(2), (4.88)

VET) = |

we obtain for the spinors @ (z) and & (x) with 2% components, the following equation:

{Dfm]lﬁs + 2is (03) %@)} dFP(z) = 0, (4.89)
X

where D%, is the operator relative to the Klein-Gordon equation of spin-0, defined by
Eq. (4.6).

The same equation (4.10) can also be written in = + L:

~ L
{D%Gﬂgzs 1 2ise (03) %} BFPH(z 4 L) = 0, (4.90)
T
where
2 d’ 2 2
Do = ] + (F —eV(x+ L))" —m”. (4.91)

However, by applying the periodicity to V (x) = V (z + L), and by reporting this expres-
sion in (4.90), and since the derivatives in equation (4.89) are the same for the new variable

(x + L), we obtain for the stationary wave function ®7F"(x + L) a differential equation of

type,

d
{D%{G]IQZS + 2ise (03)™ %} TP (z + L) =0. (4.92)

In other words ®FF*(x + L) is also a solution in z of the same eigenvalue problem; the
only way to achieve this is that the two functions ®7F*(z) and ®TF"(2 + L) can therefore

only differ by a multiplicative constant ¢, i.e.

TPz + L) = cdF(2) (4.93)

Applying this relation again to ®7F*(z + 2L), we obtain



Application of the S-matrix formalism

95

ST (x4 2L) = T (w + L) = 0T (x), (4.94)

and, little by little, we see that we have

T (z + nlL) = ¢"OF (). (4.95)

By successive shifts to the left, we obtain the same

TP (z —nl) = ¢ "®FT(2). (4.96)

Under these conditions we see from (4.95) that if |g| > 1, the wave function ®FF7(z)
tends to infinity when z — 4o00. We see similarly from (4.96) that if |¢| < 1, the wave
function ®7F*(z) tends to infinity when z — —oo. For ®7F7() to remain finite for  — +oo,

it is therefore necessary that |¢| = 1, i.e. that < is a phase factor of the type

¢=¢ and TP (z £nL) = ¢F"OT(1). (4.97)

Thus, for any wave function, solution of the relativistic equation (4.89), there exists a
number ¢ such that the translation by the mesh parameter L is equivalent to a multiplication
by the phase factor e: this is what is called Bloch’s theorem [58].

We move on to solving the stationary equation (4.89) in the presence of a periodic
potential V' (z), described by equation (4.87).

Equation (4.89) is a second-order differential equation, whose general solution is ex-
pressed as a combination of two independent particular solutions; which obviously depend
on the particular form of the function V' (z). A simple examination of this equation leads to
distinguishing two possible cases depending on whether (E — eV (z))* — m? > 0 (scattering
states) or (E — eV (z))? —m? < 0 (bound states). We will look first at the scattering states.

scattering states

First, we examine the case (£ — eV (z))? — m? > 0. The variation of the potential energy

eV (x) which is equal to eV (Vp > 0), in the region |z| < a and zero outside this interval.
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Under these conditions, between the cells when (n — 1) r+a < z < nr—a, where 0 < n < N,

V(z) = 0. The equation (4.89) for stationary states, takes the form:

dx?

In the nth well, the solution of this second order differential equation is obviously:

d2
K— + E? — m2> ]1223} dF el () = 0. (4.98)

AT . Ccr
n ezk(x—nr) + n

®7 N (7) =
| B3 Dy

e—ik:(x—nr)’ (499)

where k = v E? —m? > 0 and (A}, BF,CT, D), are constants.
In the region when nr —a < x < nr + a, the potential for each unit cell V' (z) = V4.

Under these conditions, the equation (4.89) for stationary states, takes the form:

In the nth unit cell, the general solution of this second-order differential equation is a

+ikix

superposition of plane waves e , which we write as

0= ‘ cr ;
| gty [ G ik (4.101)

bF dF ’

where k; = \/(E —eVp)® —m?2 > 0 and (aT, b, cF, dT), are constants.

Finally, in the (n + 1)th well, nr + a < < (n+ 1)r — a, the potential V(z) is again
identically zero (V' (z) = 0). The eigenvalue equation takes a form absolutely analogous to
(4.98). Its general solution in the (n + 1)-th valley can be written by replacing n in the
equation (4.99) by n + 1 as

AF

F,well _ n+1 tk(z—(n+1)r)
s,n—+1 (':E) - € +

C:LFH —ik(z—(n+1
e~ tk@=(n+Dr), (4.102)
BrTJrl DTT+1

where (AF,,, B, ,,CF,.,, D/ ), are again constants.
At this point, we therefore have the following three expressions for the generic eigen-

function ®FF7(x), each expression being associated with a given interval for z:
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T el () if (n=Dr+a<z<nr-—a,
oI (z) = Fparrier gy if nr—a<x<nr-+a, (4.103)
q’i,’fﬂl(x) if nr+a<z<(n+l)r—a.

To the time-independent solutions of eq. (4.5), correspond time-dependent solutions of
Eq. (4.3), which are traveling waves propagating in the positive = or negative z directions.
Inserting (4.103) into (4.88), and taking into account of eq. (4.4), the solution V¥ (z,t)
with 22° (2s + 1) components of equation (4.3) in the presence of a scalar potential (periodic

potential) is given by:

U—Pr ()
TP (g)

(25)
78 ; 01} OFF(z), (4.104)

\I/Pr (I,t) — e—iEt7 \I/;F’Pr(l‘) — |:

The coefficients (A", B, Cf, D, i =n,n + 1) and (a],b],cf,dT,j = n) are not inde-
pendent of each other. They are determined by the boundary conditions (4.11) and (4.13)
at the points x — nr = +a.

By the play of the conditions of continuity of the wave function ®F** (z) and its deriv-

ative at © — nr = —a, and taking into account that Vi(—a~) = 0 and Va(—a™) = Vj, we
obtain:
VPP (-a) = 0 (), (4109
and
d(I):F’Pr d(p:F,Pr
sd (I) b= sd (ZL’) ‘711_ :|:2ZS€‘/U (03>25 (I);F’Pr(_a)_ (4106)
x x

(Af, B, Cf, Df i =n,n+1) and (a],b],cf,d],j = n). The two previous equations

provide a linear system for the unknowns coefficients (a7, b}, c¢F, dF) that we can expressed

nI»'nlr n’n

them as a function of the coefficients (A}, B;F, C;F, D). After some calculation process that

is recommended to do for training, we find:
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af D¥ 0 Gf 0 AT
bF 1 0 DF 0 GF BF
=5-| - A , (4.107)
cF by | QF 0 UF 0 CF
df 0 QF o Uf Df
where
DT = afeliRe  [F = gFe ikl (ﬁj>*,
GT = pFelarhle QT = pFeihthe — (GJF) (4.108)
and
af = (ki +kF2seVp), BT = (ki —k F2selp). (4.109)

Let us now write explicitly the conditions of continuity of the wave function ®FF (z)
and its derivative at the point © — nr = a. By an argument similar to that which leads to

equations (4.105) and (4.106), and taking V;(a) = Vj and V(a) = 0, we obtain:

O (a7) =7 (a'), (4.110)
and
AT (z dPT" (x : 5 g Pr
Sd—x() |o+= Sd—x() - T2iseVp (05)>° 7P (a). (4.111)

The two previous equations provide a linear system for (Af , B, ,,C7 , D}, ) that

we can express them in terms of (a7, b7, ¢t dF). After some manipulations, we obtain:

Ar DFeikr 0 —QFeibr 0 at
Bl | _1 0 Dyt 0 Qe I BROREE
cr 2k | —GFe ik 0 Ueibr 0 cr
D, 0 —GEeikr 0 UFeibr d¥
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Eliminating (a,F, 0}, ¢, dF) from Eqgs. (4.107) and (4.112), we get a relation connecting

m)» n’)n’n

the solutions in the n-th and (n + 1)-th valley

Al AT
BT .| BF
= (4.113)
Cin C
Dy Df

where M, is the individual transfer matrix for each cell of dimension (22*1 (254 1) x

22571 (25 + 1)), given by:

0
Ms = . ® ]I22s(25+1) Ps; (4114)
0 efzkrr

and P is a square matrix that does not depend on n, given by:

Py 0 of 0

0 ¥ 0 +
P, = . Ps R (4.115)
(63) 0 (pf)
0 (o) 0 (i)
with
1 4 . ,
pSZF — 4kk1 [aSZFaSiGZZkla . 5?6?672’”&‘1&] eszka,
aFpE , A
F_ s ”s 2ikia __ —2ik1a ) 4.116
ot = (G ) e = e (4.116)

Using Eq. (4.113) recursively, we can express the column vector (A}, BF CF, D;F)T,
which determines the solution of Eq. (4.89) in the n-th valley, in terms of the solution in

the zeroth valley:

AF AT, AT, AT

e I e I B T o (4.117)
CF | oo, B e I e '

D7 Df, DT, DF
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where 0 < n < N, and

. eink'r
M: — . ® ]1225(25+1) Pg (4118)
0 e—znkr
From Eq. (4.117) we have
AR Ag
BY, N By
Nl=mN| T | (4.119)
Y Co
DY Dg

This equation expresses the wave function to the right of the periodic potential (z >

(N —1)r + a) in terms of the wave function to the left of the periodic potential (z < —a).

4.2.3 SP*-Matrix formalism

Construct now the formalism of the scattering matrix for a relativistic particle of mass m,
energy F, charge e, and spin-s subject to a localized periodic potential, described by equation
(4.87). To analyze this problem, we always consider the case of observations made outside
the action zone of the potential, i.e. to the left (x < —a), and to the right (z > (N —1)r+a).

Under these conditions, the stationary solution of equation (4.3) is written:

o3+01 (2s) ,Pr .
g — [T (@) if T < —a, )
ST =9 @ , (4.120)
(250 T () if 2> (N-1r+a,
where
Af , CF ,
iy ()= L et [ ) et (4.121)
and
A7 . cT ,
o) = | N et [ T ) i) (4.122)

BY Dy
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To calculate vectors $F (out, 00) and WFPT (in, +00), insert expressions (4.121) and
(4.122) into equation (4.120), compare the result obtained with formula (3.25), and by

identifying the coefficients from one member to the other, we finally find

;

o [ A% A
UFP (out, +00) = [—“3'2“’1](2 ) N itk
BF
N
:F
VP (out, —00) = [0—3+01](2s) Co
s ) 2 DF )
0
(4.123)
:':
VP (in, —00) = [_034501}(28) Ag
By
o [ CF ,
WFPT (in, 4o0) = [2ufer]®) [ 7N ) inkr,
DF
N

\

Using the methods developed in chapter-3, we easily find that the outgoing amplitudes

are related to the incoming amplitudes by the relation:

, (4.124)

where ST*

© is the resulting matrix, describing the scattering of a relativistic particle of

spin-s in the presence of a series of identical barriers (periodic potential) at points —a, a,
—a+r,a+r,.... —a+(N —1)r, a+ (N — 1) r. Since the potential in each cell is constant, the
Seell _matrix of each cell can be derived exactly. Once the individual scattering matrix for
each cell is known, the overall scattering matrix SEZ needed to relate the outgoing amplitudes
to the incoming amplitudes is the product of the individual scattering matrices associated

with each cell, i.e.,

§Pr — (S*SES”)N (Siz”)Nil ..... (Sies”)Q (Sﬁ€§l>1 (4.125)

In Equation (4.125), it is important to mutiply the individual matrices from right to left

(and not the other way around) to obtain the overall transfer matrix since the individual
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matrices do not commute in general.

Since the periodic potential is composed of N identical cells, as a consequence, the

resulting scattering matrix (4.125) can be written as follows

. . N
8Pr = (8= (4.126)
Let us now proceed to calculate the scattering S’iifl—matrix of a unit cell. To do this,

return to equation (4.113), rewrite the coefficients (A}, B}, ,, C;¥, D) as a function of the

coefficients (Aﬁ, B, Cr., D} +1), therefore, a simple calculation gives:

Al AT

BF . BY
I S (4.127)
Cy Ciia
D Dy

where S°! is the individual scattering matrix for each cell, given by

ikr
Aieszz _ (p:;* 60 " ® 252541y | X
| 0 oFetr 0
0 ! 0 e (4.128)
— (Ufeik’")* 0 1 0
0 — (oFe*)" 0 1

We now move on to the diagonalization of the S®!-matrix. To illustrate this, as usual,

we write the eigenvalue equation

det (Sies” . AS]IQQSH)(ZSH)) —0. (4.129)
By a simple calculation, we find

2= % (1 + zm) : (4.130)

s

and the diagonal matrix which represents S’ifl in the partial wave basis is as follows
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A0

Siesll - ]1223(25+1) ® B
0 A

(4.131)

Using the current conservation property (3.59), and introducing the phase shifts relative
to even waves 00 and odd waves 6., we can finally express the expression (4.131) in a more

explicit form

2469 0
Svcell =1 ¢ 4.132
—_s = 225(2s+1) ® O 2i51 y ( . )
6 S
with
5t eikr ; "
2, L+ (=D'iyJof (7)), 1=0,1 (4.133)

(nF)"

According to (4.126) and (4.132), the overall scattering matrix ST* describing the entire

region is then found by cascading (multiplying) the individual scattering matrices for the
individual cells:

i 50
€2m55 0

S’EE - ]1225(25+1) ® (4.134)

0 ezm&;

Having obtained the shape of the scattering matrix, we can then calculate the reflection
and transmission coefficients RS and T, as well as the cross-section (0’;)06” for a unit cell.
The transmission and reflection coefficients are calculated from formulas (3.83) and

(3.84) respectively, we obtain

12
Reell — 1 2000 _ 2id 2 _ 1 of (o7)
oA 4 (pF)
1| g0 o2 1] 1
Tcell _ ) 240, 265 | 4.135
oAl TGy (4135)

And for the total cross-section, we find:

ikr 2
(&
(r¥)

(O’i) cell _

—V‘Z;;’_)‘ . (4.136)
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Finally, the general expressions for the transmission and reflection probabilities, as well

as the total cross section, are given by:

S S

T, = (Tge”)N7 R, — (]Rgezz)N7 (o) = ((Ut)cezz>N' (4.137)

bound states

Defined by quantum mechanics, the electrons of an isolated atom gravitate around the
nucleus occupying certain energy levels. These levels being quantized can only take two
electrons of opposite spin per level, according to the Pauli principle [59]. The filling of the
electrons is done by shells whose energy levels are very close to each other. In the shell n,
there are n? possible levels receiving two electrons each, in other words, 2n? electrons per
shell.

In a solid, where the atoms are arranged according to a periodic network, each atom
gives rise to a multitude of very close levels that can be occupied by a pair of electrons of
opposite spin. Given the large number of possible states, these permitted energy levels are
seen as continuous bands while being separated by other forbidden ones corresponding to
energy levels that an electron cannot have.

The layers closest to the nucleus that are saturated for the isolated atom thus correspond
to saturated bands for the solid state. Inside these bands, all the energy levels are occupied
and no additional electrons can penetrate them.

The first band of real interest is the valence band which corresponds to the valence
electrons. This band is generally saturated but its electrons can leave it more or less easily
depending on the nature of the solid. Finally, after the valence band we encounter the
conduction band; depending on the case is empty or incomplete. The energy separation
E, between the conduction band and the valence band, called the forbidden band width,
determines the electrical behavior of the body [60].

To determine the wave function ®¥" () of the particle for a stationary state of energy
E, the experience acquired in the previous sections now allows us to write, in each region
where the potential is constant, a linear combination of exponential functions of real or

imaginary argument depending on whether (E — eV (z))*> — m? < 0.
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In the intervals nr — a < x < nr + a where V (x) is zero, the particle is free. In this

case, the solution (4.99) is still valid

AT . cr .
n ezk(xfm‘) + n efzk(xfm“) ’ (4138)

(I):F,'well(x) —
B DF

s,m

In the region nr —a < & < nr+a, where V (z) = Vy and (E — eV;)? —m? < 0. k; is now
pure imaginary, so under the nth barrier of the potential, we can therefore obtain the solution

of equation (4.89) from solution (4.101) by simply replacing ik; by k = \/m2 — (FE —eVp)?.

Under these conditions the wave function (4.101) is now written:

. af
Ty = " |t 4
| v 7

I [

e~ e (4.139)
Finally, in the region nr +a < z < (n+ 1)r — a, and to the right of the nth barrier of the
potential, as V (z) is a periodic function, the periodicity conditions are applied and taking
into account Bloch’s theorem (4.97). The function ®7F*(z) solution of equation (4.89) can

thus be expressed as a function of ®FF* (z — L), which written as:

T T
oFrell(z) = R D N R P e (4.140)
7 BF DF

At this point, we therefore have the following three expressions for the wave function,

each expression being associated with a given interval for z:

PF el (1) if (m—1)r+a<z<nr-—a,
OFP(z) = i)jnb(x) if nr—a<az<nr+a, (4.141)
ol (x — L) if nr+a<z<(n+1l)r—a.
Since the potential has a finite jump, the boundary conditions (4.105), (4.106), (4.110),
and (4.111) are adequate. By writing the boundary conditions of the wave function and
its derivative for x — nr = +a, we obtain 2221 homogeneous equations relating to the

coefficients AF, B, CF, DI, af, bF, ¢

- T, cb, and df. After some simple manipulations, by

writing this system of equations in matrix form,
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M&E =0, (4.142)

where M, is a square matrix (222D % 22(s+D) and &7 is a vector with 22T com-
ponents.

2s+1) equations with 221 unknowns.

We are in the presence of a linear system of 22
The column of zeros to the right of this equation indicates that the only possible solution to
this system of equations is that the coefficients are all zero, unless the determinant, associated
with the system is zero. In this case, the 22(5t1) equations are not independent. The trivial
solution is not acceptable since it describes a particle that is nowhere. Acceptable solutions
therefore exist in the only case where the determinant formed on the table of the matrix ]\A/[/s
is zero.

There are different ways to solve equation (4.142). Using a symbolic calculation software

(Mathematica or Maple or other), we can solve this equation numerically.

For a Klein Gordon particle (s = 0), the M,—matrix reduces to a square matrix (4x4),

given by
e—n(a-l—nr) eﬁ(a+nr) _e—ik(a+nr) _eik(a—‘rnr)
N _en(a—nr) _e—n(a—nr) 6i06—ik(a+(n+1)r) eiﬁeik(a+(n+1)r)
Mo = | | o (4.143)
ﬁefﬁ(aer") _Hen(aJrnr) _,L'keflk(a+nr) Z’kezk(aJrnr)
_Hen(a—nr) He—ﬁ(a—nr) eieike—ik(a—k(n—o—l)r) _eiGik,eik(a—l-(n—i-l)r)

It remains to examine the determinant of the matrix MO and impose that it vanishes.
The calculation gives the condition:

(/12 - k2

cosf = sin kr sinh 2ak 4 cos kr cosh 2ak. (4.144)

This equation shows that some intervals in x and %k are excluded because the right-hand
side of (4.144) can be larger than one in modulus: these areas are called forbidden bands.

The quantities k and k are functions of E. The condition det M = 0 can be considered
as an equation that £ must satisfy.

Since the first member of (4.144) is a cosine whose modulus is always between zero and

1, the same must be true of the second member, hence



(/-62 _ k2

-1< sin kr sinh 2ax + cos kr cosh 2ax < 1. (4.145)

We thus obtain restrictive conditions for the energy. We will see that only the values of
E contained in certain bands are possible. We can say that there is quantification, not in

the form of a discrete spectrum, but in the form of a spectrum of bands (see fig-4.4).

f(E)

AT
VU

_I_.._

Fig-4.4: bound states

The results we have obtained are of capital importance in solid-state physics: in fact, an
electron in a crystal lattice is subjected to a three-dimensional periodic potential, but the
results obtained below in one dimension are generalized to three dimensions, coming from
the interactions of this electron with the ions of the crystal lattice. The periodicity of the
potential leads to the existence of energy bands, which, together with the Pauli principle,

are the basis of our understanding of electrical conductivity.



Conclusion

The content of this manuscript generally concerns the treatment of certain problems of
relativistic quantum mechanics via the diffusion matrix formalism.

In terms of form, the thesis consists of an introduction and four clearly written chapters,
followed by a conclusion with bibliographic references.

The first chapter was devoted to a bibliographic analysis, in which we deal with the Klein-
Gordon equation, the first candidate to simultaneously satisfy relativistic requirements and
quantum postulates and an obligatory passage to arrive at another quantum and relativistic
equation, the Dirac equation. The difficulties of interpreting the Klein-Gordon equation, in
particular the existence of negative energy solutions, and the consequences that result from
them are well recalled, as well as the passage towards an equation that takes into account
the coupling with the electromagnetic field.

The second chapter was devoted to a bibliographic analysis concerning the collision
theory. The notion of scattering cross-section is introduced historically in the context of
classical mechanics. Then the transition to non-relativistic quantum mechanics is addressed
with the introduction of the scattering matrix and the choice of the quantum representation
that best reveals the diffusion problems. In particular, this chapter presents the calculation
at different orders of perturbation theory concerning the scattering amplitude.

The third chapter is composed essentially of two parts. In the first part, we unified the
Klein Gordon equation of spin-0 particles and the quadratic form of the Dirac equation of
spin-1/2 particles into a single relativistic wave equation called the relativistic wave equation
of spin-s (s = 0.1/2). In the second part, based on the steady states of scattering of a
relativistic particle of spin-s in the presence of a localized electromagnetic field, we have
constructed the formalism of the one-dimensional scattering matrix. The formalism is well
exposed. and the considerations of symmetry Cy, P,, and T, and the consequences that
emerge from them on the wave functions and hence on the scattering matrix are recalled.

To consider the minimal changes in the exact asymptotic development of the free case,



the phase shift method is used and allows us to extract the phase shifts, the scattering
amplitudes, the reflection and transmission coeflicients, as well as the total cross-section.

Finally, the last chapter is dedicated to the application of the scattering matrix formalism
for relativistic particles of spin-s (s = 0,1/2) interacting with scalar potentials having some
symmetry and range properties.

This chapter is composed essentially of two parts. In the first part, we solved the relativ-
istic wave equation of spin-s (s = 0,1/2), in the Woods-Saxon potential. The exact solutions
of the equation in question have been given in analytical form using the hypergeometric
functions. The boundary conditions in the case of a potential jump have been determined
in the general case. From the Asymptotic Behavior, we derived the scattering matrix S’KVSS .
Using the partial wave basis (representation of partial waves, even and odd waves), we gave
the expression of the matrix MZS , the phase shifts 52’WS (I =0,1), the wave function, the
scattering amplitudes f5"9 the transmission and reflection coefficients TV and RV as

well as the total cross-section oS

in the case of the Woods-Saxon potential.

The same method was adopted for the case of the barrier potential. By a limit procedure
of that of Woods-Saxon when o — 0%, we calculated the wave function, the scattering 5’38—
matrix, the Mﬁs—matrix in the basis of the partial waves, the phase shifts 5?1’, the scattering
amplitudes f°, the transmission and reflection coefficients TV and RS, as well as the
total cross-section o',

The same method was adopted for the case of the periodic potential and allowed us to
calculate the wave function, the scattering S’fg—matrix, the phase shifts 5ls’Pr, the scattering

amplitudes f=F* the transmission and reflection coefficients TF* and RE™, as well as the

s 7

tPr - Next, we addressed the problem of bound states and calculated the

total cross-section o
allowed and forbidden energy bands.
This approach proved to be rigorous and allowed us to obtain results consistent with

those in the literature.
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Abstract: In quantum scattering theory, the time evolution
of a physical system can be described as a series of unitary
transformations. The operator of this transformation will be
denoted §; the corresponding matrix is the S-matrix (scat-
tering matrix). This last object contains all the information
on the broadcast process associated with the operator §
The present work has two objectives: To develop the one-
dimensional formalism of the scattering matrix of relativis-
tic particles of spin-s (s = 0,1/2) in the presence of a local-
ized electromagnetic field on the one hand and on the other
hand to analyze the solutions of the problem of scattering
states of relativistic particles of spin-s in interaction with
some localized scalar potentials via the S-matrix formalism.

Keywords: relativistic wave equation of spin-s; S-matrix for-
malism; Woods—Saxon potential

1 Introduction

In classical scattering theory, the state of the incident parti-
cle (which is free) is entirely determined by its momentum.
The same is true for the outgoing particle. At the quantum
level, it is then generally not possible to predict with cer-
tainty which final state will result from a given collision; we,
therefore, seek only to predict the probabilities for a certain
final state. For this, we will study the evolution of the wave
function associated with the incident particle in interaction
with a localized field. The problem, therefore, consists in
establishing the relation between the initial state ®™ and
the final state ®*". In quantum mechanics, if we know the
scattering operator S (or S-matrix) [1, 2], we can determine
the final state from any initial states.

This article presents the continuity of our research
work published in article [3], in which we analytically

*Corresponding author: Kamel Khounfais, LRPCSI Université 20 aodt
1955 Skikda, BP-26, 21000 Skikda, Algeria,

E-mail: khounfaiskamel@yahoo.fr

Nahla Bourouis and Meheiddine Bouatrous, LRPCSI Université 20 ao(t
1955 Skikda, BP-26, 21000 Skikda, Algeria

determined the solutions of the Feshbach-Villars equation,
for the particles of spin-s (s = 0, 1/2) interacting with a sym-
metric scalar field, described by the Woods—Saxon poten-
tial, which is one of the most used models in nuclear physics
(layer model). Then, we constructed the one-dimensional
formalism of the scattering matrix for Feshbach-Villars par-
ticles, with spin-s interacting with this potential.

On the other hand, in this work, we set out to develop
a general formalism of the scattering matrix for relativistic
particles of spin 0 and 1/2, governed respectively by the Klein
Gordon and Dirac equations in interaction with a localized
external electromagnetic field.

The content of this work is organized as follows. In
Section 2, we will try to find a way to bring together in a
unified writing the two equations of relativistic quantum
mechanics, which are the Klein—Gordon equation of spin—0
and the quadratic form of the Dirac equation of spin—1/2
subjected to the action of an electromagnetic four-potential
A u = (AO,Z>, where A, is the scalar potential, and A the
vector potential, into a single equation, called the relativistic
wave equation of spin-s (s = 0, 1/2). In Section 3, we con-
struct the one-dimensional $-matrix formalism for relativis-
tic particles of spin-s in the presence of a localized electro-
magnetic field. Finally, in Section 4, in order to be able to
make the comparison of the results obtained in the article of
reference [3] and the results of this work, as an application
we study the scattering of a relativistic particle of energy
E, mass m, charge e and spin-s by a localized field, com-
posed of a time-independent scalar potential (Woods—Saxon
potential, rectangular barrier potential) A,(x, t) = V(x) and
a vector potential Z(x, t)=0.

2 Relativistic wave equation of
spin-s (s = 0,1/2)

Recall that the relativistic wave equations that generalize

the Schrédinger equation are the Klein—Gordon equation,

which describes the dynamics of spin-0 particles, with or
without mass (by setting 2 = c =1).

P L (g
{(at+ieA0> —(V—ieA) +m2}‘1’0(x,t)=0, @
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and the Dirac equation, which describes massive spin-1/2
particles.
(p—eA—m)¥, 06,0 =0, )

where A,(x,t) and Z(x, t) are the components of the
quadrivector potential A,,. p — e = y#(id, — eA,) and, y#
(1 =0,1,2,3) are gamma matrices.

By adopting for any matrix A the following notation:

s _ )1 for s=0
“r-= { A for s=1/2, ®

and introducing a new variable.
Yt = (p- eA + m)zsdDS(x, 0, s=0, % 4

in this case, Eqs. (1) and (2) can be expressed by a single
relation, called relativistic equation of spin-s particles [3].

2z, N2
{ [(gt + ieA0> - <V - ieA) + mZ] Dys 241y
+ se(cF)® }q>s(x, ) =0. (5)

@ (x,t) has 2%(2s+1) components, and I, is the unity
matrix of dimension d. F is the electromagnetic tensor
defined by the components F,,, =d,A, — 0,4, and (cF) =
o#'F, with c#¥ = %[y”, 7]

For s = 0, Eq. (5) reduces to the Klein—Gordon equation
(KG-0), and for s = 1/2 we obtain the quadratic form of the
Dirac equation (or KG-1/2) [4].

Now, it is easy to check that it is possible to get from
Eq. (5) the following equation of continuity:

9,J% =0, (6)

where

1 (= 0 0 &5 . €ug
-V:mAQWWQ_¢WWQ}+mMQQ’W)

where @, = @/ (yo)zs and @ = (CD:‘)T. The term 1/(2im) is
introduced for convenience.
The Lorentz invariant dot product is defined as follows

[5) 6])

(@, = [ Jlax
ol
- [(a‘)t— A°>(i>s]d)s}dx. ®)
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Using the Weyl representation of the gamma matrices.

0 1 0 —¢
0 2 —
= ) = b (9)
’ (”2 0) ’ (3 0 )

6 = (04,05, 03) are the Pauli matrices describing the
spin dynamics. Thanks to this choice of representation,
eq. (5) breaks down into a system of two equations.

H x,t) 0 D (x, 1)
=0, (10)
0 Hfx0)\®Ix,0

where ®,(x, t) = (D] (x, 1), BT (x, 1)) . B (x, t) and 7 (x, t)
are 2%-component wave functions. The Hamiltonians HY
are given by:

2
_ 9 . — . =\2
HF = [(at+leA0> - (V—leA) +m211223

+ 2ise(5)" (E+ B), a1

E and B are the electric and magnetic fields.

3 Relativistic S-matrix formulation

Let’s now come to the construction of the one-dimensional
scattering matrix formalism, of a relativistic particle of mass
m, energy E, charge e, and spin-s (s = 0,1/2) by a localized

|x|=>+00

electromagnetic field A 206 ) ———0.

At large distance (x| — o), the field A 4060 = 0.
Under these conditions, the hamiltonian HJ can be approx-
imated by the Hamiltonian of a free particle H; =
V2 +m? (k* = E* — m?). Therefore, among all the solu-
tions of equation (10), we will choose a particular class of
solutions, called stationary states,

Dy (x, 1) = Dyx)eE = (q)s_ (X))e—iﬂ.

@ (x) 12

Asymptotically, the particle is considered free; the sta-
tionary solution ®,(x) is a linear combination of plane
waves ex®™ (k = VE* — m? > 0). More precisely, the wave
function <D§L (x) (arrival of —oo0) and QzR(x) (arrival of +o0)
behave as follows [3, 7]:

F ikx T ,—ikx _
OF () = 4 1Fe +RS’Le X - —00,
sL F ik
TsLe X — 400,
(13
F p—ikx T ikx
OF () = | 1s e +RS’Re X — +o00,
s.R F —ikx
TsRe X — —00.




DE GRUYTER

x ¥ ] 28 -
Here, TsLR, R & and 1F are vectors with 2% compo

nents. <TS+L,Rf ) and (T:R,RfR represent the transmis-

sion and reflection coefficients (left) and (right) respectively,
given by:

( sLR’ + sLR‘ >
T, = s
s+ ”
< sLR| + sLR| >
R, = ,
INRAING

For the spin-0, Hj = HJr the equations of the system

-+ —
(10) are identical, and consequently, otk = Torp Roir =
R(‘)*LR and1; =17.

Let us now examine the general problem. The solution
can be written as

- @7 (out, +o0)e™ + ®F (in, +oo)e ek x5 +oo
O (x) =

(I>+(1n —00)e™ + @F (out, —c0)e™™  x - —c0

(15)

where ®7 (in, out, +o0) are vectors of dimension 2%. The
wave function (15) can then be reformulated with an incom-
ing and outgoing function with the Heaviside step function
O(x) as

{ DF"(x) = ®F (in, —00) e O(—x) + ®F (in, +00) e O(x)
O (x) = ®F (out,
(16)

A suitable way to describe scattering and reactions is
to introduce the scattering operator $_, whose matrix ele-
ments form the scattering matrix §_. This operator con-
nects the initial state <1>iS“(x) with the final state (D‘S““(x) by
means of the relation [1, 2],

DM (x) = §_Sd>is“(x). 7
In matrix form,
@ (out, +00) S1 S 83 Sy
O (out, +00)| [y 3y 8y Sy
@ (out, —c0) 8y 83 Sy 8y
: oA
@7 (out, —o0) Syt Sgp Sg3 Sy
d)s_ (in,—oo)
@F(in, —o0
x| ¢ (. ) , (18)
@ (in, +0)
s
@7 (in, +o0)

—00)e"g(—x) + OF (out, +00)e H(x),
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where the elements §;; are block-matrices (2% X 2%).In the
case of spin-0 Hj = ng , the system (18) reduce to

@, (out, +00) S Si3 )\ [ Do(in, —o0) a9)
Dy(out,—00) ) \ sy 855/ \ D, (in, +00) )
where @, (in, out, +00) and s;; (i, j = 1, 2) are coefficients.
Due to the symmetry C,P,T, [4, 8, 9], which is the prod-
uct of three fundamental symmetries: P, parity, C,, charge
conjugation, and T, time inversion, the §; j matrices are not
independent.
First, consider the parity operation P,. By changing x —

—X, subsequently, A 4060, D,(x,t) and (cF) transform as
follows.

A, A = (Ay-A), D t) > D(—x,0),
H u ( 0 ) (20)
(oF) —

(6F) = —c"Fy; + 6UF;, i,j=1-3.

]9
Insert (20) into (5), multiply the result on the left by P,
and using PP = Iy, one finds:

2
Ps{ l(gt + ieA0> —(V —ieA) + mzl D25 254+1)

+se((oF))” }ps—lq>fs x0=0, (1))
where

P (x, 1) = P,®(—x, 1). (22)

Compare (5) and (21), they coincide if P, satisfies the
conditions

P,(o")2P71 = (~0%)”, B(o")P = (7). (@9

The condition (23) is satisfied by the operator
P, = i(yo)zs. Using (15) and (22), one can easily ensure
that CIJfS(x, t) is obtained from ®,(x,t) by substituting
®7F (out,in, +o0) « i®F (out,in, —oo). In matrix form, we
get the expression.

A

(01 ®Py) <§_5>(61 ®PS)_1 =S 29

The symbol @ is the Kronecker product of the matrices.
From (24), we deduce.

811 =844, 8 =153, S13=38p, 83 =35u,

(25)

S10= 843, 81 =383, 8p3=55, Su =38y

Now perform the time reversal operation T,. Thus, by

reversalt — —t,A,(x0), @, (x, t) and (o F) are transformed
into.

L -
Ay = 4, = (A, =A), D0 = D6, —0, 2

(6F) = (6F) = ¢"Fy — aijFij.
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Insert (26) into (5), then, take the complex conjugate and
multiply the result on the left by T, and taking into account
TT = Ips g4y, We obtain.

2
Ts{ <<aat + ieA0> —(V —ieA)? + m2>”225(25+1)

e \2
+ se((o"m)*FOl — (oY) Fl-j> S}T;1®STS(X, =0,

27

where

OF:(x, ) = T,@F (x, —), (28)

Compare (5) and (27), they coincide if T satisfies the
conditions.

1,((6")) 17 = ("), 7,((o%)) 17"
= (-o')”.

(29)

These conditions are verified by the operator T, =
i(y1y3)zs. On the other hand, using (15) and (28), one can
easily ensure that passing from ®(x, t) to CI)STS(X, t) gives
@7 (out, +o0) < —az(fbf(in,ioo))*. In matrix form, we
get the expression.

(S_) (o1 ® T) (S*,) (01 ® Te) ™' = Ipsgyeyay. (30

Let’s now proceed to the charge conjugation operation

e — —e.Inthiscase, A L 060 and (o F) are transformed into
!/ !
A, —>AM =—-4,, (6F) - (cF) = —O'”VF/W. 31

In (5), we change e — —e, then take the conjugate her-
mitic and multiply the result on the right by (yo)zs, we get

2
®,(x, t){ ( <§t + ieA0> —(V — ieA) + m2>|]225(23+1,
- se(aF)zs} =0.

Take the transpose of (32), multiply the result on the left
by C; and with C;'C; = lyzs g4y, it comes

2
C { ( <§t + ieA0> — (V —ieA) + m2>”225(2s+1)

- se( (6") Fy + (c¥)'F, j>zs }cs—lq)fs )

(32)

=0, (33

where @, = CDZ(]/O)ZS
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O (x, 1) = C, D (x, 1). (34)

Compare (5) and (32), they coincide if C; satisfies the
conditions.

cs((a‘”)T)zsc;1 =—(a")",

) (35)
.. S ..
c((e")") 6" == (o)".

Then, the conditions (35) are verified by the opera-
tor C, = i(yzyo)zs. On the other hand, with (15) and (34),
we can easily ensure that the transition from ®(x,t)
to (I)ES(X, t) is obtained by changing q)f(out, +00) © Fio,
(% (in, +00))". In matrix form, we get the expression.

<§_S) (01 ®C) <§js> (1 ® Cs)_l = lpsigenn) (36)

Furthermore, the charge conservation of spin-s
equation allows to write:

(@] DM) = (O |DM). 37
By substituting,

= (o) 87, (12 ® (1)),

; (38)
= (a1) (1 0 7).
in (37), we easily verify that §_ satisfies:
(1 ® (7)) (81, ) (1= ® ()" ) (5 )

e U2(23+1)(28+1). (39)

Taking into account the previous properties of the par-
ity, the time inversion, the charge conjugation and the uni-

tarity, we obtain:
S0 =81 =83=585=58,=54 =833 =53=0. (40)

Combine Eqgs. (25) and (40), the S_; scattering matrix
reduces to:

<

: 0 R;r 0
. 0 T- 0 R-
Ss=]. . 5, 41
s ry o
0 R: 0 Tj
where
M t +w v r +
T;_,_ — S s , Rsi — s Ps , 42)
iws tS ips rS

are blocks of matrices (2% X 2%), which represent the trans-
mission and reflection coefficients (left) and (right) respec-
tively. ¢, r, p; and w are functions of £, A, and m.
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For s=0, we have p,=a,=0. The matrix S, is
symmetric because T* T‘ and R+ _R‘ It is pseudo-
symmetric for s =1/2 because we have 03T 03 = T and

1/2 1722
<73R1 1203 = Rl‘/2 This last property is specific to the spin of
the partlcles

Using the charge conservation condition (39), we find
. L\t Nty

<T:> R+ (R ) tr=(1;) R+ () 15 =0,
Ty e\t

(1) 75 + (B ) BY =1
Let's now express S_; in the basis of even and odd

waves. To illustrate this, consider the following unitary
transformation:

(43)

W00 = U000, xM00 = U000,  (44)
. T
where »,"*"(x) = ( A 0Ult(x)) are 2%(2s +1)

component wave functions. U, is the square matrix
(2@t (2s + 1) x 2&H(2s + 1)), given by [3, 7]:

[I 225 0 [l 928 0

A O [l S 0 [l s
o =L Z ' 2
- l[l 92s 0

7 V2|ile 0

0 iﬂzZs 0

(45)
- iﬂzZs

After some manipulations of expressions (15), (17), (18),
(44) and (45), we find

x00) = US_ U™ (x) = M_o™ (). (46)

where M_ is the scattering matrix in the representation of
partial waves, given by:

s 0 iRy 0
. o Tt 0 —iR;

M_ =|_ — ) 47

RF 0 T, 0

0 —irRY 0 TI7

where
%_'___ t, 7, 0 It?i— 0 B ON
s ’ s .
0 ts x Ts Ps x Wg 0

(48)

It is easy to show that when we pass to the even—odd
basis, M_, can be diagonalized and then get [3, 7].

R eZi&g 0
M_s = |]22s(2s+1) ® O 9215; s (49)

N. Bourouis et al.: Relativistic S-matrix for particles of spin-s (s = 0,1/2) === 5

where 6§, 1=0,1, represents respectively the phase shifts
of the even and odd wave functions and they are given

explicitly by:
2isl _ 1/
e =t + (=)' \/w2 + 12— p2

The wave function in the asymptotic region is given by.

(50)

O = \/_[;{ (in, —00) w2 (x) + »7 (in, +o00 )y (¥)]
(51)
with.
wsl(x)=(ie)l[e_ik""+( 1)le215selk|x|] (52)

where € = +(—) for x > 0 (x < 0).

For the transmission problem, consider the case of a
particle coming from —oo. With this choice, »7F (in, +o0) =
ixF (in, —o0), hence the result:

+ [ Vo (in,—co) [ + fre ] x - —co,
q’“(’“‘{ Vi (in,—e0) [(1+ 7))

where fF are the scattering amplitudes, given by.

X = +o00,
(53)

fF=fxf fl= ( Q! 1), 1=0,1 (54)
The comparison of (13) and (53), makes it possible to find

the coefficients T, and. R

T, = |(1 + ]°s+)|2 = %|e2i53 + ez"55|2,
1 ) (55)
_ is0 isl
Ry =|f [ = e -

and we have, as expected, the relation T, + R, = 1.

The differential and total scattering cross-section o (—
forx < 0,+forx > 0)and o] respectively, are given by [7,
10, 11]:

— 2 2
ot =1 +IfT 56)

of =|fF[,

4 S-Matrix in the Woods-Saxon
potential

As an application of this formalism, we would like to
examine equation (10) in the case of one dimensional
Woods—Saxon potential.

VO

Ix-L >

1+e«

V,(x) = (57)

Vy, @ and L are positive constants. This potential is
chosen for its symmetry and range properties [12, 13]. This
potential admits a rectangular barrier of potential as a limit
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V,(x) - V,0(L — |x]) when a — 0. 6(x) is the Heaviside
step function.

With this choice of potential, E= (—dVa(x) / dx)? and
B=0,and by inserting these expressions in (10) we obtain.

H-"S(x, 1) 0 oM, 1)
+ WS =0, 68
0 HISx, 0 J\ @ (x, 1)

where

2 2
HF"™S(x,t) = ld + <ia - eVa(X)> - mz] Ips

dx? dat
. dv,(x)
2 a
+ 2isec; —— (59)

In Eq. (58), V,(x) is independent of time, in this case,
OF(x, t) = e~ DT (x). Consequently ®7 (x) satisfies.

{Df(c[lzzs + 21'se(61)28 dlii,;x) }CD:"WS(X) =0. (60)

®F"S(x) is a wave function with 2% components. Di =
;X—Zz + (E — eV, (x))* — m? is the KG — 0 operator.
In order to decouple equation (60), introduce the new
variable.
T (x) =

2F7S). (61)

[0'3 + 0y ] @)
2
This enables us to obtain a system of decoupled differ-
ential equations.

{Df«;llzzs + 2ise(03)(25) Lfc{’ix)

}xfws(x) =0. (62

For s = 0, equation (62) reduces to the Klein—Gordon
equation, and for s = 1/2 we obtain the quadratic form of
the Dirac equation.

Let us now pass to the resolution of the stationary Eq.
(62) in the case of the potential given by the formula (57).

We distinguish two cases depending on whether
(E- eVO)2 — m? is greater or less than 0. We only deal here
with the case (E — eVO)2 —m? > 0, corresponding to scat-
tering states.

To solve Eq. (62), instead of the coordinate x, we intro-
duce the new variable.

y= XI=L (63)

Fo) =+,

1271
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As there is an absolute value for the variable x, we
distinguish as usual between the two regions x < 0 and
x > 0.

For x < 0, by means of (63) the Eq. (62) becomes:

[P 2 2iesavoy(1- y) (0)* | 7500 =0, (69
where D; being a second-order differential operator
defined by.

d
Dy =Y (1=y) gz +y(1-))(1-2) g

+a* [(E —eVpy) - mz] (65)

By making the new change of variable y.; ’Ws(y) =
¥*(1—y)"f¥(y), where y and v are two parameters that
we fix later. After some elementary calculations, we obtain
for the function f7(y) the following differential equation:

{[B2+B(y) |1 = 2iesavy (o) } £ () =0 (66)
where
52=y(1—y)d—2+[(2v+1)—2y(v+y+1)]i
y dyz dy
1N 1 500
—<M+V+§) +Z—ae2V0, (67)

and

Vo > L B2 —m?
Bly)=| -+ +a +
) ()’ -y y
(68)

Equation (66) reduces to the standard form of a hyper-
geometric type equation [14, 15],

-y

(E—evof—mZ)_

{ D21y 2 2iesa¥y(02) " | £7 (v) =0, (69)
if B(y) = 0. Under this condition, the parameters x and v
have the following values:
2 2( 12 2 24,2
u=a*(m°— (E—ev, = —a°k?,
(e - (E=eve)) ' (70)
Vi =a?(m? - E%) = —a’k-

The general solution of Eq. (69) is the hypergeometric
functions:

_ CF,F (a®,b%,c,y) + Gy ™, F(aF +1-c, b +1-c2—c,y) o
DF,F,(a*,b*,c,y) + DIy ,F (a* +1—-c,b* +1—-c,2—c,y) ’
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with
- 1 9F - 1 9F
+: —_ _— +: — —
a u+v+2+2,b /4+v+2 5

c=1+2v,(8%)" =1

(72)
— 4%V} + Bisea V.

s (S

D;ZFl( +’

The Eqgs. (71) and (73) can be unified in the same formula

as
7 (¥) = 00 fF(y) +0008T (v) (74)
with 1
Y= %= (75)
1+e o«

Including all these last results, we will write the station-
ary solutions like.

- y 63+ 06,1% -
OFV 500 = yY (1-y)* [%] nF(y).  (76)
The coefficients <C;_'D;_' j=1- 4) are not indepen-
dent of each other. They are determined by the connection
conditions of the wave function_and its derivative at the
pointx=0o0ry= A= [1 + e_é] . Effectively, by imposing
the conditions.
WS(O )_ +WS(0+)’
+Ws(0 ) d}(+WS( )
dx dx ’

which make it possible to fix the coefficients by the following
relations:

(77

o C’“W++C"W+ C’“—C"W++C+W+

1 14° 34’
Df =DfWZ+DiWZ, DI =DFW5 +DiW5,  (78)

)
@

[0'3 + 01](25)
2

[03 + 0'1](23)
2

)
w3

(I)Si,WS(X) —

(9}
ok

=
L

y(

)eik(x—L) + (
)eik(x+L) + (
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Now, let us consider the values of x > 0. As we
did before, let’s introduce the change y.;~ W(y) =
—y)"g¥(y). We also get an equation similar to

(69). Its solution therefore is

)+ Gy F (e +1—c,b*+1-c2—c,y) -
,6Y) + DTy, F(a*+1-c,b" +1—-c2—c,y) ’
where
wr = we = ) A E(R)
12 4 - - 5
o F(F) +F(F) 7
o,
WF = ¢=F2+(F1+) _F1+(F2+)
32 14 Fli(FI;)/ +F1_(Fli),
and FF, FF, (FF) et (FF) are defined by
(FF) = [yv(l_y)szl(ai,bi,c,y)]y:A,
(FF) = [y (1= 9) Fy(@® +1=c b +1-c,
Z_C’y)]y:/p
, , (80)
)\ = 2 |y(1 - F LT
(Fl) = dx[y (1-y)",F (a*,b ,c,y)]ywl,
(in), = %[y_v(l—y)”zl-“l(f +1—c,b¥+1—c,

2- C’y)]y=/1

Since for |x| — oo the argument y — 0. Using the rela-
tion JFia, b,c,0)=1and

lk(|x|—L) (81

lim y*¥ = e* -y)=1

|x|—00

lim (1

|X|>00

we obtain the asymptotic expression of the function (76)

S

L O

o
=

(82)

2

e—ik(x+L) X > —00

N——

S
=3
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Compare (82) with (15), it comes

- @ (CT\ _
QD:‘W_S(out, +oo) = [63 + 61] i)e_lkL’

2 D3
q)+w S(out, —c0) = [0'3+61 2s) C1+
Df

(83

¥
¢)+W S(ln OO) [63 +61 (25)<C2_)
DF
2
FW-S (5 o3+ 0,19\
(DS (ln, +OO) = I:T:I - e,
4

To determine the matrix §E’Ss replace CF, D¢ C‘_“ and
Dg_' by their expressions in terms of C;\, D;, CZ and D+ Let’s
rewrite ®7"~*(out, Fo0) in terms of ®7"~*(in, +oo) it

comes:

WS (out, +00) d)s_’WS (in, —c0)
®F"S(out, +00) s ®F"(in, —c0)
ws =82 Zws (84)
(out, —o0) @™ (in, +o0)
@™ (out, —o0) ®"* (in, +00)
where
Yok, WS 5+, WS
T+ 0 R 0
. o TI-™ o R
=1 s y , (85)
R; o I;™ o0
54 WS Sk, WS
0o K 0o T
with s s
TEWS — 2 W
N inVS t;/VS ’
WS wsS (86)
Ri,WS — ( Ts ips )
N ws ws ?
ips rs
and .
ws _ + 21KL
ts - E(W14+W ) l
1 _ .
o]’ s (W3 W14)eZIkL’
1 87
W + 2iKL
T's E(le + W, ) ",
s _ 1 24k
P _Q(W+ Wy, ).
From (49), the M"S-matrix is
2i60WS
N e 0
ws _
M—S _ |]225(25+1) ® ( O e2i551'W3>’ (88)
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where

0 = 05 1 () (@) + (99) - (o). (59)

Finally, for the transmission problem in the case of the
Woods-Saxon potential, we have

1 ws |2

_| 1+ f+ ws |2 215 + eZuSS ,
(90)

<0,WS S WS
RZVS =| f—,WS |2= 2 I 92153 _ e215s |2
and
a‘ wSs _ | + ws|

- z(sm2 52MS 4 sin” g1 ). ©1)

5 $-Matrix in the rectangular
barrier potential
Now consider the limiting case when the smooth potential

tends towards the rectangular barrier. The latter is found as
a limiting case of the Woods-Saxon potential fora — 07,

VPx) = hm% = Vo0(L— | x ). (92)
0" +e
For |x| > L, we have
.1

lim(1—A4)"" =e %kl lim=(1-1) =0,
lim(t-4)™ dm g (1=4)
limA =1, llmy = ek(IxI-L) limy = 0, (93)
a—0* a—0%
limy™ = e 2 K-1) fim (1- y)* =1,
a—0t a—-0"

where y = —iak,, v = —iak. By using (93) and the relations
to the hypergeometric functions, as well as the properties of
the functions I" [14, 15].

,Fi(a,b,c,0)=1,

d ab
o [,Fi(a,b,c,2)] = 72Fl(a +Lb+1c+1,2), (99
ez =Iez+1), lign I'z)=-
7—0t
we easily check that
A = W = e = I = e
(95)
. T . =
W = Jimws =7
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with
(2
(2k,k) cos (2k,L) — i(k* + k* —

0 = 4s%e?V?2) sin(2kyL)

i(kf — (k¥ ZseVO)Z> sin(2k,L)
2k;k) cos(2kyL) — i(k? + k* — 4s%e*V?2) sin 2k L)

¢ =
(
(96)

Insert all these expressions into equation (76),

_ _ 2s) _
OT'00 = lm®T" =00 = [ 2T yFeo. @)

],Ii,b(x) C+g$ + C+Os —ik(X+L)
° D¢ + D o

+ ¢ lk(X+L) 0( X — L)

D
+ C+03 + C+ kL)
D; o, + D+gs

€ )it O(x — L).
D

For | x | < L, using
—2u _ e2ta(ixi-L)

where

ok

N

~

(98)

=

lim (1 - y)
_y)” =e

limy” = lim y =1,

a—0* a—07F

lim (1 i (1)

a—0*

99)
i =1
llrgz y

and the formula relating the hypergeometric functions of
arguments z and 1 — z [14, 15], we find

‘}_i)r.ﬂzFl(a‘_” +1-c¢,b*+1-c2-c,y)

=B+ ZieZikl(lxl—L)’ (100)
o}irg}z]-“l(ai’bx, y) = A7 + Breki(K-1)
where
ar o ki—kEeVy g ktkEdseVy o

2k, 2k,

These relations reported in (76), give the following
result:

OF(x) = lim DTS (x)
=[%] TFOOL — |xl)  (102)
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where
00 = £ ()00 + g7 (y)0x)  (103)
with
() = (€765 +Co AT + CTB7 el 0c+D)
s ( +§ +D+Qs) D;’Ei
N (CreF+ C+Os)§ + C;Zi ok 0c+D)
(Dfc* +Dfo,)B™ + DJ AT
(104)

and

g7 (y) = (CFos+ Cigi)_i + Cfl_ii ")
s (Dj 05+ D; T )AT + DiB*

+H

H+

N ((C+os +CFcE)BT + CI{ )eikl(x—L) (105)
(Df o, + DicF)B* + DTA
We can also give the scattering matrices $? _ and M” ,
the phase shifts 5£’b (I =0, 1), the transmission and reflection
coefficients T? and R?, as well as the total scattering cross-
section o” by a limit case @ — 0.

T+ 0 RH 0
0 $—b b
& = lmS" =1, VI (106)
a-0* Rs‘ 0 T 0
H+.b $+.b
0 R: 0 :
with
y t +a?\ . b +pb
o ( b bs>’ R;Lb=< ) gs - (107)
T, L xp re
and
=\ S2ikL
L= el = (ch + g )
. 1 _\ 2
x=£wﬁ=ﬂ¢—gwm 108)
= limt? = g, o’ = limw™ = 0.
0t—>04r a—0*
eZi(SsD'l' 0
hmM S 225(1;+1) ® T b (109)
a0t 0 ethSS'
where
ezt5;~ _ < 0.+ (- 1) G )ezikL (110)

For the coefficients T? and R?, we have
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. 2
TP = Hm T = o4

a—0*
4kZk?

- ' (a1
4CH + |1 = (K + 25eV,)|

[ = (k- 2sev,)’| sin’ (2K.L)

b _ 1 WS _ ~—(~+)\*
Rs_al_l}gle _gs (gs)

[ = (k+2sev)"| [k = (k = 256V, sin® 2k L)

4IGIE + [ = (k + 250V )|
[kf - (k- ZseVO)Z] sin’(2k,L)
(112)

And for the total scattering cross-section for the barrier,
we have.

ot = limet™s
S a=0t S
2 2
—_ | pb —b
= |1+ ]

= 2(sin’ 6% + sin” 57 ). (113)

6 Conclusions

In the context of relativistic quantum mechanics, our work
is articulated around three main parts. In the first part, we
unified the Klein- Gordon equation and the second-order
Dirac equation into a single wave equation, called the rel-
ativistic wave equation of spin-s (s =0,1/2). The second
part was dedicated to the scattering matrix. The S‘_s—matrix
formalism of a relativistic particle of energie E, masse m,
charge e and spin-s governed by the one-dimensionnel rela-
tivistic wave equation of spin-s in the presence of a localized
electromagnetic field has been well exposed and the sym-
metry considerations C,, P, and T, and the consequences
which emerge on both the wave functions and the scattering
matrix were recalled. The phase shift method was used
that allowed us to extract the phase shifts 6; (1=0,1), the
scattering amplitudes fF, the M _g-matrix expression in the
basis of even and odd waves, the reflection and transmission
coefficients R, and T, as well as the total cross-section o’
In order to be able to compare the results obtained in
the article [3] and the results of this work, the last part of this
manuscript was devoted to the application of this formalism
of the §_s—matrix for relativistic particles spin-s interact-
ing with a localized field, composed of a time-independent
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scalar potential (Woods—Saxon potential, rectangular bar-
rier potential) A,(x, t) = V(x) and a vector potential A(x, t) =

For the Woods—Saxon potential, we solved the relativis-
tic wave equation of spin-s in the case of a Woods—Saxon
potential. The exact solutions of the equation were given
as hypergeometric functions. The conditions of continu-
ity of the wave function and its derivative were deter-
mined. From the asymptotic behavior of the wave function
and the continuity conditions, we derived the §KVSS —matrix.
Then, using the methods developed above, we calculated the
phase shifts 5-"%, the scattering amplitudes f*"5, the 11 WS-
matrix, the transmission and reflection coefficients R;’VS and
TS and the total scattering cross-section o&"*.

The same method was adopted for the case of the bar-
rier potential. By a limit procedure of that of Woods—Saxon
when ¢ — 0, we calculated the wave function, the scatter-
ing $? —matrix, the M"$—matrix in the basis of the partial
waves, the phase shifts 5£’b, the scattering amplitudes ff’b,
the transmission or reflection coefficients Ts” and IRé’, aswell
as the total cross section o'

This approach proved to be rigorous where we found
convergence between the results of reference [3] and those
of our work, and allowed us to have results in agreement
with those of the literature.
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